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It is shown that for a uniaxial paramagnet with negative anisotropy, placed in a magnetic field directed
along the chosen axis, at low temperatures, the temperature correction to the magnetization oscillates
with field for fields such that pH < 2as (here p is the Bohr magneton, a is the anisotropy constant
(with the dimensions of energy), and s is the spin of the paramagnetic ion). A classical treatment
does not lead to oscillations; the temperature correction is always negative. The high-frequency sus-

ceptibility tensor is calculated.

IT is known!'! that if the spin-orbit interaction is
small in comparison with the interaction of the para-
magnetic ion with the crystalline field, then a paramag-
net is described sufficiently well by means of an effec-
tive spin Hamiltonian. In the case in which the crystal-
line field possesses axial symmetry, in an external
magnetic field directed along the axis of symmetry, the
effective spin Hamiltonian of the paramagnet has the
form

N N
By =0 D) (sn?)2—uH Dsn?, (1)

n={ n={
where a is the anisotropy constant (with the dimensions
of energy), u is téhe Bohr magneton, H is the external
magnetic field, s, is the operator of the projection of
the spin of the n-th ion along the chosen axis of the
crystal, and N is the number of particles.

The present paper investigates the low-temperature
thermodynamic and high-frequency properties of a par-
amagnet that is described by the Hamiltonian (1).

1. Because of the absence in (1) of interaction be-
tween the paramagnetic ions, it is possible to consider
the one-particle problem with the Hamiltonian

8 = as,2— pHs,. (2)
The energy levels are expressed directly in terms of
the eigenvalues o of the operator s,:

b3 0l H\2
Eazaoz—uﬂcr:——" +a<u—u—>,
4a 2a

where 0= —s, —s + 1, ..
amagnetic ion."

It is seen from the expression (3) that if @ < 0 (pos-
itive anisotropy), then for any positive value of the field
H, the ground state corresponds to o = s; that is, for
arbitrary field the magnetization in the ground state is
the intrinsic magnetization.

The situation is different in the case a > 0 (nega-
tive anisotropy). As is seen from the second equation

., 3; s is the spin of the par-

DThe energy levels of a spin Hamiltonian with the field oriented
arbitrarily with respect to the chosen axis were calculated in references
[%3] by perturbation theory. The anisotropy energy was treated as the
perturbation.
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(3), the ground state corresponds to the smallest value
of the quantity (¢ — uH/2a)?. If pH > 2as, then the
ground state is reached at o = s, and its energy is?

E; = as? — pHs.

For uH < 2as, the ground state corresponds to the
value ¢ = 0, nearest to uH/2a (from the left or from
the right). If 0, < uwH/2a, then the energy of the first
excited state is

Eops = a(oo + 1)2 — pH(0o+ 1), (4)

but if o, > pwH/2a, then the first excited state has the
energy

Eg1 = a(oo—1)2 — pH (oo —1). (5)

In other words, for pH < 2as there occurs, with in-
crease of the magnetic field, a reorganization of the
ground state, which manifests itself in a stepwise in-
crease of g, with field. It will be shown below that in
consequence of this, the change with field of the tem-
perature correction to the magnetization of the para-
magnet has an oscillatory character at low tempera-
tures (@ /T >> 1). At such temperatures, it is in gen-
eral sufficient, for calculation of thermodynamic quan-
tities, to consider only the ground state and the first
excited state; a necessary condition for this is satis-
faction of the inequality f|2ao, — uH|>> 1. Then the
partition function is

Z = exp(—BEs,) + exp(—PEqs11) for o << pH/2aq,
Z = exp(—BEs,) + exp(—BEs—1) for oo>pH/2a; B=1/T.
Calculation of the magnetization® by the formula

M = B7'Z7'3Z /5H gives, to within exponentially small
terms,

M= poo—— i
exp {B[uH — (200 — 1)a]} +1

_ B .
M=pot exp {B[(200+1) a—pH]} +1’

nH < a0, (6)

pH > 2ago. (7)

DThe anisotropy constant ¢ in order of magnitude amounts to sev-
eral degrees, which corresponds to fields of order 10* Oe.

3By “magnetization” is understood the magnetic moment of the
paramagnet referred to one particle.
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In the case B[uH — (20, — 1)a] >> 1 or B[20, + 1
— wH] >> 1, we have respectively

M = poo— pexp{—BluH — (200 — 1)al},
M = poo+ pexp {—Bl (200 + 1) o — pH]},

As is seen from the expressions (6’) and (7’), the tem-
perature correction to the magnetization has different
signs according to whether o, lies to the left or to the
right of uH/2a, and it has an order of magnitude
u exp (—Ba) if only pH /2w is not too close to o, — /2
or to o, + /2, respectively.

