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The Josephson current is calculated for an arbitrary barrier transparency near T, .

The critical cur-

rent is calculated for a system of two identical superconductors separated by a layer of normal metal.

(11 and

THE physical nature of the proximity effects,
in particular that of the Josephson effect,'?! can be
most fully investigated near the critical temperature
T, because in this case the equations of the theory of
superconductivity’®! can be solved by expanding them
in the order parameter A. The beginnings of such in-
vestigations were made by De Gennes.'"']

The purpose of this article is a further development
of this approach which will make it possible to obtain a
formula for the Josephson current for an arbitrary bar-
rier transparency, and an investigation of the behavior
of the order parameter near the barrier. Using the
same method it is possible to calculate for a supercon-
ducting junction with a layer of normal metal the de-
pendence of the critical current on the thickness of the
normal layer.

Making use of the usual procedure of expanding in
powers of A,t*1 we arrive at the following equation for
the order parameter:

A= gT 3} { &Go(r, ¥, 0)Golr, ¥ — ) A(X) + ...
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Here the dots denote the terms nonlinear in A whose
explicit form is, as will become clear below, unim-
portant for us; G, is the temperature Green’s functions
of the system in the normal state; the bar denotes aver-
aging over the atomic distances. The essential nature of
such an averaging is connected with the fact that only
changes of the order parameter at distances of the or-
der of the coherence length have physical significance.l *]

1. THE JOSEPHSON EFFECT

Expanding G, in wave functions of the one-particle
problem in the presence of a barrier and making use of
the circumstance that at distances large compared with
the atomic distances only the asymptotes of the wave
functions are important, after discarding rapidly oscil-
lating terms, we rewrite (1) in the form

1
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We have directed the z axis perpendicular to the plane
of the junction and taken into account the symmetry of
the problem. In Eq. (2) R(x) is the reflection coeffi-
cient which will for the sake of simplicity be consid-

ered independent of x; N(0) is the density of states on
the Fermi surface; v, is the Fermi velocity.

We note that since the appreciable w ~ T, the main
contribution to the integral over ¢ is dueto ¢ ~ &,
~ vo/Te. Let us first consider [z|>> &,. Then the
term set out in the right-hand side of (2) is exponential-
ly small and can be discarded, and A(z + £) can be ex-
panded under the integral in a series in ¢. Retaining in
the expansion terms no higher than quadratic in ¢, we
obtain

l—ﬁ%)—%;(?J)%(;'%)z%Jr...

where ¢(3) is a particular value of the Riemann ¢ func-
tion. By virtue of the definition of the critical tempera-
ture

A(z)(l——nN(O)gT 2 =0, (3)

alN(0)gT leil: 1,

therefore the main term in the expansion in 7 =1
—T/T, (linear in A) cancels and the first term in (3)
reduces to TA(z), i.e., it is of the order of A%. Clearly
the nonlinear terms denoted by the dots must also be
taken into account, being obviously taken in the local
form. The function A(z) varies over distances £(7)

~ ¢,/V7 in the indicated range of z. We come, thus,
to the conclusion that the usual Ginzburg-Landau equa-
tion is valid for distances |z | >> &,

In the region |z| ~ £ the behavior of A(z) is de-
scribed by a linear integral equation, since in this re-
gion terms of the order of V7 do not cancel and the
nonlinear terms can be discarded as representing only
small corrections. In the linear integral equations one
can assume T = T,.

Dividing A(z) into even and odd parts A = Ag + Ay
we reduce (2) to the following system of equations:

As(z) = SK(z —2')As(2') d7’, (4)

—o0

Aa(z) = S‘”L(z, 2')Aa(z’)dz’, 2z >0. (5)
Here
1 @rd 2
K(z)=nN(0)chU—OZ S x—xexp(— %IZI). (6)

o 0

(M

Equations (4) and (5) determine the behavior of the
order parameter near the barrier at distances of the
order of &, ~v,/Te. They have the following readily
establishable properties:

L(z,7)=K(z—12")+ (1 —2D)K(z + 7).
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(a) the asymptotic behavior of the solution A(z) for
z — « is of the form

A(z) =A.+zA, A(z) = Ay + 28y, z—> +oo;

Z — —o00;

(b) the only solution of the equation for the symmet-
ric part is a constant; consequently, A} = AL;

(c) Ag(z) = ALz + Y/a(A, — AL), z — oo if the coeffi-
cient of z is specified, the solution is uniquely deter -
mined. There exists, therefore, a relation (linear be-
cause of the linearity of the equation) relating A with
Ay — AL

Thus we obtain the following matrix relation:

A+ Y A_ Y 1 a
<A+’>*M<A_’>’ M= <0 1) ’ (8)
The coefficient o can be readily found explicitly in the

two limiting cases of high and low transparency. As-
suming

Aa(z) = A2+ Yo (Ar — A-) + 9(2),

we obtain after simplification
¢(@)—§ L(z3)0()d
[
—2BA (2K 2)a — D0 —A) (K@ +2)de. (9)
N o
Using for the solution of Eq. (9) perturbation theory in
D, we obtain from the solvability condition of the first-
approximation equation
S dz g Az’ K(z +2)= A,/ S dz S dz' K(z+2)z". (10)
¢ 0 [ 0
We emphasize that the explicit form of the kernel K(z)
has thus far not been used; therefore, Eq. (10) retains
its validity also for the more general case (for exam-
ple, in the presence of impurities). Using (6), we find

D AL — AL

3T,

= D<1.

