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Enhancement coefficients for the electron electric dipole moment (EDM) in U, Lu, Eu, Ce, Cs, Fe and 
Cr are calculated for the purpose of determining the most suitable substance for experiments on deter­
mination of the EDM. The amplification coefficients are estimated in the quasiclassical approximation, 
Coulomb functions being employed. Numerical calculations show that the amplification coefficient in­
creases with Z as z\ 

1. INTRODUCTION 

VioLATION of CP parity in~ meson decay indicates 
the possible existence of electric dipole moments (EDM) 
for elementary particles. In this connection, the search 
for EDM in elementary particles is of timely importance. 

This paper is devoted to the problem of observing 
EDM in the electron, and is stimulated by the work of 
Sandars, [ll who has shown that if the electron has EDM 
then the atomic levels are shifted in an external electric 
field in proportion to the field, even in the absence of 
random degeneracy. In other words, the atom as a whole 
also acquires an EDM. It was shown in the same papers 
that the EDM of hydrogen-like atoms, such as the alkali 
elements, can be larger by many times than that of the 
electron, i.e., da = Rde, where de is the EDM of the 
electron and R is the enhancement coefficient. In the 
case of Cs atoms, for example, the enhancement coeffi­
cient is R = 130. 

This raises the question whether the enhancement of 
the electron EDM in the atom can be used to perform a 
simple macroscopic experiment aimed at observing the 
EDM of the atom. This experiment may have the follow­
ing scheme: a ferromagnetic sample is placed in a 
strong magnetic field, the spins of the sample are 
aligned, and an electric polarization appears: 

(1) 

Here da is the EDM of the atom, N is the number of 
atoms per unit volume of the sample, de is the EDM of 
the electron, and R is the enhancement coefficient. As­
suming that N = 1023 em -3 and de = 2 x 10-23 e em, [2J the 
potential difference produced on the end surfaces of a 
sample 1 em thick amounts approximately to 

V = 3-10-6 R I e [ e], (2) 

where E is the dielectric constant of the sample. If the 
magnetic field varies with a frequency v, then an alter­
nating current is produced with an amplitude 

1=3vR-10-'• [a]. (3) 

Another experimental formulation is also possible, 
wherein a ferromagnetic sample is placed in an electric 
field and the magnetization is measured. This variant 
turns out to be more convenient, since there exist at the 
present time sensitive magnetometers which make it 
possible to detect a variation of a magnetic field by 

10-9G against a background of several kilogauss. [3 J It 
becomes possible here either to duplicate or improve 
the upper estimate of the electron EDM, which equals 
2 x 10-23 em. (2 J 

To estimate the sensitivity of these experiments, it 
is necessary to calculate the enhancement coefficients 
for the most convenient materials. One might use for 
this purpose the formulas published by Sandars [ll for 
the enhancement coefficient. However, since these for­
mulas are valid only for alkali elements, and no deriva­
tion was presented for them in general, it is necessary 
to repeat the theoretical calculations, and to duplicate 
some of the numerical calculations by Sandars in order 
to check the validity of the numerical algorithm. 1> 

The calculation method and the results are given in 
Sec. 2. In Sec. 3 we discuss the causes of the enhance­
ment and various corrections. The appendix presents a 
brief derivation of the single-particle enhancement co­
efficient. 

2. CALCULATION OF THE ENHANCEMENT COEFFI­
CIENT 

According to formula (A.7) of the agpendix, the en­
hancement coefficient of the electron ~DM in an atom, 
in the case of a solitary unpaired electron with angular 
momentum l 0 and at small values of (Zq)2 , is equal to 
a linear combination of the partial coefficients R1 and 
R2, where 

00 d v 2 

R1.2 = 2 (Za) 2 ~ ~:1.2- -- (--- ) 'iJodr, 
dr r 

(4) 
0 

Z is the charge of the nucleus, 0' is the fine-structure 
constant, v /r is the self-consistent potential, 1/Jo is the 
solution of the equation 

[ ~ _!"__ __ !__~(~± __ 1_)__ +!!___--<5o] tJlo = 0, 
2 dr2 2 r2 r 

(5) 

and I/J 1, 2 are subject to the equations 

Lr ~ .'!'___ - _0_-z(_/1,2 + ~ + /}__ - [5- J ,,, = r•" 
2 dr2 2r' r c ,1,2 -ro (6) 

I) After submission of this article, Sandars published a new paper [4 ] 

containing a detailed theoretical derivation of the enhancement coeffi­
cient for alkali elements. 
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If the only unpaired electron is an s-electron, as in 
alkali metals, then the enhancement coefficient for this 
electron is determined only by the partial coefficient 
R2 , since obviously there is no correction lJ! 1 with l 1 = l 0 

- 1 when l 0 = 0. For multi-electrom atoms with several 
unpaired electrons, we shall use the same formula (4) 
for each electron, and the total coefficient will be made 
up of the individual coefficients in accordance with the 
law governing the formation of configurations. 