If pH/2a is close to o, — ‘/2 or to o, + /2, so that
Bl uH — (20, — 1)a] < 1 or B[(20, + 1)a — pH] K 1,
then

wH < 2000, (67)
wH > 2ac0. (7')

M=y (Uo——12—) +E4-ﬁ-[pH—(ZUo— 1)al, pH <200, (6”)
M= u(mﬂ-—%) —E[f—[(Zco—i- 1Yo —pH], pH> 200 (7”)

In this case, as follows from (6”) and (7"), the role of
the magnetization in the ground state is played by the
quantity u(o, —'/2) or (o, + '/2), and the temperature
correction to the magnetization obeys Curie’s law.

Now let pH/2& = 0, + /2. Then the ground state, and
also excited states for which the values of o are equal-
ly distant from o, + /., are doubly degenerate. As a
result, the contributions of such excited states to the
magnetization at low temperatures compensate each
other. The last compensated contributions are made by
the level with ¢ = s and the level for which o is located
symmetrically with s with respect to the point o, + 1/g;
that is, 0 = 20, —s + 1. Therefore the first uncompen-
sated state corresponds to o = 20, —s. As a result, the
temperature correction is negative, and

M usmanr = 1 a3} (205 — o)+ 1
xexp{— pa(s — ov) (s — 00+ 1)). (8)

An analogous result is obtained when pH/2a = 0,
—'/2. The case in which pH /2« is close to o,, that is
Bl2ao, — pH| <K< 1, is also peculiar. Then it can be
shown that the magnetization, to within terms of higher
order, is

M = poo+ 2p (2000 — uH)ebe, 9)

The magnetization at pH/2a = 0,, as can be easily
shown, is

MluH=2auu = noOp — p.(S — oo+ 1)
X exp {—Ba(s—oo+1)?}, >0 (10)

It is seen from formulas (9) and (10) that the abso-
lute values of the temperature corrections at the points
uH/2a =0, and pH/2a = 0, + /- are larger, the larger
Oge

Finally, if pH/2« > s, then, as has already been
pointed out, the ground state will be that with o, = s,
and the moment at low temperatures has the form

M = ps — pexp {—B[uH — a(2s — 1)]}. (11)

Thus if uH < 2as,the temperature correction to the
magnetization at zero temperature changes nonmonoton-
ically with the field. It oscillates, taking alternatively
now positive and now negative values. The values of
field at which it vanishes are close to the values deter-
mined by the equalities pH/2a = 0, and pH/2 0 = 0,

+ '/,; the zeroes are closer to these points, the smaller

0,. At fields for which uH/2a > s, the correction is
negative and tends exponentially to zero with increase
of field. This behavior of the magnetization with field
is a direct consequence of the reorganization of the
quantum ground state with change of the magnetic field
within the field range from zero up to 2as/p. When
uwH > 2as, the ground state is fixed, and therefore the
temperature correction to the magnetization changes
monotonically with field.

2. A classical treatment does not lead to oscilla-
tions of the temperature correction. If we treat the
spin of the paramagnetic ion as a c-number, then the
thermodynamic properties are described by the (single-
particle) partition function

2 x
Z—= exp{ﬁa (l;—fa]) } go exp {— f}a(.S‘cosO —;—l{1>2} sin 6 do.

a

From this is derived the following expression for the

magnetization:
yWH 2 sh(BuHs) exp {— pus[1 4 (nH/20s)%}
2a  yapa @[s Ypa(l + pH/2as)] 4+ @s Ypa (1 — pH/2as)]

where

(12)

x
7 E e-t'dt

] ™

O (z)=

a]

is the error function.

It follows from formula (12) that for pH < 2as and
for temperatures approaching zero, the magnetization
M approaches M, = qu/2a, which agrees with the re-
sult of a minimization of the classical energy of the
paramagnetic ion with respect to the angle between the
moment and the field. The second term in (12) gives
the temperature correction to the magnetization, which,
as is clear, is negative for any temperature and for any
fields pH < 2¢s. In the case pH = 2as, the magnetiza-
tion at zero temperature is equal to its intrinsic value
us, and the temperature correction of course is nega-
tive.

For comparison with the quantum results, we give
the asymptotic expressions for the magnetization at low
temperatures (Ba >> 1) for fields pH < 2as and pH
> 2as:

2H *
p,2—a_ _an;a sh(ﬁuHS)eXP{‘— ﬁasz[1+(;i) ]}1 MH<2(18,
(13)
M uH ch (BuHs)+ 2as sh (BpHs) pH > 20s. (14)

pH sh (BpHs)+ 2as ch (BuHs) ’

Thus the classical results for the system we have
considered differ qualitatively from the quantum: the
quantum treatment leads to oscillations of the tempera-
ture correction to the magnetization in the field range
pH < 2as, whereas the classical leads to a negative
correction at all fields.

3. We now consider the behavior of a paramagnet
described by the Hamiltonian (2) in a high-frequency
magnetic field ht, polarized perpendicular to the z
axis. If 3¢y = —p(hXsy + hYsy) is the Hamiltonian of
interaction of the paramagnetic ion with the high-fre-
quency field, then the mean value of the circular projec-
tion s,= sy + isy of the spin is given by the formulat*?

o

[2

(s4) = ) § dv Sp polBi— s+(1)]. (15)
o
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Here p, is the equilibrium Gibbs distribution, s, (1) is
the Heisenberg representation of the operator s, with
the Hamiltonian (2), and the square brackets denote the
commutator. On taking into account that the terms in
the Hamiltonian (2) commute, we can write

S+(‘I7) —el F#</h S+e—i:¢ Uh — p—ipHt/h §+(‘t),
where
§4+(t) = exp(ias;?t/ h) sy exp(—iast [ A).

