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A ‘“Razdan-3’’ electronic computer is employed to set up, in the approximation of three orthogonal

plane waves, ™’

pseudopotential model proposed by Harrison'*?

a model of the 8 tube of the electron Fermi surface in indium. The single-parameter
is used. For each value of the parameter 3, the com-

puter yielded a value of the Fermi energy such that the corresponding area of the tube cross section
was equal to that measured experimentally on basis of the de Haas—van Alphen effect!'!. Additional
experimental data on the size effect'®” were used to determine the pseudopotential and Fermi energy
and to set up a model of the electron surface. The anisotropy in the (110) plane, the cross section area
of the tube, the extremal size, and the effective mass are calculated for this model and are compared

with experiment!"**®

measured quantities'®*!

. The calculated dependence of the model parameters on the experimentally-
permit an estimate of the degree of indeterminacy of the parameters and to

select the experimental results that are most important for the model.

RECENT intense experimental investigations of the
energy spectrum of electrons in indium!*™**! have made
it possible to attempt®®:!%12) to construct a model of
its Fermi surface. According to the concepts that have
developed to date, the almost-free electron approxima-
tion is valid for a large number of polyvalent metals. In
this approximation, the action of the crystal lattice field
on the carrier motion can be taken into account by intro-
ducing a weak effective Pseudopotential“” . This pseudo-
potential was calculated 12} with the aid of atomic wave
functions of the electrons of an isolated ion. However,
the correspondingly constructed model of the Fermi
surface turned out to contradict the experimental re-
Sults[3,4,6,9,11] .

A different method was used in a number of pa-
pers!®®'° wherein the pseudopotential was chosen
such as to make the corresponding Fermi-surface
model agree best with the experimental results that
are most sensitive to its magnitude. The effectiveness
of this method is enhanced also by the fact that the
qualitative character of the pseudopotential is known
and can be specified for many polyvalent metals by
means of an approximate formula with only one unknown
parameter ;141

Table I lists the results of'®’®’!*'*1, We see that
although the results of'®’®’'°) are qualitatively more or
less in agreement with one another with respect to the
signs and proportionality of the corresponding quanti-
ties, there is no complete quantitative agreement. The
reason lies apparently in the fact that in order to choose
the pseudopotential, a limited amount of experimental
data was used in each case. Therefore, for example, in

Table I

Component of pseudopotential V, (h/a)?/2m,

Ep, (h/a)*/2m¢ | Reference

Vi) V002] V[200]

—0.07 = 0.015 —0.055 + 0,01 0.00+0.015 1.21 (9]
—0.087 —0.037 0.00 1.21 8]
—0.093 —0.058 +0.0013 1.21 (1]
—0.01523 —0.0186 +-0.049 1.17 (2]
—0.136 = 0.020 —0.085 = 0.020 —0.046 = 0.020 1.247 = 0.019 [Present work

all these calculations, the Fermi energy of the carriers
was assumed equal to the energy of the free electrons.

In the present paper, just as in'®’, we determine the
pseudopotential by using the value of the smallest
reliably known cross section of the 3 tube of the third-
zone electronic Fermi surface. However, unlike in®®?,
the modified value of the Fermi energy of the electrons
has made it possible to reconcile the size-effect data'®!
with the Fermi-surface model. The calculation program
was made up in such a way as to take into account the
possible errors connected with the inaccuracy of the
employed experimental values. The results of our cal-
culations are also contained in Table I. For the obtained
values of the pseudopotential and the Fermi energy, we
calculated the anisotropy in the (110) plane of the cross-
section area of the tube, of the extremal size, and of the
effective mass, and compared the results with the ex-
perimental datat*°!,

CALCULATION

1. The crystal lattice of indium can be represented
as a tetragonal face-centered lattice with axis ratio
¢’ =a/c=0.9243, c =4.904 A, and a = 4.532 A at
T = 0°K. These values were obtained by extrapolating
to absolute zero the measurements made in'**' between
room and nitrogen temperatures. Since the valence of
indium is z = 3, it follows that in accordance with the
free-electron model (the 1-OPW model), the radius of
the Fermi surface ppe = 1.10h/a, and the Fermi energy
is Epe = pFe/2me = 1.21 (h/a)?/2m, = 0.6516 Ry (the
latter equality is valid if the carrier mass m; is equal
to the electron mass meg).

