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Probabilities are obtained for the decays of the muon, u — ev?, the pion, 7 — °ety, T — uv, ev, and
for neutrino emission by an electron, e — evv, in the presence of strong variable or constant electro-

magnetic fields. The characteristic properties of these processes are considered and parameters are
found which determine the dependence of the decay probability on the field for various ratios between

the particle masses, in particular for small mass differences which increase the sensitivity of the
probability to the field. Depending on the form of the decay interaction between the particles, an ex-
ternal electromagnetic field may either increase or decrease the decay rate. It is shown that the

probability, which depends on the external field Fu_y by means of the parameter y =

has an essential singularity at the point y = 0.

1. INTRODUCTION

IN the present article the effect of an electromagnetic
field on the decays of elementary particles is consid-
ered. The decays are described by the well-known V-A
theory of weak interactions to first order in perturbation
theory. The external electromagnetic field is approxi-
mated by the field of a plane, monochromatic wave or
by a constant crossed field."? The interaction of
charged particles with such a field is taken into account
exactly by using the Volkov solutions. Principal atten-
tion is given to decays into three particles: p — evv,

7* — 1%*v. The decay ™ — pv, ev which was investiga-
ted earlier by Nikishov and the author ! is considered
once again in connection with the utilization of a more
effective method of investigation, enabling one to obtain
certain new results, and a mistake in the asymptotic ex-
pression (9) of article™? is corrected.

The effect of the field of a plane, electromagnetic
wave on the decay of an elementary particle leads to the
result that the total decay probability begins to depend
on the field by means of the two invariants®’

x = V(eFuwpv)?/ m?, (1)

where B and w are the amplitude of the field intensity of
the wave and its frequency, F”V is the electromagnetic
field tensor, by and m are the momentum and mass of
the decaying particle. For x < 1 one can expand the
decay probability in powers of the parameter x®. The
term o x* corresponds to decay in vacuum, the term

o x? corresponds to decay with absorption of a single
photon from the wave, etc. For x 2 1 the decay ampli-
tude depends on the field in a substantially nonlinear
way. For x > 1 the probability essentially coincides
with the decay probability in a constant, crossed field.
This case is very important since the decays of ultra-
relativistic particles in an arbitrary, constant electro-
magnetic field”? reduce to it. Therefore, in this arti-

z = eB [ mo,

DUnits with h=c = 1, e? /4r = 1/137 are used, and the following

notation: py = (p, ipo), kp =k * p—koPo, P =7p =7 * P + i74Do,
where the vy are Hermitian matrices.
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cle most attention will be given to decays in a constant,
crossed field.

From general considerations it is clear that it the
masses of all particles are of the same order, then the
field will substantially change the decay probability for
x ~ 1, that is, for particle energy po ~ (Bo/B)m, where
Bo = m?/e is the characteristic intensity of the field.

For the known decaying particles, Bo is extremely large.
However, if there are small mass differences, then the
situation may be changed. Thus, for the decay of a
charged particle into another charged particle and a
neutral system (corresponding to masses m, m’, and m)
the parameter which determines the probability will be
X = x67? if the quantity 6 = (m — mo)/m < 1, or

¥ = 672 if, in addition, € = [2(m — mo — m’)/(m — m,)]¥?
< 1, and the characteristic field intensity turns out to
be Bo = m?%/e or Bo = m?5%°/e. For example, for the
decay m* — 7%V the characteristic field intensity Bo

= m?6%/e = 10'® Oe is a thousand times smaller than By,
but still very large in order to be able to obtain

X & Bpo/Bom ~ 1 for presently-available fields B and
energies po. However, it would apparently be possible to
achieve this for nuclear decays where the level differ-
ences may be very small.

The analytic properties of the probability as a func-
tion of the parameter y are also considered in this arti-
cle, i.e., in the presence of an external field or charge,
and it is shown that the point y = 0 is an essential singu-
larity.

2. MUON DECAY u —~e +v + 7

The matrix element for the decay yu — evv in the
field of a plane, electromagnetic wave has the usual form

M—274G § dz @t + ) ve) v+ v)ms),  (2)

if u, e, v are understood as the wave functions of muon,
electron, and neutrino in the presence of the field. We
recall™ the form of the wave function for a charged
particle with spin 1/2 in the field of a wave with poten-
tial Ay = A (kx), k* = Ak = 0:

el;f’l‘] - R-i?(epA (@) €242(0)
2kpl " xP 5 kp 2kp

hor(e) =[ 1+ ) da+ipz] - (3)



EFFECT OF AN ELECTROMAGNETIC FIELD

In what follows we will consider a linearly-polarized
monochromatic wave A, = a cos (kx). Using in (2) the
functions (3) for muon and el‘éctron and performing cal-
culations similar to these which are described in detail
in'»2) we arrive at the following expression for the
square of the matrix element, averaged over the spin
projections of the muon, summed over the spin projec-
tions of the electron, and integrated over the momenta
I, and [, of the emitted neutrinos:

1 o |M|? ElLdhdq’ Gn 1
dWw =\ = = — L (m2 2y [2
{3 27 (2n)° Bgoqo’ pa {[l +gmm®)
polarizations §>80
1 (202 — m2 — m'2) (kl)?
R mz_mlz Z]A 2+ [l 1 ZZZ:I
2 VA 20ea) (k)
_ 1 ¢
X e2a? (A2 — Aody) Iw. (4)

The integration over the neutrino momenta, which
substantially simplifies the calculation and the expres-
sion for the probability dW, is carried out with the aid
of the well-known formula of Lenard.®’ Here we pres-
ent more general formulas for the integration over the
momenta of particles with nonvanishing masses, which
will be required in Sec. 5:

a3l d3l 12 2 2)2 2mo2]'/2
Sé(l—-l‘—-lz) @l 2n[(B 4 me? + ma?)® — dmy®my] . (5a)
Lioleo ’
a?ld?,
§lad (1 — b — by —2
110120
_ i = @ 4 = e ()

