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A weak interaction model is considered in which the (e, ve) current has the unaltered V-A structure, 
whereas the most general expression for the (ll, vll) current including derivatives is employed and 
allowance is made for a possible nonzero mass of the muonic neutrino. Expressions are obtained for 
the decay probability of polarized muons and of 1r ll 2 and K ll 2 decays. Estimates for the constants of 
the interactions introduced are discussed. 

1. INTRODUCTION. FORMULATION OF THE PROB
LEM 

A. The universal V-A theory of weak interactions is 
apparently in good agreement with all known experimen
tal data at least in those cases, where quantitative re
sults can be obtained from the theory. 

The muon decay · 
J.t-+e+v,+v~ (1) 

is of special importance in weak interaction physics, 
since it is so far the only experimentally accessible 
weak leptonic process. A quantitative theory for the 
process (1) has been constructedr1J after the discovery 
of parity and C invariance violation even before the ad
vent of the V-A theory. In this theory it was sufficient 
to require that the emitted neutrinos are longitudinal and 
that a neutrino and an antineutrino be emitted in (1). At 
this stage the theory contained two (real) parameters. 
The V-A interaction fixes the ratio of these two param
eters. 

Together with the scheme of a current-current inter
action which is local with respect to the lepton current, 
one of the most important assumptions of the present 
theory of the leptonic and the so-called semi-leptonic 
weak processes is the muon-electron universality. How
ever, the data on the muon current (ll, v ll) are appar
ently less accurate than those on the structure of the 
electron current (e, ve)· Moreover, it is not excluded 
that the muonic neutrino have a nonvanishing rest mass. 

The appearance r2 J of new, much more accurate ex
perimental data on the spectrum and the asymmetry of 
the electrons in the decay (1) stimulated us to undertake 
a new analysis of the possible deviations from the usual 
theory of the process (1) in order to be able to test 
quantitatively the validity of the V-A theory and to draw 
conclusions on possible admixtures of interactions dif
ferent from the V-A. To this end we consider a model 
of possible deviations from the V-A theory. The result
ing estimates for the deviations depend, of course, on 
the model. 

B. Below we assume a current-current interaction 

2int ~ jde) J;!!") , (2) 

where j~e) is a V-A current constructed from the elec
tron and the eleetronic neutrino: 

(3) 

For the muonic current J(ll) we employ the most general 
. 0! 

expressiOn 

+(") _ [{ b+ c+ } la =ljlv Ya+-(p+q2)a+-(p-q2)a fl++ 
" m~ m~ (4) 

{ b_ Cc.. } J aya+-(p+q2)a+-(p-q,)a TI- ¢~=iliv [r+all++f-"ll-1¢". 
m11 m14 J.&. 

With (2) and (4) we obtain for the effective Lagrangian 
for the process (1) 

2;nt= ,~ iJiv [.f+"ll++f-"ll-l¢"iji,ya(1+ys)¢v, (5) 
r2 " e 

where ll± = 1 ± y5, p(p, Ell), and q2 (q2 , w2) are the four
momenta of the muon and the muonic neutrino, and 
k(k, w) and q1(q1, w!) are the four-momenta of the elec
tron and the electronic neutrino, and mil and me are the 
masses of the muon and the electron. 

It is clear that only the first two terms remain in (4) 
if the V-A theory is true. Forb±"' 0, c±"' 0, deriva
tives of the fields lj! 11 ll and lj! ll are included in the inter-

action. 1 > By a Fierz transformation, (5) can be brought 
into the form 

i[b+ C+ ] -}- 2ail)v, ,(1-}- Ys)¢v iji,(i- Ys)¢~ + -2 -(p + q2)a + -(p- q2)a 
~ e mJ.I. m~ 

X[il)v "(1 + Ys)¢v ,iJieYa(i + Ys) ¢~- i!iv" <ra~(1 + ys) ¢v, ilieYB(i + Ys)¢"1 

1 [ b_ C- J +-2 -(p+q2)a+-(p-q2)a 
mJJ. m 11 

X[il)v Ya(i + Ys)ljlv iPe(1- Ys)ljl~ + iJiv w(1 + Ys)¢v iji,O'.a~(1- Ys)IJl~l }. 
11 e jJ. e 

(6) 

From (6) the difference between our model and the 
models considered earlier becomes clear. Bahcall and 
CurtisrsJ allowed for a nonzero mass of the muonic 
neutrino m 11 = m2 in the calculation of the rate of the 

ll 
-•t'Jw-e-no_t_e-at once that the introduction of derivatives differs from 
the method of Lee and Yang, [3 ] who admitted the existence of deriva
tives both in jf:1 and J{f1, and from the approaches of Bludman and 
Klein [ 4 ] and Bergia and Russo. [ 5 ] 
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process (1), assuming an .Pint in accordance with the 
V-A theory. Friedbergr7 J obtained formulas for the 
decay spectrum of the muon, admitting terms without 
derivatives in (5). Marshak et al. raJ left the structure 
of the (J.l, v 11 ) current unchanged and admitted a term 
y 0.IL in the (e, ve) current. 