2. According to the 1-OPW model, the electron
Fermi surface of indium in the third zone consists of
four identical B8 tubes joined end to end''!. Each tube is
made up of an intersection of three Fermi surfaces.
Figure 1 shows the intersection of one of the tubes with
the (110) plane. The centers (0, 0, 0), (1, 1, 1), and
(1, 1, —1) of the corresponding Fermi spheres, located
in the sites of the reciprocal lattices, have in the figure
the coordinates (0, 0, 0), (V2, ¢/, 0), and (V2, —c’, 0).
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FIG. 1. Intersection of the (110) plane and the Fermi surface of in-
dium: model 1-OPW (pF = 1.117h/a)— thin lines, model 3-OPW (V[;;;) =
—0.136, V{g92) =0.085, EF = 1.247 in units of (h/a)? /2m¢)—thick line.
Straight lines — intersection of the faces of the Brillouin zone with the
(110) plane.

The free-electron energy E at the point U (Fig. 1),
which is equidistant from all three centers, has three-
fold degeneracy, which is lifted by the lattice pseudo-
potential V. According to perturbation theory, the new
values of the energy in the vicinity of the point U are
determined by the secular equation

Px': + pv2 + chVl 2mVy
+ pf—— 2mcE ~
omyy  Pe— VP —op+ om Vs —o,
+p2—2mE _
zqu ¢ (P, — V2)5+(pu—(—c')“+ (1)
2mVy 2myVs +pr—2mE

where V; and V: denote, for brevity, the lattice pseudo-
potential Fourier components'®! along the axes [111]
and [002], and py, Py, and p, are the components of the

electron momentum p in the coordinate system of Fig. 1.

The aggregate of the points for which Eq. (1) is valid
forms at E = Ep the 3-OPW model of the Fermi-surface
tube B[la] .

4. As shown by calculations of the pseudopotential of
many polyvalent metals, it can be satisfactorily approxi-
mated by a function dependent only on a single param-
eter g*1:

Ze*h*/np* + B

VT ) 2)

where

e(p)=1-+

mZ (1—n2 1141
2J1:ppﬁ1]2< 2n In ' 1—7|| +1>
is the dielectric constant of the free electrons in the
Hartree approximation (7 = p/2pg), and £, is the
atomic volume. The dimension of the parameter g is
Ry - (at.un.)® and will henceforth be omitted for brevity.
5. The calculations were performed with the
‘‘Razdan-3’’ computer in several stages. For a speci-
fied parameter 8 and for E = Ey, formula (2) was used
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to determine the components V,(8, E) and V,(B3, E). By
solving Eq. (1) in the plane (110), we obtained more

than 200 points (px, py) lying on the contour of the tube
section. The cross section area calculated with accur-
acy 10" was compared with the experimental value

So = 0.02294 (h/a)?, which was introduced into the pro-
gram. Depending on the sign and magnitude of the differ-
ence of the areas, the magnitude of the energy E was
changed to bring it closer to the final result, and the
new value of the energy E was used to repeat the entire
preceding cycle of the calculations. After approximately
10 cycles, the area of the calculated cross section be-
came equal to the experimental area, and a printout was
obtained for the coordinates of all the points (py, py) of
the cross section contour, for the energy, and for the
components of the pseudopotential. At the same time,
the value of the effective mass was determined from

the formula

m‘:ijﬁg, 3
2n dElE=EF 3)

The foregoing calculation program was executed for
eight values of the parameter g in the interval 30 < B
= 37. The results of the calculations for So
= 0.02294 (h/a)? are shown in Figs. 2—4. The values of
the pseudopotential components and of the Fermi en-
ergy corresponding to 8 = 30 are contained in Table I.
The form of the intersection of the tube in accordance
with the 3-OPW model with the (110) plane is shown in
Fig. 5 for three different values of the parameter .