The inhomogeneous equations (6) were solved by the 
Runge-Kutta method, the self-consistent potential v be­
ing taken from tables. [51 To calculate the right sides of 
(6), we solved also Eq. (5). The obtained solution l/Jo was 
compared with the tabulated solution [sJ in order to check 
on the method. The obtained agreement was usually good, 
accurate to rounding off one unit in the last significant 
figure given in [51 • A discrepancy was obtained only for 
the £-shell of U, for which the wave function l/Jo differed 
from the tabulated values by 10%. The causes of the dis­
crepancy were not established. 

The equations were solved on the sides of small and 
large r up to the large point r 0, where 

~~ j-~- -~ + .r, = 0. 
2r2 ro 

At the point r = r 0, the right-hand and left-hand solu­
tions l/Ji were joined together using the continuity of the 
function and of the derivative, while l/Jo was joined to­
gether only in accord with the continuity of the function. 
At the same time, the continuity of the logarithmic deri­
vative of l/J 0 at the joining point was verified. The gap be­
tween the left and right logarithmic derivatives of l/J 0 

turned out to be sufficiently small in all cases, except 
the one indicated above (the f shell of 92U). 

Simultaneously with solving the equations, we ob­
oo 

tained the normalization integral J l/J~dr and the coef-
o 

ficients R1, 2 • The initial values of l/! 0, lj!~, 1/Ji, and l/Ji 
(i = 1, 2) were determined analytically, by expansion in 
a Taylor series in powers of rn at small values of r and 
in powers of r-n at large values of r. Of the two possi­
ble solutions near zero and infinity, we chose only the 
decreasing solutions. The first coefficient in the expan­
sion was specified arbitrarily, and this determined the 
solution of the equation in the entire region of integra­
tion from left to right (i.e., from small values of r to 
large ones), or from right to left, uniquely with accu­
racy to an arbitrary constant factor. The remaining 
expansion coefficients were determined with the aid 
of Eqs. (5) and (6). The two arbitrary constants for l/Ji 
(i = 1, 2) were then determined from the two conditions 
for the continuity of 1/Ji and 1/Ji at the point r = r 0 • For 

the function 1/!0 , the constants were determined from the 
condition for the continuity of l/J 0 and from the normali­
zation condition 

where rmax is the maximum value of r, up to which the 
numerical calculations were performed; it amounted 
to[S] rmax s:::; 117 z-1 / 3 • 

The calculation results are gathered in Table I, which 
indicates also the values of r 1, 2 (in units of h/mcZo:), at 
which the integrals (4) for R1, 2 with an upper integration 
limit r 1, 2 (rather than rmax) reach approximately half 
the final value. It is seen from Table I that the enhance­
ment coefficients of almost all the elements are much 
smaller than those of Cs. Nonetheless, the macroscopic 
experiment, owing to the large magnetic susceptibility 
of the ferromagnetic materials, still turns out to be 
quite sensitive. It was noted that the smaller lo and the 
closer to zero the energy level of the corresponding 
electron, the larger the enhancement coefficient. 

3. CAUSES OF ENHANCEMENT AND CORRECTIONS 
TO ENHANCEMENT COEFFICIENT 

A. Relativistic Corrections 

The partial enhancement coefficients (4) were calcu­
lated in an approximation in which (Zo:)2 << 1, whereas 
in fact Zo: is not small for most elements listed in 
Table I. This raises the question of what happens if the 
relativistic effect is completely taken into account. 

The relativistic effect changes formula (4) in two 
ways. First, it is necessary to use for its derivation 
a relativistic self-consistent potential, for which there 
are still no tables in the case of the heavy elements; 
second,· it is necessary to use for a specified potential 
the exact Dirac equation. As shown in [11 calculations 
with the aid of the exact Dirac equation lead to the ap­
pearance of relativistic factors in the partial enhance­
ment coefficients. For the partial enhancement coeffi­
cients R1 and Ra, these factors are given by 

where 

Jx;J (4x;2 - 1) . 
'l]i = -'----'-,-',.---:- --' t = 1, 2, 

Pi(4Pi2 -'1) 

Pi = (x;2 - (Za) 2) 't., K1 = -l, "X2 = l + 1. 