The effect of an A + V admixture has recently been 
considered in another model by Lipmanov and 
Mikheev. l 9 J 

After some discussion of the general expression for 
the interaction, we obtain below formulas for the spec
trum of the electrons, their asymmetry and polarization, 
the helicity of the neutrino, and the total rate of the 
process (1). The calCulations are carried out in two 
steps. First we allow for a nonzero mass m2 in an inter
action without derivatives (i.e., with b+- = c+- = 0, but 
a ;.; 0). Then we consider the interaction (5) with deriva
tives with m2 ;.; 0. In the absence of derivatives we allow 
for complex values of a in order to estimate the trans
verse polarization of the electrons arising from CP 
violation. For interactions with derivatives (and m2 = 0) 
this effect has been considered in rsJ • 

The change in the structure of the muon current 
affects also other processes. Of these, we consider 
here the ll 112 and K112 decays. 

C. The general expression (4) for the current J(J.l) 
agrees formally with that for the baryon current ina 
semi-leptonic processes (without account of G invari
ance). The quantities a, b+_, and c+_, whose analogues in 
the baryon current are the form factors, are constant 
numbers in the case of the process (1). The truth of 
this assertion can be verified in the following way. 

Since the current j(e) is local, the quantities a, b._, 
a 

and c+- can only be functions of the momentum transfer 
k - q1 to the pair J1 - v 11 , but owing to the locality of the 
lepton current J(J.l) these same quantities must be func-

a 
tions of the momentum transfer p - q2 = k + q1 to the 
pair e - ~'e· These two conditions can be satisfied only 
when a, b+_, and c+- are constants. Neglecting small CP 
violations, these constants are real. 

Not all of the terms introduced in (4) are equally 
effective in the process (1), even though their existence 
has been allowed for. It is easy to see from (3) and (5) 
that, because p- q2 = q1 + k in (1), 

c+(v~(q, + k)alhJ.!) (eya(1 + ys)'Ve) = c+me(<i~JhJ.!) (eii+'Ve), 

c-(<i~ILJ.!) (e(q, + k)II+'Ve) = c_m.(v~II-J.!) (eii+ve). 
(7) 

The contribution of the quantities c+- is proportional to 
the mass of the electron and is much less effective than 
the contribution of b+-' Thus it is quite difficult to ob
serve even the presence of the quantities c+- in the in
vestigation of (1). 

For the other processes with emission of the pair 
v 11 - J1 the effectiveness of the different "new" terms 
can be different. Thus, for the rr 112 decay, whose matrix 
element 

(8) 

(where Prr = p + q2, and frr is the pion form factor) can be 
rewritten as 

M(n-+ J.!) = fnm~iiv, {[1 + a(m2 I m~) 
+ b-(mn I m~) 2 + c_(1- m22 I m~2) ]IL 

+[a+ m2 I m~ + b+(mnl m~) 2 + c+(1- m22 / m~2) ]II+}u~ (9) 

the contributions from b+- and c+- are comparable. 
For the amplitude for the K112 decay an analogous 

expression is obtained with the obvious replacement 
rr- K, mrr- mK. 

2. MUON DECAY 

A. Let us first consider process (1), setting b._ = c._ 
= 0 in (4) but allowing for m2 ;.; 0 and complex values of 
a (CP violation). We introduce the usual four-vectors 
for the polarization of the electron: 

, {"4'=(k;)/m, 
8 == s' =; + (k;)k/m.(E +me) 

and the muon: 

{ S4=(PTJ)/m~ 
s== S=TJ+(PTJ)p/m~(E~+m~)· 

For the decay rate in the rest system of the muon we 
have 

G2m 
dW (E, 6) = -Hin~ (1- a) 2(E'- me") 'f, dEd~l 

X {(1(1 +a+ 2jaj'-)E(E0 - E)- m 2 ( E- ::')Rea 

1+2a J [1-a-6Jaj 2 +:-3- (E'-m.2) +(kTJ) ----3 ---(E0 -E)+ m2 Rea 

- 1 ~ 2a(E- :·:)J-(k;)[ (1+a+2Jaj 2)(E0 -E) 

