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The quasistatic approximation is used to analyze two nonlinear problems concerning the motion of a 
transparent plasma layer in a traveling electromagnetic wave of rather large amplitude (expansion of 
the layer, acceleration of the layer, and compression of the layer). 

INTRODUCTION 

THE analysis of radiation acceleration of a plasma lll 
has stimulated a number of investigations of the motion 
of a transparent plasma in a strong high-frequency (rf} 
field. In particular, Kovrizhnykhl21 and Yankovl31 have 
considered the forces that act on various plasma config
urations in an rf field. However, the distribution of plas
ma density has been assumed to remain constant in l2• 31 

so that the conclusions reached in that work are qualita
tive in nature. 

It will be evident that one effect of the force associ
ated with the rf field is to cause a modification of the 
plasma density, which, in turn, leads to a modification 
of the rf field in the plasma; this field modification then 
influences the forces that act on the plasma. For this 
reason, in studying the dynamics of a plasma in an rf 
field it is necessary to consider the equation of motion 
and the field equation in the plasma together. In the 
present work we consider two simple examples in which 
it is possible to carry through a self-consistent solution 
for the system of field equations and equations of motion 
and, in this way, to investigate the dynamics of a trans
parent plasma in a strong rf field. The analysis is car
ried out within the framework of single-fluid hydrody
namics under the assumption that the thermal pressure 
forces can be neglected. 

In the first problem the electromagnetic wave propa
gates along the plasma layer, the direction of the elec
tric field being parallel to the density gradient. It is 
shown that under these conditions the plasma layer 
tends to spread; in the course of a definite time density 
jumps appear at the edges of the layer (discontinuities). 

In the second problem we consider the acceleration 
of a plasma layer when an electromagnetic wave is prop
agated through it. The density gradient is perpendicular 
to the electric field in this case. It is shown that in ad
dition to acceleration of a plasma layer as a whole there 
is also a compression effect. The characteristic time 
for compression is determined, as are the conditions 
under which compression occurs. 

It is assumed in both problems that the rf wavelength 
is large compared with the thickness of the plasma layer. 

1. INITIAL EQUATIONS 

As is well-known, in an rf field the electrons in the 
plasma are subject, on the average, to a force given byl41 

ez 
f = --- V (E2), (1.1) 

2mooo2 

where w0 and E are the frequency and strength of the rf 
field in the plasma and the brackets ( ... ) denote an av
erage over the high-frequency. If the plasma density is 
low so that w 0 > wp, where wp is the plasma frequency 
corresponding to the maximum density, the external 
field E0 is only weakly distorted and can be represented 
in the form 

E = Eo+OE, 

where the perturbations in the electric and magnetic 
fields 6E and 6B arise by virtue of the presence of the 
plasma, being given by the equations 

1 86E 4n 1 BOB 
rotOB =--8-+-i, rot6E = ----,divOE=4np, (1.2} 

c t c c 8t . 

where the current density j and the charge density p are 
functions of the external field: 

• 8vo e 8p . • 
]=envo, &t =-;;Eo, at+d•vJ=O. (1.3) 

We consider the case in which the force exerted on the 
plasma by the external field can be neglected compared 
with the force that arises by virtue of the plasma: 

I V<Eo2 >1 «;; 21 V(Eo6E) 1. (1.4} 

It will be evident that the inequality in (1.4} is satisfied 
if E0 is the field of a plane traveling wave because in 
this case V ( E~) = 0. The equation of motion for a plas
ma that is neutral on the average and the equation of 
continuity can then be written 

f)o; Ze2 
-+(vV)v= ---V (EoOE), (1.5} 

f)t mmloorl-

8n 
at+div(nv)=O, (1.6} 

where Z I e I and mi are the charge and mass of the ions, 
v is the plasma velocity and n is the electron density. 
The perturbation of the electric field in Eq. (1.5) is 
given by Eqs. (1.2} and (1.3} which can be written in the 
following manner in view of the high frequency of the 
external field: 

0002 4n e2n 4ne2E0 ( 1 ?) 
rotrotOE-- OE =---Eo div6E = -- (Vn). . 

c2 mc2 ' mro 02 

The system of equations (1.5)-(1.7) can be used to 
analize various problems concerning the motion of a 
transparent plasma in a strong rf field when the ther
mal pressure can be neglected. 
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The latter situation obtains when 

Ze2 T 
- 2 1 V(EoiiE) l:!!>-1 Vnl, 
mwo n 

(1.8) 

where Tis the plasma temperature. 