6. For values of the parameter 8 = 30 and S,
= 0.02294 (h/a)?, we calculated the anisotropy of the
area of the tube sections in the (110) plane, the extremal
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FIG. 2. Plots of the cross section area S of the 8 tube against the Fermi
energy EF for different values of the parameter §.
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FIG. 3. Values of the components
V(111) and V{gq, of the pseudopotential
as a function of the parameter § for S, =
0.02294 (h/a)*.
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FIG. 4. Dependence of the extremal dimension L along the [ 110]
axis (x axis in Fig. 1) on the parameter § for S = 0.02294 (h/a)?.
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FIG. 5. Intersections of the § tube of the 3-OPW model with the (110)
plane for three values of the parameter § having the same area S,
= 0.02294 (h/a)?. The straight lines B and the point U are the intersection
of the faces of the Brillouin zone with the (110) plane.
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FIG. 6. Anisotropy of the area of the central section of the tube § in
the (110) plane. Solid lines—results of calculations for values of the para-
meter 8 = 30 and two values of the area, S, = 0.02330(h/a)? and S,
=0.02294 (h/a)?, at H Il [110] ; points—experimental data of Fig. 4 of [?]
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FIG. 7. Anisotropy of the experimental dimension of tube f in the
(110) plane). Solid line—result of the calculation for the values of the
parameter 8 = 30 and the area Sy = 0.02294 (h/a)?; points with the in-
dicated measurement error—experimental data of [“1.
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dimension (in a direction orthogonal to [110], i.e., the

abscissa axis in Fig. 1), and the effective mass u. To

determine the latter, we performed additional calcula-
tions of the cross section area anisotropy at the same

value of the parameter 8 and for S = 0.02330 (h/a)>. All
these data are shown in Figs. 6—8.

7. The calculation accuracy of the 3- OPW tube model
depends on the accuracy of the initial experimental
values, namely the cross section area S and one of the
extremal dimensions L, for example the one parallel
to [110]. For this reason the program for the calcula-
tions and for the readout of the intermediate results
from the computer was compiled in such a way as to
take into account the inaccuracy of the experimental
data. It is easy to show that a small change in any cal-
culated quantity A is connected with changes of S and L
in the following manner:

64 | oL 0A 04 | oL dL
ad =<75/7§)SM+{<5§){<“£/3€>5<755)5}“' @
If A is taken to mean the parameter 3, formula (4) takes
the simpler form
_ AL (9L/05)5AS

M ="Cramys

(%)

COMPARISON OF CALCULATION WITH THE EXPERI-
MENTAL RESULTS

1. Table II lists the extremal dimensions L of the
sections of the 3-OPW model tube for 8 = 30 and those
measured in'*' ", The good agreement between them
offers evidence that the shape of the sample section of
the tube in the (110) plane agrees with the 3-OPW model.
A comparison of the anisotropy in the (110) plane of the
section area and of the extremal dimension, calculated
in accordance with this model, with the experimental
data of!>*! is shown in Figs. 6 and 7. Up to an approxi-
mate angle 60° between H and [110], the experiment
agrees with the calculation within the limits of errors.
At larger angles, the anisotropy of the extremal dimen-
sion differs noticeably from the calculated anisotropy.
This difference results from the fact that the 3-OPW
model, which is valid for sections of the Fermi surface
near the point U, ceases to represent correctly the
singularities of the electronic Fermi surface near the
points where the tubes are joined, at which the orbit
falls at angles 2 60° between H and [110].

2. A comparison of the calculated effective mass

Table I

s ) Extremal dimension L, h/a aLiansg,

in the ({i leg) plane, Measured in [4] Calculated for h/a per unit of B
B = 30, S=10,02294

0 0.207 +0.005 0.2084 0.00193

24 0.200 + 0.005 0.2026 0.00193

56 0.171 4+ 0.005 0.1703 0.00080

9% 0.150 + 0.005 0.1503 0.00025

DThe authors are grateful to I. P. Krylov for supplying the table of
the measurement results of [*] calculated in accordance with the con-
clusions of [7].
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FIG. 8. Anisotropy of effective mass in the (110) plane. The solid
line was calculated with the aid of the data of Fig. 6 for the values of
the parameter § = 30 and the area Sy = 0.02294 (h/a)? and m¢ = 1.65me.
The symbols O and @ represent the data of Fig. 11 of [®].

corresponding to the section of the tube with the volume
measured experimentally by cyclotron resonance is
shown in Fig. 8.