- 1 + .2a ( me' -E) - m, Rea- (kTJ) {~ ( 1 + 2a- 3 mz Rea) 
3 m~ 3\ m~ 

·-~-a- 6l!:J..: E 0 -E -·~(t-~)Rea}J 
3 E+me E+me m~ · 

-m.(;TJ) [ i-a- 6 l_al'_(E 0 -E)+ m2 ( 1-~) He a] 
3 m~ 

m,me } - -- (; [ktt]) lm a ; 
m~ 

(10)* 

here 

and the energy of the electron varies from Emin = me to 

m2"1. 
Emax = Eo - -· = Tmax + m 2mJJ. e e· 

We note that a is small for all values of the electron 
energy except for the small region near T~ax, where 
a e.: 1. The ''width'' of this energy region is 

!1P ~ mz2 I 2m~ ~20 keV. 

For ?; = 0, (10) goes over into the result of Friedberg, 
and for a = 0, into the result of Bahcall and Curtis. 
Since there is no term proportional to the electron mass 
in the part of the spectrum (10) which is independent of 
the polarization, the Michel parameter 7J = 0 in our 
model. 

The spectrum of the electrons is sensitive to m2 and 
to the values a= ±0.1 only for very small (E = E/2m11 

*fk11l =kx1). 
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< 0.05) and very large {t > 0.9) energies of the elec
trons. The accuracy of the measurement of dW(E) must 
be some ten percent. It is seen from the estimates that 
the study of the 11 decay spectrum does not allow one to 
lower appreciably the limit on m2 (compared to m2 

:::= 2 Mev). 
The energy dependence of the asymmetry of the decay 

of a polarized muon is somewhat more sensitive to m2 

and a than the spectrum of the decay of an unpolarized 
muon (also for low and high energies). 

We note that evidently it is not always possible to re
gard the quantities a and m2 as nonzero independently 
of each other. For m2 ;e 0, we necessarily have a ;e 0. 
Finally, there may be reasons for which m2 = 0 when 
a ;e 0. In any case, the kinematic effects remaining in 
(10) for a = 0 are quadratic in m 2 • The assumption a ;e 0 
leads to additional terms of order am2 • 

For the entire consideration of this paper {for small 
a and m2 ) it is very important to know the effect of 
radiative corrections. We assume that the theory can 
be compared w:ith experiment after the radiative correc
tions have been duly taken into account. The last to con
sider the radiative corrections (for a ;e 0) has been 
Allcock. [loJ He arrived at the conclusion that their 
effect does not exceed 0.2%. 

Expression {10) can be written in the form 

dW '= dWo+ (kt))dW1 + (-k~)dWz 

+ (1'J~)dWa+ (;[k1'J])dW4. 
(11) 

The expression proportional to (E · k x 71) determines 
the polarization of the electrons from the decay of 
polarized muons perpendicular to the decay plane k, 7]. 

It is seen from (10) that 

dWr. ~ 6'!1zme Ima 
mu• 

and the component of the electron polarization connec
ted with CP violation contains a small factor 10-3 be
sides Im a. It is interesting to note that dW 4 vanishes 
for m2 = 0. 

Thus, in our model which allows for deviations from 
the V-A theory, the effects of CP violation are connec
ted with the nonzero mass of the muonic neutrino. 

As is seen from (10) and (11), the expression for 
dWa + {kT/)dW1 does not correspond to the expression 
usually considered (with T/ = 0) 

~~(e,p,6)=:T{[3(1-e)+2p(! e-1)] 

+!;cos 8 [(1- e)+ 26 ( ~8 -1) ]}e2 de. 
(12) 

If we determine the parameters p and 6 by quadratic 
approximation to the two expressions in the square 
brackets in (12), then 

3 1-6~Rea mz 
P'= 4 1+lai 2 -4~Rea' ~=mu' {13) 

which for real a agrees with the result of Allcock, rwJ, 
and 

3 1- 6{:1 Rea 
{) = -----------

4 1+3lai 2 -12~Rea' 
(14) 

and 

1 + 3lal 2 -12~ Rea !; = ---------. 
1 + I a 12 - 4~ Re a (15) 

It is seen from (13) to (15) that the following relation 
holds between the parameters p, 6, and E in our model: 

p/£ = 6. 

The total decay rate of the muon is equal to 
1 G2m 5 

W =-=--u-[1 +lai 2 -4~Rea]. 
T 192n3 

(16) 

For the polarization of the neutrino H 11 we have (for 
real a) with wz » m2 

11 

H,u = -(1-a2)/(1 + a2). 