2. PLASMA EXPANSION 

We consider a plasma layer in which the density de
pends on the single coordinate x and the time. It is as
sumed that the rf field propagates along the OY axis 
and that the electric field is in the direction given by 
the OX axis: 

Eo= (Eo cos( ooot- : 0 y ),o,o]. 
When the thickness of the layer is much smaller than 
cjw0, the solution of Eq. (1. 7) is given by 

4n;e2 ( ooo) liE= --nEocos wot--y . 
mooo2 c 

(2.1) 

Using Eq. (2.1) we now write Eqs. (1.5) and (1.6) in the 
form 

where 

OV • ov on 
-+v-=-y-ot ox ox 

on 0 
at+Bx (nv)= 0, 

Z 4ne2 vif 

'\'=2~wo2 ' 
eE0 

VE=--, 
mwo 

(2.2) 

(2.3) 

The solution of Eqs. (2.2) and (2.3) that corresponds to 
the initial condition 

t = 0, v = 0, n = n0 ch-2 (:c/a), (2.4) 

is of the form (5J 

2yt (x-vt) v=--th --
a a 

( ytznz) (x-vt) 
11. = no---;;;- ch-2 -a- , 

where n0 is the initial density at x = 0 and a is the 
characteristic initial width of the plasma layer. 

Using the dimensionless variables 

(2.5) 

(2.6) 

n x 
V=-, 6=-, 

- ooo v 
w=}'2Z--, 

no a WL( VB 

where wL = 4?Te 2 Zn0 /mi,and introducing Eqs. (2.5) and 
(2.6), we have 

11 1-v¥ 11 v 6 =Arch y---+ 2n2 y 1----. 
v 1-v¥ 

(2. 7) 

From the curve of the function v(~, T) (Fig. 1) plotted 
from Eq. (2.7) it will be evident that the plasma layer 
spreads apart as a function of time. Under these con
ditions the maximum density is maintained at the center 
of the layer, this density being given by 

1 ---
'l'max = v(O,.,)= 2.,2 ()'1 +4..Z-1). 

Starting at some value of T the density is no longer a 
single-valued function of coordinates; this indicates the 
formation of a density discontinuity. (BJ Under these con-

-J -; -f 0 2 .! 
E. 

FIG. I. Variation of plasma density (v = n/n0 ) in expansion of the 
layer 

(, 1 VE ) 
6 = x/a, 1: =--==- twLc 

l'2Z awo 

ditions it must be true that a ~jav = 0 and a2Vav2 = 0, 
these relations giving the time at which the discontinuity 
is formed T 0 as well as the density at the discontinuity 
point v0 • Using Eq. (2.7) and assuming that (v0T0~2 « 1 
we have 

( -aooof) () 'to~1,6 t~1,6}'2Z----, vo~0.2 (n~0,2no). 2.8 
VB WL( 

In accordance with Eqs. (2.5) and (2.6) the plasma 
velocity is given by 

W=2V't Yt- 'I' (2.9) 
1-v¥ 

It is evident from the curve of the function w ( ~. T) given 
in Fig. 2 that the velocity is a maximum at a specific 
point, this point receding from the origin of coordinates 
in the course of time. At the discontinuity the velocity is 

( 
00£. 1 ) 

w0 =0,95 v=0.95-' ,r- VE • 
ooo r 2Z 

(2.10) 

Equation (1.5) does not hold at the discontinuity since 
(1.1) has been obtained under the assumption that the 
characteristic scale length for the change in density is 
much larger than the oscillation amplitude of the elec
tron in the rf field VE/W0 • 

In concluding this section we indicate that the condi
tion that must be satisfied if the thermal pressure of a 
plasma can be neglected; (1.8), becomes 

2 T oo02 
f>v>---- (2.11) 

Z ~B Wp2 0 

where EE is the oscillation energy of the electron in the 
rf field ( EE = mvE:/2), Wp = 47Tn0e9/m. 

3. COMPRESSION AND ACCELERATION OF THE 
PLASMA 

We now consider a plasma layer in which the density 
again depends only on the single spatial variable x and 

UJ 

FIG. 2. Variation of plasma velocity 

( -roo v) w=l'2Z--
00Lt VE 

in expansion of the layer. 
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on the time. An electromagnetic wave propagates 
through the plasma and the electric field associated 
with the wave is perpendicular to the OX axis: 

From Eq. (1. 7) we have 

Introducing the dimensionless variables 

£=_:c_, v=!!-.-, T=-1-VEtwL, w=1Z_:__v_, (3.12) 
a no 2fZ c ' VE awL; 

fPI:JE wo2 4ne2 ( wo ) 
--+-i:JE=----nE0 cos w0t--x . 

iJx2 c2 mc2 c 
(3.1) and making use of Eqs. (3.7), (3.10), and (3.11) we have 

The solution of Eq. (3 .1) that satisfies the condition for 
a wave propagating to the right when x - + oo and to the 
left when x-- co is of the form (k0 = w0/c) 

oE(x,t)= 2;re' koEo fsin(k0x-uJof) f dx'n(x',t) 
tnwu'- L --cXJ 

+ f dx'n(x', t)sin(2k0x'- koX- wot)]. 
X 

(3.2) 