The effective mass m* calculated by means of form-
ula (3) is directly proportional to the mass m, of the
carrier in the metal. This fact follows directly from the
energy dimension. For almost all the metals, m, differs
greatly from the electron mass me. This circumstance
is due to the existence of electron-phonon interaction'’.
In'’®? it was shown experimentally that m; = 1.6 mg for
the hole Fermi surface. In'®’, for the electron Fermi
surface, the proportionality coefficient was estimated
at ~1.4. This approximate estimate was obtained on
the basis of the information given in*! concerning the
perimeter of the tube cross section. Our results make
it possible to obtain these coefficients much more accur-
ately. This is due to the fact that the effective mass
was calculated with the aid of the 3-OPW model surface,
the shape of which, as already shown, is quite close to
the real tube surface. The calculated effective mass
m* = 0.122 m. becomes equal to the measured value
W = m*/me = 0.202'%7, if it is assumed that m¢
= 1.65me. This proportionality coefficient is somewhat
larger than that obtained experimentally for the hole
surface, but is quite close to it. It is interesting to note
that for aluminum, the Fermi surface of which is sim-
ilar to the Fermi surface of indium, the inverse rela-
tion holds true. For the hole surface mg = 1.55mg"®?,
and for the electron surface m; = 1.4 mg"™.

3. The effective-mass anisotropy calculated under
the assumption m; = 1.65me, is compared in Fig. 8 with
the anisotropy measured in the experiments of®’. The
noticeable difference between them can be due to the
inaccuracy of the 3-OPW model, which comes into play
at large angles between H and [110], in analogy with the
situation for the extremal-dimensional anisotropy
(Fig. 7). In this case, however, unlike in the latter case,
the different anisotropy can be qualitatively attributed
to the decrease of m¢ on the surface of the tube, from
the center towards its edges. A quantitative comparison
can be carried out only by performing the calculations
on the basis of the more accurate 4-OPW model.

4. The results of the calculations indicate which of
the size-effect measurement data are the most valuable
for the calculation of the Fermi surface of the tube. It
is seen from Fig. 5, that given the tube cross section
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area, the extremal dimensions of the tube cross section
along the different directions L change in different man-
ners when the parameter 8 is varied.

A separate column in Table II indicates the deriva-
tives (0 L/&B)S for four different directions of L. Their
value shows that the dimension along [110] is most
sensitive to the change of the parameter 8, whereas the
sensitivity of the dimension along [001] is lower by one
order of magnitude.

5. The inaccuracy of the experimental data limits
the calculation capabilities of the 3-OPW model. The
probable calculation errors can be determined from
formula (4). To estimate the absolute calculation error,
it is necessary to know the accuracy of the experimental
data. The value of the extremal dimension along [110]
and the accuracy of its determination are listed in
Table II. Unfortunately, there are no estimates of the
error ASo of the measurement of the cross section area
So in™?. From Table I of that paper one can conclude
that AS¢/So = 1%, since three different values of the
area, ascribed to H Il [110], fall in this interval. How-
ever, the spread of the experimental points is smaller,
and amounts to ~0.4%. This gives grounds for assum-
ing that the difference in the tabulated values of S is
due to inaccuracy in the crystallographic orientation of
the samples, equal to ~0.5°. For this reason, we used
in the present calculations the smallest of the numbers
So from Table I of!*!.

The substitutions

So == 0.02294(k [a)2, L = 0.21 b [ a, ASy = =£0.0001 (h / a)?

and AL = 0.005h/a in formulas (4) makes it possible to
determine the following calculation errors:

L S
Ap = 11057 45605 = £ 2602024 % 3,
L
av=—0812" 03857 — oot 0002 & 2002, (6)
L AS
ABy = — 07355 10,40 55 = £0017 = 00017 & 0,019,

some of which are listed in Table I. AB is given in units
of Ry - (at.un.)?, and AV and AEF in units of (h/a)2/2mc.

It follows from (6) that the contribution to the total
error of the calculation of the pseudopotential and of the
Fermi energy is smaller for the de Haas—van Alphen
effect than for the size effect.

From the Fermi energy calculated in this paper
(Table I) it follows that the radius of the Fermi sphere
is pp= (1.117 + 0.008)h/a. This value was used in con-
structing the 1-OPW model of the tube cross section in
Fig.1.

The Gaussian curvature of the part of the hole Fermi
surface of the second zone was determined in !”\ Its cen-
tral section, shown by the heavy line on the (110) section
of the 1-OPW model (Fig. 1), has a constant curvature
within the limits of the experimental accuracy. It is
therefore not distorted by the presence of the pseudo-
potential, and constitutes a sphere of radius py = (1.11
+ 0.02)h/a. The calculated value coincides with the meas-
ured one within the limits of errors.

In conclusion, the authors consider it their pleasant
duty to thank A. I. Alikhanyan for interest in the work,
and I. P. Krylov and K. Sh. Agababyan for a useful dis-
cussion and for remarks.
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