Thus the most difficult measurements of H 11 must 

be more accurate than by a few percent in ordfr to yield 
new information on the quantity a::; 0.1. 

For the polarization of the electrons 

Pe = Pev / C (17) 

we have 

Pe = (e2 - 41c2)'''[3u + 3~2 + 6a2u- 6a~ + (1 + 2~2 / u) (e- 21c2 ) J 
X [(1 + 2~2 /u) (e2 -41c2) -6a~(e- 21c2) + (3u + 6a2 + 3~2)e]-1, 

where 

It is seen from (17) that P e ~ 1 up to terms of order 
,\2 ~ 10-5. 

B. Let us now consider process (1) by assuming (4) 
and (5) and the reality of a, b±, and c±, neglecting terms 
of order m~/m~ and m~/m~. 

For the decay rate we obtain 

dW = dWo(1-ni;) + (ktj)dWI + (ki;) (ktj)dW2 + (1')~)dW3 , (18) 

where 

dW0 = G•mt__dQ e2 de.{[~+ a2 (1- e)- a~J +W(b++ ab_) 
64n' 6 

b_2 + b+2 } 
+2~b+b-+(ab++ b_)](1- e)+ --6 ---'- (3-4e + e2 ) • (19) 

We note that (19) contains terms which are propor
tional to the first power of {3 = m 2/m11 , but as before, 
T/ = 0. Even if we neglect terms of order {3 in (19), the 
main effect of the terms with b. reduces to the replace
ment of the decay spectrum of unpolarized muons, which 
in the V-A th'eory has the form 

e2de(3- 2e), 

by the expression 

e2de[3A- 2Be + Ce2] = e"de[ {3 + 6a2 + 6(b_ + ab+) + b_2 + b+2} 

- {2 + 6a2 + 6(b_ + ab+)- 4(b_2 + b+2)}e + (b_2 + b+2)e2]. 

(19') 

Comparison of (19) with the existing experimental data 
yields the result that a and b._ do not exceed 0.1. The 
form of the spectrum depends appreciably on the value 
of b._. A more careful analysis may lead to a more ac
curate determination of a and b._. 

Integration of (19) leads to the following expression 
for the total decay rate of the muon: 
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G2m 5 
W= ·--"-L, L= 1 +a2-4a~ + ~(b++ab-) 

192n3 

2. 
+ 2~b+b- + ab+ + b_ + 5 (b_2 + b+2). (20) 

Determining the parameter p, as before, by quadratic 
approximation of (19) to the Michel function (12), we ob
tain 

that the polarization of the electrons from the decay of 
polarized muons is sensitive to the values of c _and c + , 

which do not enter in dWo and dW1. Measurement of 
dW2 is somewhat easier since dW3 is proportional to 
melmw 

3. MUONIC DECAYS OF THE PION AND THE K MESON 

p = 3/4[1- 6a~- 1/ 3 (b_2 + b+2 ) ]L-1 (21) In this section we discuss the changes in the proper-

[Lis defined by (20)]. 
The expression for dW 1 

G2m • 
dW1 = ~ dQ e de(kt]) {1- 2e- 6a2(1- e) 

192n• 

ties of the decays of pions and K mesons arising from 
the generalized structure (4) of J(Jl). 

For the rate of the 1T 112 decay ffn standard notation) 
we have 

+ 6a~ + 6~(b+- ab_) (1- e)+ (b+2 - b:._2) (e•-1) 
G2f~2m"• ( m"z)z 

(22) W(n-+ft)=-·---m,. 1-- r· 
8n m,.2 ' 

G2m • + (1- e) (2b+- 6ab_)} = --"- dQ e de (kt]) {D- 2Fe + Rez} 
192n4 

in the model allowing for deviations from the V-A 
theory replaces the usual expression for the energy 
dependence of the asymmetry of the decay of polarized 
muons 

(kt]}ede (1- 2e}. 

For the integral asymmetry coefficient ~ defined by 

dN(e) = W(1 +'/as cos 8)dQ I 4n, 

we obtain from (18), (19) and (21) 

6 = ..IlL-• = L-•[1 + 3a2 - 12a~- 2~(b+- ab_) 

+'Is (b+'- b_2 ) - (b+- Jab-)]. 