In
BLdly

Lyol20

§ Lialap (1 — 1 — o)

_ _n [(lz + mg2? 4 ﬂézlz) 2— 4m12m22]l/z{ 2[ P (l2 — e — my2)

— 2(m — m?) A lalp + [(2 4 mg? + ma?)? — bhmy?my?] zzaaﬁ} . (5¢)

For m; = m; = 0, the last of these formulas goes over
into Lenard’s formula. In expression (4) I =sk +q—q’,
q and q’ are the quasimomenta of the muon and electron,
m and m’ are their masses; s is the number of photons
absorbed from the wave (or emitted into the wave if

s < 0), so = (m? — m'?)/2kq is the minimal possible value
for s, determined from the condition for a minimum of
the square Eg = —(sk + q)? of the total energy of the sys-
tem; for decays so < 0, and —so represents the largest
number of photons which may be emitted into the wave
during the decay; n is the average number density of
muons. The functions Ay(s, @, ), n =0, 1, 2, which are
considered in detail in™7, describe the motion of
charged, spinor particles in a field and depend on s and
on the invariant variables

o lap_ap’) _eZa2<1__L>
“_e<kp w) P\ ) ©®

The differential decay probability dW is represented by
an infinite sum of terms, each of which describes the
decay associated with absorption from the wave (or
emission into the wave) of a definite number of photons
with momentum k; and polarization e, =2y /a.

The total decay probability is obtained by integrating
dW over the electron quasimomenta. Usually such an
integration is carried out with respect to the direction
and magnitude of the vector q’ in the center-of-mass
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system. In the case under consideration, however, a
center-of-mass system exists for each s, and therefore
it is more convenient to use as independent variables
the angle @ between the planes (k, q°) and (k, a) in the
system where k and p are directed towards each other,
and the invariant variables u = kl/kq’ and A = —1%/m?
Then for reactions with the conservation law sk +q = q'
+ 1, + 1, we have

w= 23|

>80

Uz

d3q’ = du ™ m2
- _ 2 _(ale
CIo'w >Zh§d¢s(1+u)2§l T (7

Uy

where

E2—mi—m,2 £ [(E2— m¢ — m,)2 — hmem,"]h

Uz =

2m,"2
mg? Eg2 u m.'2
M=—p R= T T T b 8)

mo = m; +m; is the total mass of the neutral particles,
which is equal to zero in our case. The function w is de-
termined from Eq. (4) and is given by

G2m*n 1 1
w:.._Fq_o{[T(i_u)z+_2_(1+u)l_lz]Aoz
+[(2x+1+ P - +2A]IZ(AZ—A0A)}

T 1 2) [ (9)

where p = m'?/m?® The arguments of the functions Ay
are expressed in terms of ¢, u, and A in the following
way':

2 — _ 2%
a==2cosq, z=—x—}’(1+u)(h———x), ﬁ——sx . (10)

For x < 1 one can expand the functions A, in terms
of the parameter x. Then for s =0 we have Aj; = 1,
AZ — AoA, =—1/2 to the lowest approximation, and the
probability for free decay of a muon (see™?) follows
from Egs. (7) and (9). For s = +1 we have A} = a®/4,
A2 — AoA, = 1/4, and the probability for muon decay with
the absorption or emission of a single photon (see™’)
follows from expressions (7) and (9), and so forth.

One can also write formula (7) in the form

2% © L 0o 2
w—{ dq)S—d—”—de S -”;—w,

2
0 0 (1 + u) M §>8in

(11)

where

3;
smin=%[1+%<1—A Hu"” + 2 1:;” )] , A—=1—p, (12)
if the summation over s is carried out first. For x > 1
the effective values of the variables s and ¢ will be

s ~x°, ¢ ~x'. In this case one can replace the sum
over s by an integral and change from variables s and ¢
to variables p and 7, whose effective values are of the
order of unity (see™’)

’ 2 2
s e (14 2) - 2% e

P="gp Tmby z u v
. 7 2 s
o eFw q..qv___[<1+i_)<1_ﬂ_)(ﬁ__1>] sing,
mhy 2 u u
2 2 T
L . " LI 13
s M (P + Zz)‘i‘smt , tgo zp ( )

From (13) it is seen that if (s — spin)”* and ¢ are re-
garded as polar coordinates on a plane, then (x*u/2 x)"/%
and (x*u/2 x)l/ 21/x will be Cartesian coordinates. There-
fore, for x > 1 instead of expression (11) one can write
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v du x2u
W=\ —— dh dr \ 4

e S 5 ’
We note that formula (14) is obtained from (7) or (11)
by only replacing the summation over s by an integra-
tion.

In article™! it was shown that for x > 1 the functions

Ad and A? — AoA; entering into w in the interval -1 = p
= cos = 1 are determined by the asymptotic expres-
sions (B.13) and (B.21), and for |p| > 1 they decrease
exponentially like exp (—Cx®). Therefore, in Eq. (14) one
can restrict oneself to the interval |[p| = 1. Then we ob-
tain

w. (14)

W (x) = %5 dy F (y sin ), (15)
where .
Fl= iZﬁc OS (H(-h;)2 OS ﬁé d’(zx )%
AL I o +| @+ 1+ Wi+ 5
() ot 0 ). (16)
Here &(y) is the Airy function,
y=(-25‘i>%(1+12~ 1+u+)1+u>, (17

¢ is an invariant which is equal to the ratio of the num-
ber density of muons to their energy. We note that
cmF! is the muon’s lifetime in its rest system. In ex-
pression (16) the terms which are rapidly oscillating for
x 2> 1 are emitted, and in this case it represents the

decay probability in a constant, crossed field. Of course,

one can immediately obtain this probability from the
initial matrix element (2) if the functions in a crossed
field (see'?’) are used as the wave functions.