However, the values of these factors, for the electrons 
with orbital angular momentum l equal to 2 and 3, which 
are of interest to us here, differ little from unity, and 
have therefore been disregarded everywhere except for 

Table I 
Element 

~u 

I I I I I f-electron I d-electron 
11Lu ~Eu ,.ce &sCs ,.Fe 2tCr 

R, 91 74.3 45.1 1,8 1.95 0,76 0.56 
r, 6 2 2 6 6 2-5 2 
R, 0.05 -11.44 1.7 0.3 0.003 283. 0.01 0.1 
r, 20 6 5 20 15 I 10 10 

0 Taking into account the factors (relativistic- 1.39 and orbital- 1/3), the en­
hancement coefficient Res is equal to 131; Sandars [1] gives Res= 133. 
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Cs where the value of the coefficient served as a cri­
te:ion for the correctness of the numerical calculations. 

It remains to determine the extent to which it is le­
gitimate to use the nonrelativistic self-consistent poten­
tial. It would be useful in this case to employ results 
obtained with the aid of the same nonrelativistic poten­
tial and which at the same time are in sufficient agree­
ment with experiment. The only precedent in this re­
spect, similar to the case considered here, is the en­
hancement of nuclear quadrupole moments, calculated 
by sternheimer. lSJ The situation in that calculation is 
somewhat similar to ours. 

Indeed, when a nucleus has a quadrupole moment 
Q0 1,., there is added to the Coulomb interaction between 
ufe electron and the nucleus also an interaction 

(7) 

This interaction in itself does not lead to a shift of the 
atomic levels, if the electron shells are closed. On the 
other hand, if an external charge is placed at a distance 
R from the atom, then a shift of the atomic levels does 
take place, and it turns out to be 

/ I . R~Rv I ) !1lf! = \ 0 1 Q~v0 ---ri' 0 
' I 

Rvfiv 
= Q~"-ri5"' 

where Q11 v is the effective quadrupole moment of the 
atom: 

(8) 

Q~v = Q~v0 (1 + x). (9) 

If we estimate Q 11 v by the same method as used to 
estimate the dipole moment, then it turns out that only 
the outer shells make the main contribution to Q 11 v. and 
this contribution for each individual electron is the same 
as for the dipole moment. The difference between them 
lies in the fact that whereas for the enhancement of the 
dipole moment it is necessary to take into account only 
the unpaired electrons, for the enhancement of the quad­
rupole moment it is necessary to take into account all 
the outer electrons. It is seen from (8) that inasmuch 
as t:;.lff contains matrix elements of the type (0 lr- 3 li), 
the largest contribution to Mt is made by the region 
r ~ 1/Z where, generally speaking, relativistic effects 
are important. Therefore, if complete allowance for 
the relativistic effects, particularly the use of a rela­
tivistic self-consistent potential, can radically change 
the entire picture, then the predictions concerning the 
quadrupole moments would likewise be incorrect. In 
fact, however, the presence of the strong quadrupole 
enhancement predicted by the theory is observed in 
many experiments, [7J thus confirming the theory at 
least qualitatively. In some cases there is even quan­
titative agreement. 

For the reader's convenience, we present a few val­
ues of the enhancement of the quadrupole moments K 

(see (9)):[7J 

Experiment Theory 

Na+: 1·-11 5.6 
Rb+: 4\1-50 50 
cs+ : m 90 

We show here only the values in best agreement with 

experiment. Discrepancies also occur: thus, for exam­
ple, for Cr We have Kexp = 10 and Ktheor = 58; how­
ever, the presence of large enhancement has been noted 
qualitatively in many experimental investigations, par-

I . [8] ticularly, for examp e, m 

B. Causes of Enhancement 

Let us discuss now the causes of the enhancement. 
Salpeterl9J has shown that for a hydrogen-like atom, the 
enhancement can be due in principle to the fact that 
there are almost degenerate levels with different parity, 
the distance between which (the Lamb shift) is small. 
Therefore the mixing of two functions with different 
parities will be of the order of 

<iiHdi> !(l!!;- lf!;), (10) 

where H1 is the energy of the interaction of the electron 
EDM with the nucleus, and i and j are two states whose 
energy levels are separated by the Lamb shift 0'i - 0'j, 
for example the states 281; 2 and 2P1;2· Owing to the 
smallness of l!!i- 0j, a strong mixing of the wave func­
tions of different parity takes place. 