(23) 

(24) 

For the parameter 6 defined similarly as before, we 
have 

where ..ll is determined by (24). 
It is seen from the expressions for dW2 and dW3 , 

G2m 5 ciQ 
(kt]) (k~)dW2 =~-e3 de(n~) (nt]) 

192n3 4n 

(25) 

-~-~ [(1- 6a2) (1- e)+ 3aB(2- e)- s~{2(ab_- b+) 
2 (E+me) 

- -=_(c+- ac_ + 3ab_- 3b+) 11.- -~{ (1- e) (b+c+- b_c_)e 
2 2 

8 
+ (1- e) (2- e) (b+•- b_2)}+ z-{c-- 3ac+(1- e)} 

+ b_(2 + e2 -~ 8 )-ab+( 6 _!_;e + ~ e2) ]} 

and 

G2miL5 dQ ( me ) 
dW3 (1]~)=--. -ede -- (1]~) 

192n3 ~n m" 

x{(f- 6a2) (1- e)+3aB(2- e)- 6B(ab_- b+) 

3Be 1 + Z (3ab_- 3b+- ac+ + c_)- 2 [(1- e) (b+c+ 

1 
- b_c_)e + (1- e) (2- e) (b+2- b_ 2)] + ·[ec_- 3ac+e(1- e)] 

2 

+ b_ ( 2 + e2 --~ e)- ab+ ( 6 - 1~ e + ~ ez)}, 

(26) 

(27) 

r g,; 1 + a2 + 4a Tl!z ( 1- ~n":)-• + 2 [ b+ ( m,. ) 2 

m" . m,. m" (28) 

+ c+ J [a+ m2(1 + m"2
2)( 1 _111~)-'J + 2 [ b_ ( m,. ) 2 

m,ll m:~, mn mi-t 

The expression for the rate of the K112 decay is ob
tained from (28) by making the replacements 

For the ratio 

R,. = W(n-+ e) I W(n-+ ~-t) 

we obtain from (28) 

( me ) 2( 1- me"jm,.2 )2 Rn = - r-1 = R;ror-1, 
m" 1- mu2fm,.z 

where r is defined in (28) and ~0 = 1.28 x 10-4• 

(29) 

If the derivative terms in (4) are omitted, r differs 
from unity by no more than 1 to 2%. If (for m2 ~ 2 MeV) 
a, b±, and c± all are smaller than or of the order of 0.1, 
r differs from unity by up to 30%, which is excluded by 
experiment. The main contribution to r from the deriva
tive terms in (4) reduces for the K/.1. 2 decay [cf. (28)] to 

comparison of the experimental data on RK 
= W(K- e)/W(K- IJ.) with the predictions of the V-A 
theory yields b. :S 10-2 • 

As already noted by Lipmanov, (gJ and also recently 
by Arbuzov, [lll the deviations from the V-A theory lead 
to an incomplete polarization of the muon in 1T 112 and K112 
decays. 

In our model, with a~ 0.1 MeV and no derivative 
terms, the polarization of the muons differs from unity 
by 1 to 2%. For interactions with derivatives the polar
ization of the muons in the K112 decay with b± and c:t 
equal to 0.01 differs from unity by 5 to 7%. 

4. CONCLUSION 

It is seen from the above analysis that the present 
experimental data do not exclude admixtures of interac
tions different from V-A which reach several percent 
in the model considered. A more accurate analysis of 
the muon decay would allow one to lower these limits 
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(or to observe their existence). From this point of view 
we recommend a more careful study of the decay spec
trum of polarized muons, a comparison of the measured 
spectra with expressions (19') and (22'), and the deter
mination of the expe_rimental values of A, ... , G. 

The possible effect of the a finite mass of the muonic 
neutrino is quadratic in m2 if there are no derivative 
terms in the muon current. In the opposite case new 
terms may appear which are proportional to the first 
power of m2 • In this connection it would be desirable to 
have experimental results at the very limit of the elec
tron spectrum. 

It is interesting to note that in the absence of deriva
tive terms in (4) the possible effect of CP violation is 
very small since according to (10) the contribution to 
the probability is proportional to 6mem2 /m~, besides 
Im a. 

It is seen from (27) that the polarization of the elec
trons from the decay (1) is sensitive to certain struc
tures in (4) whose contribution to other quantities is 
small. If the interaction (4) is used for rr 112 and K112 de
cays, then already the existing data on Ke2 and K112 de
cays allow one to lower the limit on b± in (4) by an order 
of magnitude. 

It would be highly desirable to have more accurate 
data on rr e2, rr 112 , and Ke2, K112 decays as well on the 
polarization of the muons in these processes, and es
pecially in the K112 decay. 

The authors are grateful to A. I. Mukhin and R. M. 
Sulyaev for useful discussions. 
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