Now let us analyze the decay probability in a crossed
field in detail. First of all we note that the integrand in
Eq. (16) is the differential decay probability with respect
to the variables u, A, and 7. Carrying out the integration
with respect to 7 in (16) just as it is done in Sec. 4 of

article®?, we obtain
;:";c 30 f [ a—wr+ L+ wr—r]
<00 (9%{__% Teraleok g
where
cpl(z)=°§ dz (z), z:(%y:(l—A LY H_u ) (19)

t

The rather simple dependence of the differential
probability on A allows one to carry out an integration
with respect to this variable in expression (18). Then
for the distribution of probability with respect to u we
obtain

dF (x, u) sz"c
—= AD B’ co (20)
du  48n%Ym (1+u { 12+ B+ z)}
where
A= —wyt 1 G —o):

__(__1 -; w)? (pu — v)+4x2v2<—§—uv + 1> ,
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and z is the minimal value of t as a func-

- (2o

As u — 0 the distribution dF/du tends to zero, under-
going damped oscillations with an infinitely-increasing
frequency. As u — « it falls off exponentially.

Integrating this distribution over u (here using inte-
gration by parts in the first and second terms) and
changing from u to the variable z, which is a monotonic
function of u, we obtain

v=u(l +u)t,
tion of A:

(21)

1-iu—u)

Foy=—"=1) dz® (22)
(=" }y S 5@ (2)h(2),
where h(z) depends on z only through u:
vv o 1—3p 1—3p , u2(27 — 5p)
h(z)=—‘1—i+ P vt o v
2(9+5 3 4 4 923
+3uzlu(1+u)—L£—;|—2—u)u+%u2—EX2 _"4.__;
v 3vt 1+u)
+—2—+U—ln(1+u)—m[uu i‘

9 i (u—v)?  (I4p) (u—v) (1—uz
+4(2uu+'1-—p.)2[< 3 + 4 2 )

3(1—p) >+3<—(uu—v)+ 1+ EETAY

— ]
a1 — v+ l’

(23)

where v =u(1 +u)™}, and u and z are related by Eq. (21).
The integrand in (22) is no longer the probability dis-
tribution with respect to u; therefore expression (22)
should be understood simply as an integral representa-
tion for F(y).

One can obtain an asymptotic representation for F as
x — 0 from expression (22) if h is written down as a
function of z in the form

<5—9 +

-1

h(z)—h(0)

z

k(z)=R(0)+2zk(z), FE(z)= (24)
and this expression is substituted in (22). The integral
of the first term is equal to 7/?h(0), and the integral of
the second, after using the equation z&(z) = " (z) and
double integration by parts, reduces to the original but
with replacement of the function h(z) by the function h,(z)
=Th"(z). Applying the same procedure to it again, we ob-

tain

SdzCD(z)h(z)mn'/Zh(())—i— S dz ® (z) hy (2)

—o0

= n'/z[h(0)+ Zh,.(O) ]
n={

(25)

o (s) — at (0 ]

[ hna(z)—h )
2z

Since h,(0) = h®™(0)/(3n) !!! where, by definition, (3n)!!!

=3-6-9-... 3n, we finally have

Grmbe o hG™(0)

Foo= g AT Emm

(26)
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This representation is an asymptotic expansion of F()
in a series in powers of y*. Actually, as is evident from
(23), the function h is a bilinear combination f + y%g of
the functions f and g which depend only on u, and u de-
pends on z and x only through the combmatmn zy 3 (see
Eq. (21)). Therefore h®™(0) ~a x™ + b x*"*2. Evalua-
tion of the derivatives h®™(0) reduces to a calculation
of the derivatives of h with respect to u at the point

u =uo = p~*(1 — p) and the derivatives of u with respect
to z at the point z = 0. The latter is contained, in par-
ticular, in the following expansions of the function

u = u(z), which we cite here for reference

(e = (x/u )72

u = uop(ez),
14zt z2 .7:4+ x5 427 A 58 1. 0
3 81 ' 243 6561 19683 ' T YT
o(z)= a3 3 1 105
Tt S g T o s T T

T — — 00.

(27

—z3—3x8— 1228 — 552 — 273z 15— ...,

Using the representation (26) and limiting ourselves to
a calculation of the first three terms, we obtain the ex-
pansion

F) =~ (ot cof+ et +-..),

co=1—8p+12p*In p~* 4 8p3 — pf,
r="3o(6In p —2 — 9>+ 20 p — 9 ut),

cs = 8Jo(1 — p) (17 — 73 p — 145 p2 + 315 u?). (28)

The first term G*m°cco/192 7° is the decay probability
in vacuum, and the remaining terms are corrections due
to the effect of the electromagnetic field. The coeffi-
cient cy(p) is positive for all values of p lying in the
interval 0 < g < 1, i.e., the decay rate increases when
the field is switched on. In a hypothetical case when p
is close to unity, i.e., for A =1 —pu — 0, the ratios cy/co
— 40/A%, cq/co — 160/3A°% ..., so that the expansion
parameter for the series (28) is actually (x/A)%. This
means that the effect of a field on decays is enhanced
with a decrease of the mass difference between the ini-
tial and final particles. For the actual decay of a muon,
p = (207)72, i.e., p is very small, and one can use the
limiting values of the coefficients ¢, as p — 0. In this
connection it is necessary to understand that the series
(28) is asymptotic with respect to the parameter y, that
is, a summation of its first few terms will approximate
the function F(x) well only for sufficiently small values
of y; in any case the last term taken must be small in
comparison with unity.

We note that as p — 0 the coefficient c, diverges
logarithmically. This is associated with the infrared
divergence of F(x) with regard to the electron mass. As
we shall see below, F(x) diverges logarithmically as
i — 0. The leading coefficients ¢, may diverge as
© — 0, and because the series (28) is asymptotic with
respect to the parameter y but not with respect to p,
and therefore in it not y but y must be regarded as a
very small parameter.