In the case of real atoms, enhancement can be ex­
pected only at a large value of the nuclear charge. An 
estimate of the dependence of the EDM of the atom on 
the nuclear charge Z can be obtained in the following 
manner. According to expression (A.6), the EDM of the 
atom is determined in terms of the matrix elements of 
the operator (a· Vu2 ), for which the most important re­
gion is r ~ 1/Z, where the wave functions must be 
chosen by starting from the unscreened field of the 
nucleus. If quasiclassical wave functions are chos

2
en, [lo, 

uJ then the matrix elements of the operator (a· Y'u ) turn 
out to be proportional to Z3 in both the relativistic and 
nonrelativistic approximation. On the other hand, if 
Coulomb wave functions are chosen, then the same ma­
trix elements turn out to be proportional to Z5 in both 
the relativistic and nonrelativistic approximation. A 
similar dependence on Z should be expected for the 
EDM of the atom, since the matrix elements of the op­
erator (E · r) are determined principally by the region 
r ~ 1, where the field of the nucleus is completely 
screened, and therefore the elements turn out to be 
proportional to unity; in addition, the energy difference 
in the denominator of (10) is proportional to unity for 
real atoms. It follows from the foregoing reasoning 
that the enhancement coefficient depends on the charge 
of the nucleus like ZY, where y is expected to lie in the 
interval between 3 and 5. 

A direct numerical calculation shows that the en­
hancement coefficients of heavy atoms actually fit well 
the interpolation curve 

R "'=' R int = A,"Z', 

where Az is a constant that depends on the angular mo­
mentum ~f the electron whose enhancement coefficient 
is sought. Table II lists values of R and Rint with the 
value of Az determined for the extreme left element of 
the corres;onding column. The enhancement coefficients 
R for alkali elements were taken from lll. 

C. Multiparticle Behavior 

If several unpaired electrons are present in excess 
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Table II 

I Ao- 1,~·10-' I 
,Rb I ~cs \ .,Fr ,.cr \ 

R int 
R 

1 27.51127 110021 0.561 
27.5 133 1150 0.56 

of the filled shells, rather than a single one, then the 
total dipole moment of the atom should be made up of 

,.,Fe 

0.78 
0·76 

the dipole moments produced by the individual electrons. 
The resultant dipole moment of the atom turns out to be 
proportional, in natural fashion, to the total angular mo­
mentum J. Thus, for example, the EDM of the ions Eu +2, 

Fe +s, and U +3 are respectively equal to 

0.51d,J (! = 712), 0.21d,J (! = '12}, 0.6del (1 = 9/2). 

In all the foregoing examples, the presence of a Russel­
Sanders coupling was assumed. 

The influence of the electrons from the closed shells 
on the electrons of the unclosed shells can appear both 
via exchange interaction, which was taken into account 
in the present paper to the same extent as it is taken 
into account in the self-consistent potential, and via po­
larization of the internal shells (core). The polarization 
of the core can be taken into account in the following 
manner. 

When the atom is acted upon by an external field E, 
the internal shells of the atom are polarized, P = acE, 
where ac is the polarizability of the core. As a result, 
the field acting on the external electron will no longer 
be equal simply to <p = E · r, but changes in accordance 
with the polarization of the internal shells. If account 
is taken of the polarization of the core in the same man­
ner as used by Sandars, [11 then it is easy to estimate 
directly the changes that this will bring about in the 
final value of fl,J!f. Indeed, allowance for the core polar­
ization signifies that the field E must be multiplied by 
the screening factor 

[11e + (Z -1}r3) I [Z~~e + (Z -1)r3). 

As a result, the matrix element ( 0 I E · r I i) in (A.6) is 
replaced by 

<oJ ac+(Z-1)r3Er I i >· 
Zac+(Z-1)r3 

but since the decisive region for this matrix element is 
r- 1, and since Z >> 1, this entire matrix element turns 
out to be simply equal to 

<O I Er I i) I ( 1 + ~~e). 
Judging from the table given by Dalgarno, [121 the po­

larization of the core in all elements is of the order of 
unity, i.e., we see that allowance for the polarization of 
the core does not change the enhancement coefficient 
appreciably. 

