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A simplified calculation of streamer development is proposed, based on the model of an ideally con
ducting plasma produced on the boundaries by electrons moving in and out of a plasma. The main 
conclusions are that the streamer propagation velocity is approximately proportional to its length 
and the streamer thickness is proportional to the square root of the length; this is in good agreement 
with experiment[4 l. The plasma density and the field strength E' in the streamer are also estimated. 
It is shown that E' is much smaller than the applied field, thus confirming the assumption that the 
plasma has ideal conductivity. 

AN electron moving in a gas in a homogeneous elec
tric field Eo and ionizing the gas, produces a cascade 
of electrons, whose dimension ro is determined by the 
mobility and diffusion of the electrons, so that 

(1) 

where N is the number of electrons in the cascade, a 
is the first Townsend coefficient (the probability of 
ionization per unit length), z is the path traversed by 
the initial electron, D is the diffusion coefficient, and 
K is the electron mobility. 

At gas pressures on the order of atmospheric, at 
discharge-gap dimensions on the order of ~1 em or 
more, and at intensities E 0 such that gas breakdown 
is produced, K is practically independent of Eo in a 
wide range of variation of Eo, D increases slowly, and 
a increases very rapidly with increasing Eo. In air 
under these conditions, a 10% change of E 0 changes a 
by more than a factor of 2. 

The electron cascade leaves behind it a trail of ions, 
the majority of which are adjacent to the cascade over 
a length ~ a-1 • A positive ion, reaching the cathode 
with a probability y, produces an electron (potential 
ion-electron emission) if the gas ionization potential 
exceeds double the work function. At pressures on the 
order of atmospheric, y is usually very small (in air, 
with a copper cathode, ~10-4 ). If the condition 

(2) 

is satisfied, where d is the length of the discharge gap, 
then on the average each passing cascade of electrons 
gives rise to a new cascade, and Townsend breakdown 
of the gas sets in. The time of development of such a 
breakdown in of the order of the time of motion of the 
ions from the anode to the cathode ( t ~ 10- 4 sec for 
d = 1 em in air), 

Photons with an energy exceeding the gas ionization 
energy cannot go in practice outside of the confines of 
the cascade, owing to the large absorption coefficient 
( ~10 3 em -1 in air). The same pertains also to photons 
connected with transitions of excited atoms to the 
ground state (their absorption coefficient in air is 
106 cm-1 in the center of the line). Thus, the photoion
ization of the cathode (with the exception of special 
cathodes with small work functions) cannot play any 
role in the breakdown of a gas at high pressures. 
Another possible process is the detachment of the 
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electrons from the cathode by the excited atoms 
(metastable and those excited at the first level), but 
the time of their motion to the cathode is too longPl. 

Nevertheless, a very insignificant fraction of the 
photons connected with the transitions of the excited 
atoms to the ground level can emerge far beyond the 
limits of the cascade, owing to the wings of the spec
tral line. This part of the radiation is absorbed in the 
gas in accordance with the law ~r-712 , where r is the 
distance from the source. Owing to the ion-molecular 
chemical reaction 

A' + B = (AB) + + e , (3) 

which was considered in detail in[ 2 l, such an indirect 
photoionization of the gas occurs far from the cas
cade [3J, and it replaces in the gas breakdown the mech
anism of the ion-electron emission in the case of a 
slight overvoltage. In this case the breakdown develops 
during a time on the order of several times the time of 
flight t of the electron from the cathode to the anode 
( t ~ 10-7 sec at d = 1 em in air). Owing to the low in
tensity of the considered photoionization of the gas, 
the character of the breakdown changes qualitatively. 
The number of electrons in the cascade becomes so 
large, that the space-charge field becomes comparable 
with the applied field E 0 • Regions with enhanced field 
and with strongly increased values of a appear for and 
behind the cascade, and they are "broken down" inde
pendently. On the anode side, the leading front of the 
electrons breaks through forward, strongly ionizing 
the gas and continuing the high-conductivity region of 
quasineutral plasma. On the cathode side, the few of 
photoionization electrons that enter into the region of 
the strong field strongly ionize the gas and leave be
hind them a region of a highly conducting quasineutral 
plasma. 

Thus, a conducting channel grows from the cascade 
on both sides, along the applied field, and carries on 
its ends a region of field E with ever increasing 
strength. The boundary of the conducting region moves 
in the direction of the resultant field on the positive 
end and against the field on the negative end, with 
velocity KE, until the discharge gap is short circuited. 
Such a formation is called a streamer, and the break
down associated with it is called streamer breakdown. 
Actually, at high pressures the Townsend discharge 
usually goes over into a streamer discharge as a re-
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sult of the overvoltage accompanying the appearance of 
the space charge. 