Since p is very small for muon decay, it makes sense
to consider the asymptotic value of F(x) as u — 0. For
this purpose let us return to formula (22). The function
h(z) depends on the parameter . directly and through
the relation between u and z. Therefore, as p — 0 it is
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necessary to establish the form of h(z) in that region of
z or u which gives the principal contribution to the
integral.

As p — 0 the quantity € in (27) tends to infinity.
Values of z ~—1 will be effective in the interval —« < z
< 0; therefore as u — 0 one can replace u by its asymp-
totic value as €z — —=, that is, u ® —uo(ez)™®. The con-
tribution from the region —¢™* < z = 0, where this
asymptotic value is wrong, tends to zero as p — 0:
this region the integrand ~a + bln(l +u), a ~b ~ 1
whereas the length of the region ~¢™* ~ u — 0. In such
a case for z < 0 one finds

v“ V3 v2
h(z)® —— st T %
—I—x2[15115—24v5 “ 4—|— 116 3—2v2—3iv+3i1n(1+u)]
where v =u(l +u)™, u =—y"%"".

In the interval 0 = z < » as p — 0 values of z ~ 1 will
be effective and, therefore, one can replace u by its
asymptotic value as ez — +«, that is, u ~ uo(ez)¥? (see
(27)), after which one goes to 'the limit & — 0. Then for
h(z) in the interval we obtain

1 41 w13
h(z) =~ '—+‘X [——z3+§<lnF—E>] .
Integration over z with the aid of the formulas

32vi3 I‘( v+41 )I‘< V:2>’ ﬂidch(z)luz

‘S? dz® (z)2" =

. 273n 3 ;

2 —y— _E 1
=—_9<c+—1n3) S dz @ (z)ln (— 2) — (c+ 1113)
in which C = 0.577 ... is Euler’s constant, now gives

G*m®e 1 5
Feo= 576::3{ + 2( z'_c_i_ln?’_e_>

v2
= \dz®(z) | ——+—+ —+ 2 1505 — 2405
TVnSz (Z)[ 12+12+4+X( Y

2 4 4
—3—1:2—3—1) +-—3—1n(1 +u) )}}
In the last integral v=u(l +u)tandu =-x2z"°

We note that by the same method which led to form-
ula (26), one can obtain

_u 4_|_ (30)

0

§ dz0(2)1(2)
2 V?\:-f“")(O) , fenty (0) _ f(3n+2)(0)
ZEO[TW+(D(O) (3n+ 1) ®(0) (3n+2)!u]‘ (31)

Using this formula and the value of the last integral in
(29), it is not difficult to find the following expansion for
F(x):

G2m?, 16
Foo=—2[1+

—_— 2 ]
1928l 3% ™"

which is valid for “1/2 << y < 1. On the other hand, for
x > 1 it follows from Eq. (30) that

v+c+__1n3+ )+] (32)

(33)

G2mSe 5
Foy= 4 xz(lnF——C——lnE’»—-—(;—)

We recall that formula (30) and its special cases (32)
and (33) are asymptotic expansions for p — 0. There-
fore p is set equal to zero where it is possible to do so,
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and where it is impossible to do so, p is assumed to be
a very small parameter.

We note that formula (33) is valid for y > 1 not only
for u — 0 but also for arbitrary values of ., and one
can obtain it directly from the general expression (22).

3. NEUTRINO EMISSION, e — e + v + U, BY AN ELEC-
TRON IN THE PRESENCE OF AN ELECTROMAG-
NETIC FIELD

In the special case p =1 the different expressions ob-
tained above for the decay of a muon describe neutrino
emission by an electron moving in an electromagnetic
field. Thus, formulas (7) and (9) for p = 1 determine the
probability for neutrino emission by an electron in the
field of a plane, linearly-polarized electromagnetic wave
of frequency w, and formulas (16), (18), (20), and (22)
determine the probability in a constant, crossed field or
(for ultrarelativistic electrons) in an arbitrary constant
field. Neutrino emission by an ultrarelativistic electron
in a magnetic field was considered by Baier and
Katkov,!”? who obtained an expression for the probability
in the form of a triple integral, corresponding to our
formula (16). Here we shall analyze more compact ex-
pressions for the differential and total probabilities of
neutrino emission by an electron in a crossed field,
which follow from Egs. (20) and (22) if u is set equal to
unity.

First of all let us write down the differential distri-
bution of the probability with respect to u, which follows
from Eq. (20):

dF (y,u) G2mfe
du 483

e (%u.i_?i) D (z)+ z—z(%i-i-zi)“b(z) },

(S S+ (2 )] o

v=u/(1+u). (34)

For small values of u this distribution falls off like u?,
but for large values of u it falls off exponentially, in
contrast to the corresponding distribution of electro-
magnetic radiation by an electron in a field (see Eq. (46)
in'®?), which increases like u™%*® for small values of u.