D. Influence of Crystal Field 

Finally, let us stop to discuss the influence of the 
crystal field on the EDM of the atom. This influence 
becomes manifest in two ways. First, the crystal-lattice 
potential is added to the self-consistent potential. Sec­
ond, the crystal lattice distorts the external field acting 
on the given atom. With respect to the first, we can 

A2-1,7·10--fl A 3 = 1·10-7 

I nLu gzU(d) &LU ,U(f) 

I 48 137 1.8 I 7.1 
45 74 1.8 9.1 

state the following: since the EDM of the atom is 
strongly influenced by the region r a of the order of 
1/Z, near the nucleus of the given atom, where the 
Coulomb potential of this atom is equal to Z2 and the 
potential due to the remaining lattice atoms is propor­
tional to unity, it follows that the influence of the crys­
tal field on the EDM of the atom is smaller by a factor 
Z2 than the influence of the field of the nucleus itself. 

Let us see now how the crystal lattice influences the 
distortion of the external field acting on the atom. For 
a cubic crystal, this influence is well known and reduces 
to the fact that each atom is acted upon by a local field 

E Joe= Eo+ (41t I 3)P, (11) 

where E0 is the external field and ( 41T /3) P is the Lorentz 
field due to the polarization P = aEloc of the medium 
(a-polarizability). By introducing the dielectric con­
stant 

e = ( 1 + s; a ) J ( 1 -' 4~ a) , 
it can be shown that the field acting on the given atom 
is [131 

(12) 

If the crystal is not cubic and consists of elements 
with different polarizabilities, it is first necessary to 
find the polarization of the atoms of each element. As 
shown by ferroelectrics as an example, the effective 
field may in this case greatly exceed the applied field. 

The author is sincerely grateful to F. L. Shapiro for 
suggesting the problem and continuous interest, and also 
to M. Furman, V. Furman, and S. Serdyukova for advice 
and practical help. 

APPENDIX 

The Dirac equation in a self-consistent field can be 
written in the following symbolic form: 

[Ln+~a2yol:Vu(r}]'¢(r) = 0, (A.1) 

where 

a is the fine-structure constant, !!f the energy level in 
units of a 2mc2, u(r) the self-consistent potential with 
asymptotic form z/r at zero and 1/r at infinity, p 
= - iajar; all the lengths are measured in units of 
ll/mca; y0, y, and~ are Dirac matrices; ~is a dimen­
sionless constant connected with the electron EDM in 
the following manner: 

ell 
d.= ~-:E. 

mea 

As a 2 - 0, we get LD - a 2LSh, where Lsh = - P'i2 + u 
- lff, and Eq. (A.1) goes over into 
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[LSch+ s (aVu) ]'¢ = 0 (A.2) field E; Z1 = Z-1, Z2 = l + 1, and v/r is connected with 
u(r) by the relation 

(a -Pauli matrices). 
Since, according to the Schiff theorem the interaction 

of the electron EDM with the field can be eliminated 
from Eq. (A.2), in first order in ~.by using the trans­
formation 

(A.3) 

it is convenient to perform a similar transformation in 
(A.1) 

(A.4) 

so that in the nonrelativistic limit the interaction of the 
EDM with the field drops out automatically. Equation 
(A.1) then reduces to the form 

[Ln+sa2 (yo-1)(l:Vu)]'¢=0. (A.5) 

In the presence of an external homogeneous field E, 
the electron levels are shifted by an amount determined, 
in the first order in E and ~£l, principally by the terms 

~ (OIErli)(ilaVu2 IO) (A.6 ) 
llE ~ 25a2 ~ E;-Eo . 

' 
For numerical calculations it is convenient to reduce 
this equation to the form 

llE=_3_[ 1·-~~Rt+ (Z+i)2-m2 R] lEI (A.7) 
21 + 1 21 - 1 21 + 3 2 Jl ' 

where 

R;=2(Za) 2 ) 1ji;(r) [; (~YJ'¢o(r)dr, i=1,2; (A.8) 

~i (r) obey the equations 

r~~ - 1;(l;+_~+u(r)-Eo]iji;(r)= r'¢o(r); 
c 2 dr" 2r2 

(A.9) 

l, m, and 1-L are respectively the angular momentum of 
the electron, the projection of the angular momentum, 
and the projection of the electron spin on the external 

u(r) = v/r. (A.10) 

As seen from formula (A.8) the parameter of the ex­
pansion of 1::18 in powers of a 2 is actually (Za)2, and 
therefore formula (A. 7) is valid only when (Za)2 « 1. 
However, as shown in the text, for electrons with angu­
lar momentum l::: 2, formula (A.7) turns out to be a 
sufficiently good approximation even for heavy atoms. 
The wuantities R1 and Ra are called in the test the par­
tial enhancement coefficients. 
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