Using Eq. (3.2) we can now transform Eq. (1.5) to the 
form 

iJv ov r 
-+v-·=-~J dx'n(x',t)cos2k0 (x-x'), 

iJt 'Jx = 
(3.3) 

where 
Z v~ 4ne2 

~=--~·-. 
2 c2 m; 

It will be assumed that the wavelength of the external 
field cjw0 is much larger than the thickness of the plas
ma layer. In this case Eqs. (3.3) and (1.6) can be writ
ten in the form 

av iJv f,, - + v--= -~ j -lx n(x ;t); 
at ax .,:. 

on a 
-+--(nv)=O. 
at fJx 

We now introduce the new function 

A=-~ 5 dx'n(x', t), 

(3.4) 

(3.5) 

(3.6) 

by means of which we can write the electron density in 
the form 

1 oA 
n= ---. (3.7) 

~ ox 

We integrate Eq. (3.5) over coordinate from co to x and 
assume that n(oo, t) = 0. As a result we obtain the fol
lowing system of equations for determining A and v: 

fJv fJv 
-+v-~=A, 
fJt fJx 

aA BA 
-+v~=O. 
at fJt 

(3.8) 

(3.9) 

The general solution of this system of equations can be 
obtained easily by converting from the variables t and x 
to the variables A and v. The solution is of the form 

where f 1 and f 2 are arbitrary functions that are deter
mined from the initial conditions. In particular, if the 
condition in (2.4) is satisfied at t = 0 then 

s = WT + Arth(1- w/-r), 

1 
V= . 

ch2(!;- wr)- 1:2 

(3.13) 

(3.14) 

It follows from Eqs. (3.13) and (3.14) that the plasma 
density is a maximum at the point ~ = T2 [i.e., x 
= (avE; /4Zc2)(twLi)2], being given by 

Vma< = 1 ( ( 1 - T2). (3 .15) 

The plasma velocity at this point is w = T [i.e., v 
= (vi;/2Zc 2)awiit]. In Figs. 3 and 4 we show the func
tions v (~, T) and w (~, T) plotted from Eqs. (3.13) and 
(3.14). 

Since the plasma density must remain bounded it fol
lows that T < 1, (t < 2.tZcfvEwLi). Actually, the limita
tion on T appears somewhat earlier. This limitation is 
associated with the violation of the assumption that the 
plasma is transparent llmax << lip, where lip 
= w~m/47Te 2no. Hence 

T < 11-1/vp ~ 1-1/2vp. (3.16) 

The condition in (1.8) in the present case leads to the 
following inequality, for which the present analysis 
holds: 

CONCLUSION 

2 ,., 2 
i:'(:Z--a-~~ 

(c/wo) 2 T ulu2 • 
(3 .1 7) 

In conclusion we present several numerical esti
mates. First consider the expansion of the plasma. We 
shall consider a hydrogen plasma with a density n0 = 3 
x 109 cm-3 • We take the values a f:::l 0.3 em, aw0 /c 
~ 11 2 I 2 ~ 11 < ~ 130, wp w0 ~ 130, T f:::l 1 eV. These data are taken 
from (7J in which an investigation was made of the ex
pansion of a plasma jet in an rf field. However, in this 
work the conditions in (1.8) and (1.4) were not satisfied 

v 
J I 

: ,;~0,9 
I 

J I 
I 
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-o,J D,J 

FIG. 4 

FIG. 3. Variation of plasma density in acceleration and compression 
of the layer. 

FIG. 4. Variation of plasma velocity in acceleration and compression 
of the layer. 
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properly). If we now neglect t11e thermal pressure in the 
plasma expansion in accordance with Eq. (2.11), it is 
necessary that 8E > 2Tw~/w2 R:< 60 eV (i.e., E0 > 3 
kV jcm). In accordance with ~q. {2.8) the time required 
for the formation of the discontinuity with 8E R:< 100 eV 
is t = 10-6 sec; the velocity at the discontinuity is v R:< 1. 5 
x 106 em/sec. 

In accordance with Eq. {3.17), the compression and 
acceleration of the plasma should appear when 8f 
> 100 eV if it is assumed that aw0 /c R:< 13 , wp /wo R:< 110 

and T R:< 1 eV. If 8E R:< 200 eV the time during which 
the present analysis holds is given by t < 10-6 sec. 
Under these conditions the velocity of the plasma layer 
as a whole is v R:< 7 x 105 em/sec and the distance tra
versed by the layer is x R:< 2 em. 

The author is indebted to Yu. M. Aliev, R. R. Rama
zashvili, A. A. Rukhadze and V. P. Silin for discussion. 
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