From (22) we have the following result for the total
probability of neutrino emission:

= (u/)%,

GmSe ¢
F(p)= %T::V;Sdzm(z)h(z),

v 2 M Tu u?
ey — LYV v L
(2) 56 2 &6 +3In(1+u) 6 +6
4 /45 99 109, 37 . 1
—_— 26— i —_—pk e 3 — 2 —
* 3X(1BU 6" T Tt T Y v+ln(1+“))
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Here v =u(l +u)*, u = yz*~2 (55)
Values of u ~ y are effective in the integral appear-
ing in (35). Therefore for small or large values of X one
can simplify the function h, after which one performs
the integration over z. Then we obtain

119G2mSc

Fy)— — 5, 1, (36
() TR )

Gz [} 1 5
F(X)=——1(;g:3xz(lnx—C—?ln3—--6-), x> 1. (37

The last expression differs somewhat from the formula
found in‘™. The total expansion in powers of y may be
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obtained by the method set forth in™? in connection with

an investigation of radiation by an electron. For this

purpose in (35) we shall use the integral representations

S (—k+nI(k) ,
I(n)

u n 1
D"E<——1+u) z?ﬂ_i_im )
1 foo

—_—— e p— R
In(14u)= 2ni_i§adkr( k)T (k) ub,
in which the contour of integration goes around the point
k = 0 on the right. Then, after integration over z with
the aid of the first formula in (29), we obtain one more

integral representation for F(y):

ioo

Grmieyr 1 (k—1) (k—2)
Fay= — 2ot 1 Cqp EZDET2) o1 1 sore 4 56k
% 3456Y3nt 2ni _i§° k42 ¢ + +
k ko2
+48)I‘(k)I‘(—k)I‘<§—+§1—) r(2—+3—) Gyt (38)

For small values of y, one can close the contour of
the integration over k on the right, reducing the integral
to a sum of the residues at the poles k =3, 4, 5, ..., as
a consequence of which we obtain an asymptotic series
in powers of y (determined by the same formula (38) if
in it one replaces the integral by a sum over k = 3, 4,

5, ..., and T'(kK)I'(~k) /27 — (- 1)K), the first term of
which is given by (36). The asymptotic nature of this
series is obvious from the fact that its coefficients are
proportional to the product of two I" functions of positive
argument. Thus, the probability F(y) is nonanalytic at
the point y = 0.

For large values of y one can close the contour of
integration on the left, reducing the integral to a sum of
residues at the poles k =—n, —2n — (2/3), —2n — (4/3),
where n =0, 1, 2, ... . In this connection it should be
kept in mind that the poles k = 0, —2 are of second order,
and therefore the corresponding residues contain In y.
For y > 1 the principal contribution is determined by
the residue at the pole k = 0, given in (37). We note that
the resulting series converges well since its coefficients
are inversely proportional to the product of two I" func-
tions of positive argument.

4, PION DECAYS: m—~pu +v, T —~e +V

The probabilities for these decays in the field of a
plane wave and in a constant, crossed field were ob-
tained in article!. Here we consider more compact
expressions for the differential and total probabilities
for the decay of a pion in a crossed field, and we shall
correct a mistake made in the asymptotic formula (9) of
article'®.

The probability for pion decay in a crossed field has
the following form (compare with Eq. (8) in'*):

OS (1d+” u),‘g d1<%>%{ AD(y)

0

G2f2m2m’2c
- 22

F(x)

+u () yor )+ 0w}, (39)

y= <-g—x>%[‘1 +22—A

where

1+u],

u

u and 7 are the same physical variables as in Section 2,
and the integrand is the differential distribution of the
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decay probability with respect to u and 7. Integrating
with respect to 7 by the method described in Sec. 4 of"?,
we obtain the following expression for the probability
distribution in u:

dF (x,u) G2fPmem’2c 1

du 8wfa (1tu)? [ACD’ ()~ 2 <7}>Z/3‘D'(Z) ]

u \" 14+u
e=(5) (1=a=5).

For small values of u this distribution tends to a con-
stant value, undergoing damped oscillations with
infinitely-increasing frequency, but for large values of
u it falls off exponentially.

If (40) is integrated by parts with respect to u, then
we obtain a compact integral representation for the total
decay probability:

(40)

w
Gf2m2m’2c

o)== § dz0 ()0 (),
S u L[ w/(14u) TP _ u 3(1—p)
h()_A1+u+6x{2pu+1~u][2 61+u+2uu+1——u]'

(41)
The parameter z is related to u in the same way as in
(40) or in (22). Therefore, one can obtain an expansion
in powers of y® if a formula of type (26) is used. Evalua-
tion at the point z = 0 of the zero, third, and sixth
derivatives of the function h with respect to z gives the

following expansion, correct to terms of order ~y*

GZ 2 /ZAZ
Fa=TT
6—16A -4 6A2 8(18— 40A + 15A%) 1)
X
[1+ 3 LT 3A2 XU”"']' (

This expansion differs from the corresponding formula
(9) of article®? by the additional term proportional to y*
and by the absence of the term proportional to xs"’. The
error which led to the appearance of such a term in?
was associated with the fact that the contribution of the
second ‘‘singular’’ term (A.4) in®? was not taken into
account; this term, which is equal to
£7(0)(3/4)%°r(2/3)(2 )*#/24, must be added to Eqs. (A.5)
and (A.6). Now, when the simpler expression (41) is ob-
tained for F(y), from the general form of the dependence
u = u(yz¥?) and from formula (26) it is immediately seen
that F(y) is expansible for small values of y only in
powers of x?, and no terms with fractional powers of y
should appear.

The coefficient of the y® term, equal to c:
= (6 — 16A + 6A%)/3A%, characterizes the sensitivity of
the decay probability to the field. During a change of A
from zero to unity, cz(A) decreases from +« to —4/3,
tending to zero for A = (4 — v7)/3 ~ 0.451 and reaching
a minimum equal to —14/9 for A = 3/4. Since A = 0.427
and A = 1, respectively, for the decays 7 — u + v and
T — e + v, switching-on an electromagnetic field accel-
erates decay into a muon and retards decay into an elec-
tron. This is confirmed by the behavior of the corre-
sponding curves for F(x) shown in Fig. 2 of'*’, which
were found numerically.

5. PION DECAY: 7 —1° +e* +v

The matrix element for the decay m* — 7°%*v is writ-
ten in the usual form
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1
M= =6 (171" dta,
72 ’

where ng and Jg are the pion and electron charged cur-
rents in the field of an electromagnetic wave:

To = 2h[,* (V — ieA) amto — (V — ied) "m0
41" (V — ieA) qnie — (V —ied) " no"n—],
To® = vya (1 +ys)e.