1. MODEL OF IDEALLY CONDUCTING STREAMER 
WITH SHARP BOUNDARY 

Assume that we have an ideally conducting and con
sequently equipotential region of the form of an ellip
soid of revolution that is elongated along the field E0 • 

Then the field intensity Ea at the ends of this region 
is approximately equal to 

Ea = Eua/Rin( ~ V :) , e = 2.718 ... , (4) 

where a is half the streamer length and R is the 
radius of curvature of its ends. In the limit, if the 
streamer were to have the form of two spheres with 
radius R connected by an infinitesimally thin filament 
of length 2a (a» R), then we would get Ea = Eoa/R. 

If the streamer is indeed elliptical, then the field 
intensity on its surface, and consequently also the 
velocity of the points of this surface, are proportional 
to the cosine of the angle between the normal to the 
surface and the direction of the field Eo. They are ob
viously normal to the surface. But in the case of 
parallel displacement of the end of the streamer along 
the field Eo the normal component of the velocity of 
the points of the surface is also proportional to the 
cosine of this angle. Consequently, from the equation 
of motion of the surface 4> ( z, p) = const 

i, = ±KE,, Pt = ±KEp, (5) 

(where 4> is the potential of the ellipsoid, z and p are 
cylindrical coordinates, and the plus and minus signs 
pertain to the anode and cathode ends, respectively) it 
follows that the two halves of the ellipsoid of revolu
tion will move along the field in opposite directions. 
This means that if the field at the ends of the streamer 
is close to ellipsoidal, then the radius of curvature of 
its ends does not change during the development pro
cess and is approximately equal to the radius of the 
cascade from which it was produced. When a >> R, 
the rate of growth of the streamer, according to (5) 
and (4), is 

ltil =KEoa/Rin(f V ;), (6) 

i.e., it is approximately proportional to its length, and 
the dependence of its length on the time is given by the 
formula 

a~ exp{ (KEot / R +C)'''}, (7) 

where C is a constant that depends on the initial con-
ditions. 

The exact solution of the problem of the "true" 
figure of the streamer is very complicated. The sur
face of the streamer is determined by the equation 

(ap,) =p,- ap1 i,=±K(E0 -~E,)=±KE,'+EP2 , (8) 
at , az1 az, Ep 

since 

for a surface with a constant potential 4>. Further, 
apjaa = a-1 apjat, and 

(9) 

The field components themselves are determined, 
for a specified external field Eo, from the solution of 
the Laplace equation with boundary conditions: poten
tial 4> = const on the surface of the streamer and 
V 4> ~ Eo at large distances from the streamer. 

It should also be noted that the solutions for the 
equation of the surface are unstable against small
scale perturbations. Experiment has shown, however, 
that in the initial stage the streamer develops as a 
stable formation, and begin to bend and branch only 
later. The temporal stability of the streamer is ap
parently connected with the finite density of the plasma, 
and consequently with its finite conductivity and finite 
thickness of the "surface charge," and also with dif
fusion. When the thickness of the "surface charge" 
becomes much smaller than the radius of curvature in 
the case of ideal conductivity, the streamer becomes 
unstable against branching and bending, or against the 
growth of a thinner and faster streamer from its end. 
Therefore, until a more accurate theory is developed, 
it is advantageous (in order to estimate the streamer 
thickness) to calculate at least approximately the shape 
of its surface. 

It follows from (9) that with increasing a the value 
of p increases everywhere except in the symmetry 
plane z = 0, since the potential on this entire plane is 
the same as on the surface, and the field intensity at 
the point of intersection of the streamer surface and 
the streamer plane is identically zero. To estimate 
this growth we can write in place of (9) 

a ln p 
{)a 

E,2 +E,2 1 (9a) 

and substitute in the right side of (9a) the values of Ep 
and Ez for an ellipse having a major axis equal to a. 
The right side of (9a) then depends only on one parame
ter of the ellipsoid of revolution--on a. Expression 
(9a) is used in place of (9) in order to obtain a result 
expressed in terms of elementary functions. 

Assuming that the streamer was initially a sphere 
with radius R, and that R remains constant on the 
ends of the streamer as the streamer develops 
(p = 0, z =±a), and subsequently the surface differs 
little from an ellipsoid of revolution, we obtain from 
(9a) 

( "· E' da ) 1/-;=.-z 
Plz<R=f!oexp ~ t' li - =(li+z) v-+_; 

Jt n P p a .., 

Plz>R = zjj~-;_va- z = 
·a+= 

-v z2 v 4z/a - aR 1-----l' a' (l+=/a)'· 

(10) 

(lOa) 

The greater part of the obtained surface hardly differs 
from the ellipsoid of revolution p = ,JaR ( 1 - z2/a2 ). 