AY D(AL—A),

Analogously for high transparency we have

v, RA.{.’. (12)

Ap—A =20
112 (3) T,

In the intermediate case one can readily obtain a better
approximation for a by the variational method.

Let us now note that since the characteristic dis-
tance for the Ginzburg-Landau equation is £(1) >> &,
and the solutions of the integral equations (4) and (5)
take on the asymptotic form for £(r) >> |z|>> &, the
linear asymptote of the integral equations should be
identified with the linear part of the expansion of the
solution of the Ginzburg-Landau equation into a Taylor
series near z = +0. Thus relation (8) is a boundary
condition for the Ginzburg-Landau equation. It must
not be thought that the boundary condition (8) is only an
effective boundary condition. Indeed, as is clear from
the above considerations, there exists a region in which
both the linear integral equation and the Ginzburg-ILan-
dau equation reduce to the equation d°A/dz® = 0. As
such a z one can take |z| ~ £77'/*. The above state-
ment also remains valid when one takes into account
the intrinsic magnetic field, since all the characteris-
tic lengths appearing in this case are much larger than
those essential for the above treatment.

We note that because of the crudeness of the approx-
imation made by De Gennes!'! in the estimate of @ he
obtained the boundary conditions very inaccurately even
for low transparency. However, he indicated the general
form of the boundary conditions correctly.

In order to solve the Ginzburg-Landau equation we
make the substitution

A(z) = exp (2imy = i@/ 2) Awf (2), (13)
where y is the continuous component of the phase, and
dy/dz = vg. The boundary conditions are consistent by
virtue of the relation sin ¢ = 2amvg(0) which expresses

the law of conservation of current and reduce to the
equalities

fe=f-=fy £ =—1' o =fhl—cosg), (14)
The current is given by the expression

72(3) N(0)ve?
48m2 T2

j= 4%0 Axfotsing, €= (15)
It is convenient to find £ from the first integral of
the Ginzburg-Landau equation. Making use of it, we
find for the currents that are much smaller than the
thermodynamic critical current the expression
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+ g(r)smz—;"—w + a—zz EZ(T)Sin"%}, (16)
where n is the total number of electrons. The obtained
formula is general. For low transparency a is large,
and we obtain Josephson’s result. For high transpar-
ency « is small, but ¢ is also small, so that one must
retain all terms in (16). Of course, sin ¢ can be re-
placed by the phase.

In conclusion we note that the formal investigation of
the linear equations (4)—(5) was carried out by Zaitsev™®!
who obtained boundary conditions for arbitrary trans-
parency D which coincide for D < 1 with (11) and for
D ~ 1 differ from (12) by about 6%. The latter is re-
lated to a different choice of the trial function.

2. THE PROXIMITY EFFECT

Let us consider the problem of calculating the super-
conducting current in a system consisting of two super-
conductors separated by a layer of normal metal of
thickness d. We shall consider the case of the same
superconductors. We take the usual model in which we
ignore the difference between the effective masses, the
Debye temperatures, and the density of levels N(0), of
the superconducting and normal metal, assuming that
they differ only in their constant of effective attraction
which changes abruptly. Assuming that there is no re-
flection on passing through the boundary and that in the
region of space occupied by the normal metal g = 0, we
obtain a linear integral equation for the order param-
eter near the boundary

—d/2 oo
A@)= § K@—)A@)dd + § K@—2)A@)dr.  (17)
— di2

By virtue of the invariance with respect to reflection
of z, the even and odd parts of the function A(z) sep-
arately satisfy Eq. (17) which can therefore be consid-
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ered only on the z > 0 semiaxis. The asymptotic be-
havior of the solutions of (17) is of the form (8), and in
accordance with this we have for Ag(z) and Ay (z)

As(z) = C1(z + &G1), Aa(z) = C2(z + Eog2w),

Since, as usual, q,,, and q,,, are uniquely determined,
we obtain the boundary conditions in the form

Ay — A bogiw = Ar+ A, (AY — A)Gogzo = A — A (18)

Taking into account the fact that d >> ¢,, which makes
it possible to simplify the kernel of the equation, intro-
ducing the dimensionless variable ¢ =z/ go, &

= v,/2nT;, and assuming that Ag, a(2) = Cy, .l ¢

+ oy, 2 (¢)], we arrive at the equations

w® =B+ SdQ/LL(;, D)a@),

Z— 00,

B®=E@®+ p—expl—go——c}

{ —Zexp (—I2n+1|y2},

EQ= B +1 ;|
Li(c,:/)=L(z—§'>+p—(‘;exp{——-—z—;'}, p=eN(0).
& (19)
For q,0~ we have the relation
1 : 1
q“"’% [2n 1] :2—{7?% 2n+ 1) (20)

2 ot 4 (20D, min)},

where D, is a functional, the minimization of which
leads to (19). We also have an analogous equation for
Q2+ Making use of the variational method,!®! we obtain

Q20 =gt k %e—d"ﬁo, k22098, gw=0.64

The current turns out to be

and SLYUSAREV

j =4eC—k— %e‘d“ﬂA_,.[Zsmcp (21)

Since d >> &, one can substitute for A, the known so-
lution of the problem of the semi-infinite superconduc-
tor.I”™ We thus obtain for the critical current

ne
je=A Tn:ie—d@ 2 (22)

The numerical constant A = 6k/7¢(3) is of the order
of unity. The critical current decreases exponentially
with the thickness of the normal layer. The tempera-
ture dependence is determined by the factor 72 and not
by 7 as in the case of the Josephson current. The lat-
ter fact has been noted by De Gennes,!!?
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