The wave functions in the field of the wave are used for
the charged particles. An evaluation of the matrix ele-
ment M and its square is carried out just as in the usual
theory with plane waves, where the relation (s — 28) A,
— aA; + 4B8A; = 0 turns out to be useful. As a result of
the cumbersome calculations we obtain

(43)

5P 5 8 L ) — )
vr & 29090 Lolz0 )

polarizations

+ (4m2 — m”) (Lp') ] AR + [(8lls — 4msz + m”)[(kly) (ap’)— (kp') (al)]

A
— (4msz— m")[(kp') (ap) — (k) (ap') ] k:f ‘
— [8(1ls) (ls) +- (4 — m”) ko] e;a]:;l/iz} (2n)48(sk 49— g —lL—1b).

(44)
Here p, p’ are momenta,; q, q’ are quasimomenta; m, m’
are the masses of the 7* meson and e* electron; I, and I,
denote the momenta of the 7° meson and neutrino; I = 1
+1;=sk +q—q’; m, is the mass of the 7° meson; the
remaining notation is the same as in Sec. 2. Let us
integrate this expression over d°l,d%/,(27)"® with the aid
of formulas (5a)—(5c¢). Then for the differential decay
probability we obtain

|M|2 dldld

Gin (B4 myg?)?
aw = SZ VT~ (2n)°

<., 1679090’ I

X {[ —4l — 12 (4m2 - 3m”) + m” (m2 — m")] A#

2 7 l d3 ’
(e LV SR K

> T (45)

— e2q2
where so = [m% — (m/, + m,;)?]/2kq is the minimal possi-
ble value for s, and n is the average number density of
7 mesons.

For x < 1 one can expand the functions A, in powers
of the parameter X, just as in Section 2. Then the term
s = 0 gives the probability for the free decay of a pion
(see'®?); the term s = +1 gives the probability for pion
decay with the absorption or emission of one photon
(see'™) and so forth. For x > 1, having utilized the
general formalism set forth in the Section on muon de-
cay, we obtain for the decay probability, integrated over
d3q’(27)73, expression (15) in which F(x)—the decay
probability in a crossed field—is given by

o ®©

G2mse © du u\'s ()h_kl)g
[ QWS dl_g d”‘<2_x> ’T‘{[H(i—u)

0

F(x)= A
2y

2" (4 w) e+ 07}, (46)

u J

A
+(4-+3u) 2. — 022102(3) + u (

where y is the same as in (17), and ¢ = m'?/m?® An im-
portant point here (in contrast to the case of muon de-
cay) is the fact that the lower limit of integration with
respect to A (i.e., with respect to the square of the in-
variant mass of the neutral particles) is not equal to
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zero but is equal to A; = mf/m?
Integrating over T by the method of article®?, we ob-
tain

©

_ Gm’c T du Sdh(x—x,)z
1287 Y ° (1+u)? 22

x Lt —w+ @+ awr— w0 —2u( )" @),

(4m
where t is the same as in (19). The integrand of this
expression is the distribution of the decay probability
with respect to u and A.

Unfortunately, because A; # 0 the integral with res-
pect to A cannot be expressed in terms of tabulated
functions, and the distribution with respect to u has the
form of a single integral which one can bring to the form

dF (x,u) G2mec ¢ 4
— " (1 2\ @l == h—n)2
du 12873 Yn (+u) S Z{[ 3 ( M)

I (x)

2(u)

(5

+ (4 + 3u) M(h— i)+ acln %)

A2 A
+ui—n (A= — 2] 0@
_ L s ps (7\4'—'7»1)2 ,

2<u > 14u A2 @ +uwe (t)} : (48)
Here t and A are related to each other by the linear re-
lation (19), and z(u) is the minimal value of t as a func-
tion of A for fixed u:
AR @)

u u?

z(u)= t(u, M) =( :_)"‘( 1—A

In order to obtain an integral representation for F(y),
let us integrate the distribution (48) with respect to u,
and let us change the order of integration over u and t.
Then, performing an additional integration by parts in
the second term of (48), we obtain

Gxmse ¢
e — dz @
1287% Y zSn 2O, (50)

where h(z) = f(z) + g(z), and also

F(x)

uz)
du 4 1.,
0=\ T L3 M+ a3 [e =t n 4+ |

(1 — )| 14—

1
-2+
uAz) 3 g

— L
6= 4x2u§z) W Tt (o [4iroetae],

g )”= @ z—z() (51)

u

14+u M

Here ul,z(z) are the lower and upper branches of the
function which is the inverse to the function z = z(u).
The function z(u), which plays an important role, tends
to +~ at the ends of the interval 0 < u < « like
XX % *” and p(u/y)¥®, respectively, and inside this
interval at the point

4 4}
e [ K= — 2) /2
B =y o] (14 8y%)"%,
1—u—2 2YAp
56— =
271 T—p— 1

(52)

it has a unique minimum

RITUS

_ 3MEB—K) (1K) (‘QE}% (53)
4 2y, !
which also appears in the integral representation (50)

as the lower limit of integration. For decays, i.e., reac-
tions which occur even in the absence of a field, m > m,
+m’, from here it follows that 6 > 0, 0 < y < 1 and the
value of z, is negative. In this case the function z(u) has
a zero at the points u;, ua,

ue=1/6(1 £ VT —12). (54)

For reactions which do not occur in the absence of a
field, m < m; + m’, whence it follows that 6 > 0, y > 1
or 6§ <0, y <0 and z is positive. Thus, the sign of the
minimum value of z(u) coincides with the sign of the
mass difference between the final and initial systems
(we shall dwell on this in more detail in the conclusion).