Successive cross sections of the obtained surfaces are 
shown in the figure. 

A similar calculation for 

(9b) 
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Development of the streamer in accordance 
with the considered model. 

gives a very similar result. A noticeable difference is 
obtained only in the vicinity of the "neck" (see the 
figure). In this case 

p,<n=(R2 +2Rzln ;-z2 )"', pl,>n=(2Rzln :)''•. 

Thus, we find that the thickness of the streamer in
creases in proportion to the square root of its length: 

(Jmax ~ 0.83l'aR (z = 0.415 a) (11) 

and consequently it can assume large values. However, 
the eye or a photographic camera with a film of insuf
ficient sensitivity will detect the total luminosity at the 
maximum with thickness ~R, and the total thickness 
of the streamer (11) will be recorded only if the photo
graphic film is sufficiently sensitive[4 l. In conclusion 
we note that if the speeds of the positive or negative 
end of the streamers are not equal, then the neck of the 
streamer becomes smeared out or disappears com
pletely. 

2. ALLOWANCE FOR THE FINITE CONDUCTIVITY 
IN THE STREAMER 

If the field intensity inside in the streamer is E', 
then the field intensity on its end will be 

Ea= (Eo-E')a/Rln(~ v ~) +E' 

where E' is the average value of E', and the surface 
charge is a= (E- E' )/47T. 

For simplicity we assume that E' « Eo and neglect 
E' compared with E0 , and all the more compared with 
Ea. We have E' = j/A, where j is the current density 
and A = EnK is the conductivity ( n and E are the elec
tron concentration and charge, respectively). Further-
more 

. _ !.g_ __ 1_ dEa. 
1 - at - 4:n: dt • 

dE a/ dt is the change of the field on the end of the 
streamer per unit time, dEa/dt = Eaa. 

Thus, in accordance with (6), we have 

j = _!!_Ea2 = KEo2a/4:n:R2ln2 (~V-~), (12) 
4na e H 

It can be shown that when the streamer propagates, 
the energy released in a unit volume for ionization, 
excitation, etc. is E 2/87T. Assume that the fraction 
due to ionization is llE 2/87T. The value of e is known 
if the Townsend ionization coefficient a is known. In 
the absence of space charge, the fraction of the energy 
going to ionization is aU/E, where Ui is the ioniza
tion potential; it changes from ~5 x 10-3 at E = 3 
x 104V/cm to ~ 0.2 for E = 3 x 105 V/cm and then 
decreases somewhat with increasing E. In the pres
ence of a streamer, the electrons move in different 
fields, and the value of e is determined from the 
formula 

A = Bn_ll_, r _!!(E)Kf>_ dE = 2_(J_;a_(}?l_. 
E2KE 0 4rr B + 2E 

The value of B is determined from the relation 
a~:::: Ae-B/E. For air at atmospheric pressure 
B ~:::: 200 kV/cm. From this we find from (14) that 
e ~:::: 0.1 and changes strongly with changing E, and 
since llE 2/87T = nUiE, it follows that 

(14) 

E'=2U;/8a. (15) 

For air, even when a= 0.1 em, we get E' = 3 kV/cm, 
amounting to 1Wo of the breakdown field intensity. Thus, 
the larger a, of the better the condition E' « Eo is 
satisfied at the end of the streamer. However, accord
ing to (13), the current density increases in proportion 
to a, but at each point on the streamer A remains 
constant in first approximation, leading ultimately to 
a field intensity comparable with the applied field, and 
to development of ionization inside the streamer. 

At a sufficiently large streamer length, when n 
reaches a value on the order of 1% of the gas concen
tration, Spitzer conductivity[5 l, which does not depend 
on the further increase of the concentration n, sets in. 
If the streamer were to remain stable, then the Spitzer 
conductivity in air would set in at a~:::: 10 em. If the 
streamer becomes unstable at a< 10 em, then such a 
conductivity can occur earlier. 

The presence of finite conductivity apparently is the 
main cause of the temporal stability of the streamer. 
In fact, the growth of a thinner streamer from the head 
of the main streamer is accompanied by a sharp in
crease of the current density, whereas the conductivity 
cannot follow the growth of the current. This causes a 
drop in field intensity at the head of the thin new 
streamer, and hinders its further development. 
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