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The shear modulus G is calculated for a triangular vortex lattice in rotating helium. The energy of
normal oscillations of an arbitrary stable simple lattice is determined. In the long wave limit it is
the same as the energy of transverse sound in a body with a shear modulus G,

1. We consider in this paper the elastic properties of
lattices of straight-line vortices in an ideal incom-
pressible liquid. It was found earlier!*™! that triangu-
lar and near-triangular lattices are stable against
small perturbations. Such lattices could exist in rotat-
ing He II. The oscillation spectrum of the vortex
lattices is known!™*, In the long-wave limit, the oscil-
lations of a triangular lattice propagate with a velocity
s = /,VTQ/2m, where T is the circulation of the
velocity around the vortex and © is the angular velocity
of rotation. Stauffer'®! considered the influence of the
normal component of helium on the damping of the os-
cillations. The energy in the rotating system was cal-
culated for all simple lattices ™), The energy of a small
deformation of a triangular lattice will be determined
below, and we shall show that the long-wave oscilla-
tions are similar to transverse sound in a solid.

2. We start with a small shear deformation of a
triangular lattice, Such a deformation leads to a vortex
lattice which is close to triangular and has a larger
free energy. The entire analysis will be carried out in
a rotating reference frame, and the free energy is Ej
= E — MQ, where E is the kinetic energy of the liquid
and M is the angular momentum.

The triangular lattice is stable, meaning that we can
use elasticity theorym and describe the stiffness of
this lattice by means of a shear modulus G. Owing to
the high symmetry of the triangular lattice, this modu-
lus should be isotropic. For the increment of the free
energy as the result of the deformation we obtain

OE, = GE&2 /2,
where £ is the deformation angle. We shall calr 1late
below the modulus in accordance with the formula
G =9%E, /8¢2,

3. We introduce a complex coordinate z such that
the position of each vortex can be described by a com-
plex number zmnp =2m w; +2n w,, where m and n
are integers and w; and w; are complex quantities,
which represent the half-periods of the lattice. For a
triangular lattice 2 wz =(1 +iv3) w,. Let us assume
that only the half-period w, is changed by the deforma-
tion. Using the notation wz/w, =7 =|7 Iéﬁ", we can

readily obtain dr/dt = v3/2 and
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The dependence of E, on the parameter 7 for a
liquid density p =1 and a velocity circulation around
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the vortex I' = 27 was obtained in!*], It is described by
the formula

E, oE,
aln jt| g
where N is the density of the vortices per unit area

and « is a complex number, defined by the relation
1
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Here ®, is the elliptic theta-function (roman numerals
denote the order of the derivative).

We can now calculate dE,/d§¢ =Gé:
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For g we get
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From the definition of @ and from the differential
equation for the theta-function'® we obtain
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For the invariant g, of the elliptic Weizstrauss
functions, we can obtain from the Laurent expansion
of the zeta function
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the expression
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but for a triangular lattice g, =0 and @ =0, and when
these relations are taken into account we obtain
G =7N/4, or finally G = /4, since 7N = Q.

The velocity s of long waves is known'!; s = /,VQ,
meaning that G =s? For a liquid density p # 1 it
would be necessary to write

g 201/ \37(6:1(0))F  6:(0)

G = ps2.

This relation is typical of a solid, if s is interpreted
as the velocity of the transverse sound. Here p the
meaning of the density of the lattice (but not of the
liquid, although they are equal).

4. We now find the free energy of small oscillations
of a vortex lattice (not necessarily triangular). This
energy does not depend on the time, as can be shown
by direct calculations. The displacements cyp of the
vortices for normal oscillations are given by
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Cmn = se—ﬂ(cos ot—i

z sin mt)cos(mq; -+ np),
where € is a small number, w = VQZ = 1, re2X

= B(«k) is the function defined™! for each normal os-
cillation with

(pog — Y1) [ 10 = n'= in / QF,

A is the wavelength on the complex plane. For t =0
we have

Cmn = g€ cos(m + 1Y),  bmn = —iee"*(Q —r) cos(me + ny).

Let us find the energy as a function of €. The
velocity of the liquid at the point where the vortex is
located, in the absence of a vortex, is ¢mn. To in-
crease € by de it is necessary to shift each vortex
by a distance eX cos (m¢ +ny)de. This must be per-
formed against the force iI'¢mn = 27€e™X (Q - r)
cos (m¢ +ny), owing to motion of the liquid with an
energy loss 27ede (2 - r)cos® (me +ny). The mean
square of the cosine is 7,, so that the mean energy
per vortex is m€?(Q - r)/2.

In the long-wave limit, these oscillations are trans-
verse. In the case of long waves of a triangular lattice,
the expression w(me/2x)? is valid for the average en-
ergy since | B(k)|» 9 - 9%|«|?/2.1"] This energy can

be compared with the energy of standing waves of
transverse sound in a solid with a shear modulus G.
In the long-wave approximation they are equal.
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