In connection with an investigation of the integral
(50), the behavior of the function h(z) is essential, and
consequently so is the behavior of the functions u,,2(z)
near the characteristic points z = zo, z = 0. Therefore
we present an expansion of the functions u,,»(z) close to
these points:

20 = 2 (W) =

u1.2(2)=uo{1¢x+%< 1—3—a> 12—0—3—5(1-}—31&—-2—&12) Ia+~~}»

7 81 20 14
3 B—K) (z—1) "
where z=— [—‘KT:;—] :

6 _271—\(2))12

1 1 2
+2(—2—imb $3+...},
(x072) %z

Y1 — (1 =1 —y2) %
Here o = (K- 1)/2K. If u, »(z) are regarded as functions
of X ~Vz — Zo, then u;(x) = us(—x). Therefore from (51)
it follows that the functions £, g, h are odd functions of
this x, which can be expanded in the series

fo= Sa(222)", s Sa(222)" (s0)
h=T7

— s J—

where =z = F

(55)

where k is odd, and where the coefficients fy do not de-
pend on x, but g ~ x*.

One can obtain an asymptotic expansion of the decay
probability F(x) for small values of y by a method
analogous to the one which led to formula (26). Corre-
sponding to the result, utilizing the fact that zo < 0, will
be the formula®

3’%?} dz ®(z)h(z) = nz___o{

TR g OR L SO W) M
(3n)1M (—t)* G 4T

W ECLA TR PR (57)

(—20) " 4z

-2/3

where t = 2777z,

o

I'(s + 3k)
%)= 2 T En i

k=0

. . < dt
2 The integral representation [19] S — @ (t + 20) = 2%hn':D?(2sz0)
t

is used for the derivation.
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and the coefficients h ., are related to the coefficients
hy of the function h(z) by the relation

m+2n

L (m ) (m )

R pm— o Z Rop_s(n, m) hop—1,
20 h=0
mi2
Rep_y(n,m)= Z (Mn—t +/2) (Mn—y +3/2). ..
My =k, _

met2 ' met2
e D) (mad-12) (ma+32) 2 (my+Y/2) (my+2/2),

my=k; my=k,

0, 0<<k<<2
k":.{k—Zi, k=2 (58)

The asymptotic expansion (57) turns out to be much
more complicated than its special case (26), which
corresponds to zo = —~. Now, besides the terms involv-
ing 3n-th derivatives which, as is evident from the ex-
pansions of ul,z(z) near z = 0, are proportional to
(x67)®, there are still specific terms which contain the
Airy function and its derivative. These terms depend
on y only through z, and moreover, as is evident from
(58), the coefficients h . ~zg"" ~ (x67%)", and the
known functions of zo inside the square brackets (57) be-
have in the following way as y — 0 or zo — —«:

1D2 4 D2
(=)
[olulg
(—-ZO)%

. 3¢ (z0) T2 A
STEE o — s - (—a)],

en) 1 cos[ 2 (—z )3"’]
bz 2(—2) 3 oo

(59)

i.e., they oscillate with an infinitely-increasing fre-
quency. Although, as we shall see below, these terms
enter into the probability with coefficients ~(y57%)? i.e.,
the amplitude of the oscillations will be damped as

X6 — 0, nevertheless one can now assert that the
probability F(y) is not only nonanalytic at the point y = 0
but it has an essential singularity there.

Another property which is important from a practical
point of view is the result that the expansion parameter
is not y but x5672. Therefore, for § < 1 (for pion decay
& = 0.034) the effect of the field on the decay is to sig-
nificantly increase the decay probability. For 52 ~ 1
the decay probability changes by a factor of two or three
times in comparison with the probability for free decay.
One can assert that the characteristic field in the rest
system of a 7* meson is not Bo = m*/e but By = (ms)?/e
= 10'° Oe. In connection with the motion of a pion through
a field ~107 Oe, a field B arises in its rest system for
an energy ~107 GeV.

Going on to a concrete evaluation of the quantities
entering into the expansion (57), we note that the next,
nonvanishing coefficients of the oscillating terms will be
f,71 and g1, 31, which are proportional to (x67)* There-
fore, carrying out the calculation with this degree of
accuracy, it is still necessary for us to evaluate £(0),
£92(0), £°(0) and g(0), g’(0). Although the integrals in
terms of which these quantities are expressed can be
evaluated exactly, the results obtained are cumbersome.
Therefore, let us take advantage of the smallness of the
parameter 6 and write down all coefficients to lowest
order in this parameter:
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Qo7
(= 20)

32
0= E[ (2 — 9y — 8y4) (1 — y2) % - 15y* Arch —1—] ,
Y

1+ 200 ] et 4|

4zg®

128" 1 3
1 Ar , — 2%
C= 3 LAlchY 4 (1—v?) },

4 y? 86]
_— (=) -
=g o] 20—y) Tyl
= — 2L (3— K)=(1 4 K)K—"(5— 3K
=5 ) JK~%(5— 3K),

243

20

~Lemmfis S (o L))

3
(60)

In the last expression the k; are the coefficients of an
expansion of the function uztz)/uo in powers of

x = %[(3 — K)(z — zo)/K(—20)]*/2 (see formula (55). The
subscripts on the coefficients a, b, and ¢ correspond to
the powers of the parameter x57°. If we confine our at-
tention to only those terms which are written down here,
then one can replace the oscillating functions inside

the square brackets by their lowest approximation ac-
cording to (59).

The first term in (60) represents the decay probabil-
ity in vacuum. The second term coc,(x8 %)% is the main
correction to the decay probability due to the effect of
the field. It is positive for all physical values of v,
corresponding to a decay. This means that the decay
probability increases when the field is switched on.