For the operator S,(7) we easily obtain the equation

—a(8ys; + 8:54),

ias,t )s ox (ias,r)
n )P\ )

§4+(t) = exp < i

ihs, =

solution of which gives

Hence we find
S oo (1)} = exp (—

as,t) s ( ias,v >}
n ) ST\ Ty
)% g_xs+} .

As a result, the following expression is obtained for

(s¢):

i;;Hr )Z‘i

X Sp{exp(— BHt) 761 exp( i

2wzs2

=exp(-;— (a— uH)-r)Z—‘Sp {exp( Bt +

(540 = —Z‘ § drhits exp (— ”;li> Sp exp( 2:131 T— ﬂ%)
X {s.,.s- exp(—L:;—) — s_s4 exp <%>} , (16)

where Z =Sp [exp (—B¥C)], hi = hi{ + ihg = hy exp (—iw+v)t;

w is the frequency of the field, and v > 0 is an imagi-

nary correction to the frequency that takes account of

the adiabaticity of the process of turning on the field. In

the final formulas, the quantity v can be regarded as an

effective time, related to various relaxation processes.
Finally we find®

R

(s + 1) — a2 + 4] }

v 1(00 - Quz) ’

whereas (s™(w)) = (s"(—w))*. Here E; is the energy
level (3), and Q4 , and Q4 , are given respectively by

hQe = pH — (20 + 1)a,  hQoy = pH — (20 — 1)a.  (18)

From formulas (17) follow the expressions for the com-
ponents of the complex magnetic-susceptibility tensor:

s(s+1)—a*—o0
m

1)

%rx—Xw=f—Z- Eew {ists+ )~ 02— ol (——

© — Qg1 + iv
1 1
T ot OQudtiv )+[S(s+l)—°z+°]<m+Qm+iv—6—9u+iv)l’
(19)
1
e b o (TIERIER R (R

o=-—3

“)The expression (17) is similar to the formula for the cross section
for absorption of y-quanta in the theory of the M&ssbauer effect [°].
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Formulas (19) and (20) show that the paramagnet we
are considering has 2(3s + 1) resonance frequencies.
Each such frequency corresponds on the absorption
curve to a peak, whose height and width (for given o)
depend on the temperature.

At low temperatures (1 << Ba), the magnetic suscep-
tibility is basically determined by those terms of the
sum that correspond to the ground state of the Hamil-
tonian (2). The result, just as above, depends signifi-
cantly on whether the Zeeman energy pH is larger or
smaller than 2as.

If uH > 2as, then in expressions (19) and (20) the
term corresponding to the ground state is that with
o =s. Then for Ba >> 1 we have

)=+ 1) ot + ol

p,zs ng

—_—— ’
Yx = A et— Qszz + 2oy’ (197)
ipZs © +iv ,
Xay = “n (oz—_Qszz—l- 2iwv (20 )
If uH < 2as and if, for given H, o = g, corre-
sponds to the ground state, then for 1 << af
S(S+1)—00(00+1) s(s‘}‘i)_UO(UO—"“
Xxx-—_‘ 0ol 9‘702 b
2n — Q3+ 2i0v 02— Q5a+ 2iev (197)
Yoy = ip? {s(s+1)—oo(oo+1) s(s-+1)—oo(co— 1) o +iv).
2h wZ—Qm—f-?unv © —Qm—i—ZLmv (20)

From formulas (19’), (19”), (20’), and (20”) it is seen
that when pH > 2¢s there is a single resonance peak,
whereas when pH < 2as there are two peaks. This fol-
lows also from the selection rules for the magnetic
quantum number o. These rules allow a transition o
— o+ 1. When pH < 2¢s, transitions are possible into the
states o, + 1 and 0, —1; but when pH >2as, a transi-
tion is possible only into the state s — 1.

Let the frequency w of the alternating field be close
to one of the resonance frequencies on (j equal to 1
or 2), with ¢ # g, Then for 1 << Ba, it is necessary in
the tensor xjk, in general, to take into account, besides
the term with o = 0, the resonance term; that is, the
one for which |w—Q¢j| < wv. I, for example, pH
> 2as and w is close to Q,, then

e — S Qe
o A 02—Qu2+ 2oy
s(s+1)—a(oc+1)
+ exp (— BB —E
4R xp { )} ® — Qoy + iv

and analogously for the other components.

The contribution of the second term in the last for-
mula depends on the behavior of the relaxation frequen-
cy v at low temperature. If at low temperature the fre-
quency v either is independent of temperature or de-
pends on it according to a power law, then the second
term makes an exponentially small contribution. Con-
sequently, in order that the resonance peak may become
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