For the decay of a pion the parameter y is small:

v = 0.11, and the temptation arises to set it equal to zero
everywhere. However, this cannot be done since the
probability F(x) has an infrared (logarithmic) divergence
with respect to the electron mass m’, and consequently
with respect to the parameter y, which is proportional to
m’. In the expansion (60) this is expressed by the fact
that as y — 0 the coefficient c; diverges logarithmically,
cq diverges quadratically, etc. Although the terms in the
coefficients c4, Cs, ... which diverge more strongly than
logarithmically as y — 0 appear in a higher order of
smallness with respect to the parameter 6, one should
retain them if y is small. This is also done in the coeffi-
cient c4. The appearance in the expansion (60) of terms
which diverge more strongly than logarithmically as

y — 0, i.e., more strongly than the probability F(x)

itself diverges, is associated with the fact that this ex-
pansion is asymptotic in the parameter xé'z, but not with
respect to the parameter 7.

In conclusion we note that if for the decay not only &
but also € = (1 — y®Y2 is small, then from expansions of
the coefficients cp in (60) in powers of € and from
formula (53) for 2z it is obvious that in this case the
expansion parameter for the decay probability in the
presence of a field is x5 %>,

6. GENERAL REMARKS AND DISCUSSION

In this article all particles were assumed to be ele-
mentary. In reality, for pions it would be necessary to
introduce the appropriate form factors into the interac-
tion (see, for example,™*?); however, their influence
would be essential only for y ~ 1 whereas for the decay
m* — 1%*v, for example, values of y ~ 6> < 1 are essen-
tial.
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If it is assumed that decay corresponds to a penetra-
tion of particles through a potential barrier, then one
might think that switching-on the electromagnetic field
will always increase the decay probability. In the major-
ity of cases under consideration this is actually so, ex-
cept the decay m — ey, whose probability decreases when
the field is switched on. A decrease of the decay proba-
bility associated with the switching-on of the field is ob-
served even in the simplest model for decay of a scalar
particle into two scalar particles, which is considered
in*?? | formula (39). If in this model, for simplicity, the
mass of the neutral particle is set equal to zero, then it
is not difficult to show that for small values of y the
probability F(y) = (f?ca/16m) [1 — (4 — 6A)x% /34 +...],
that is, it is decreased if A < 2/3 and it is increased if
A > 2/3. Thus, it should be assumed that not only the
magnitude but also the sign of the correction associated
with the external field depend on the form of the inter-
action between the particles, which is responsible for
the decay (i.e., depend on the function h).

The investigation presented here, together with the
results of article®®’, indicate that the total probability
of the decay process in the presence of a field may be
represented in the form?®’

Fi)=A§ dzd@)h(z) or Fix)=—4 | &2d'(2)¢(2), (61)

Z 2o

where the functions h and g are determined by the inter-
action between particles and depend on z only through
the physical variable u, which is related to z by Eq.
(49). The Airy function (or its derivative) describes the
motion of charged particles in an external field. The
variable z, on which it depends, has a definite physical
meaning, to the elucidation of which we now pass.

For processes in a variable field, it follows from the
law of conservation, sk +q =q + I, that the number s of
photons absorbed from the field is proportional to the
square of the ‘‘effective’’ mass transfer of the system,
—(q +0)%*+q%

’ 2 g2
NS DT
2kq 2y,
_ @t

Q.=

m2

=-—uzx—2+uzzp2+u<1+r2—A (62)

14+u 14+u
)
The relation between the square of the effective mass
transfer Q, and the physical variables p, 7, A, and u is
written on the basis of formula (13) for s. The term
ux?/2 on the right-hand side is related to the difference
between the effective masses and the ordinary masses.
Actually, for the square of the mass transfer (which is
obtained by replacement of the quasimomenta by the
momenta) we have

f 12— p2
Q(p,r,h,u)E—M#
m
=uzzpz+u(1+12—A1_:u +7»1;}——Zu>. (63)

3)We note that the first representation (61) may always be trans-
formed into the second representation by an integration by parts, but
not vice versa if g(z,) = oo, as holds for the emission of an electron or
for the creation of a pair of protons in a field. [° ]

RITUS

Owing to the absorption (or emission) of momentum
and energy by the system from the field, the square of
the mass transfer Q may vary within the limits Qo
= [(mo + m’)? — m?]/m® = Q< ». Since the differential
probability in the presence of a constant field does not
depend on p, it may only depend on the minimal value of
the square of the mass transfer as a function of p, i.e.,
on the second term in (63), which we denote by Q(t, A, u).
It is precisely this quantity which is proportional to the
argument y of the Airy functions which enter into the
differential probabilities for the decay processes (see
Eqgs. (16), (39), and (46)). The distributions with respect
to A, u, or u depend on the variables t or z, which are
also proportional to the corresponding squares of the
mass transfers: t = (y2)™/°Q(x, u), z = (x2)™3Q(u).
Finally, zo in the representation (61), defined by formula
(53), is proportional to the absolute minimum Qo of the
square of the mass transfer.

Thanks to the exclusive analytic properties of the
Airy function, all probabilities have a unique form both
for processes with the evolution of energy (decays with
Qo, zo < 0) and for processes with the absorption of
energy (Qo, zo > 0), and by analytic continuation with
respect to the particles’ masses one can pass from one
decay process to another.

From the representation (61) and from the relation
zo ~ ¥ 7°Q it follows that the point y = 0 is an essential
singularity for the probability F(x). In fact, if the func-
tion h(z) is replaced by unity, then F(x) will be propor-
tional to the function

2-125 " exp(— 20"/3),
a'h — (— zg) 7l cos (2/3(— 20)*h + n/4),

29— + oo,

Zy—> — 00,

Dy (20) = S dz®0(z) = {
which has an essential singularity at the point zp = +=

(or x = 0). The difference between h(z) and unity does not
change this qualitative picture.

The theory under consideration also possesses the
property of crossing symmetry. For example, by re-
placing the momenta q — —q, I — —1 in the squares of
the matrix elements, one can pass to the process of
creation of two charged particles by a neutral particle.
One can represent the probabilities of such processes
in the form (61) with the same physical meaning of z and
Zo, and so forth.
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