
SOVIET PHYSICS JETP VOLUME 29, NUMBER 2 AUGUST, 1969 

SPIN WAVES IN AN ANT/FERROMAGNETIC METAL IN THE PRESENCE OF 

A MAGNETIC FIELD 

A. Ya. BLANK and P. S. KONDRATENKO 

Institute of Radiophysics and Electronics, Ukrainian Academy of Sciences 

Submitted May 27, 1968 

Zh. Eksp. Teor. Fiz. 56, 563-573 (February, 1969) 

The spectrum of magnetic excitations of an antiferromagnetic metal is investigated in the long wave­
length limit. As a result of the s-d exchange interaction the frequencies of the paramagnetic and 
antiferromagnetic resonances turn out to be related, which leads to a nonlinear dependence of the 
resonance frequencies on the magnetic field. In addition, the s-d exchange decreases the magnitude 
of the phase-transition field in a magnetic system. In particular, in metals in which the s-d ex­
change interaction is not small, the antiferromagnetic lattice turns out to be unstable in arbitrarily 
weak magnetic fields, which indicates the essential role of the conduction electrons in establishing 
the nature of the magnetic order in a metal. 

IN a broad sense of the word, the magnetic excitations 
in metals represent collective branches of the spectrum 
of an interacting system, including the conduction elec­
trons. The latter play an essential, and frequency also 
decisive (as in the case of the rare-earth metals), role 
in the establishment of magnetic order in a metal. In a 
number of cases the appearance of a magnetic super­
structure in the lattice is associated with the conduc­
tion electrons as, for example, in the case of a heli­
coidal structure in antiferromagnetic metalsY1 In 
addition, the s-electrons may decisively change the 
spectrum of the magnetic excitations. Even in the ab­
sence of magnetic order the electronic subsystem may 
possess proper magnetic branches of its spectrum 
(spin excitations of the zero-sound type), which appear 
as a result of the Fermi-liquid interaction between 
electrons. The magnetic excitations in a Fermi liquid 
of the conduction electrons in ferromagnetic and anti­
ferromagnetic metals were considered in articles by 
one of the authors. [ 2• 31 

In the presence of an external magnetic field the 
magnetic spectrum of a metal is strongly modified. 
This occurs both as a result of the interaction of the 
intrinsic magnetic moments of the electrons with the 
magnetic field and as a consequence of the orbital 
motion of the conduction electrons. The change in the 
spectrum of the magnetic excitations in paramagnetic 
metalsr4 J is a characteristic example. In metals of 
this type in an external magnetic field, instead of gap­
less branches of spin-wave zero-sound, spin waves with 
a quadratic spectrum appear, possessing a nonvanish­
ing activation energy. 

The orbital motion of the s-electrons was taken in 
account in(sJ in connection with an investigation of the 
spin-wave spectrum in a ferromagnetic metal. It 
should be noted that the influence of a magnetic field 
on the magnetic spectrum of a ferromagnetic metal is 
comparatively small because of the large magnitude of 
the separation between the Fermi surfaces of electrons 
with oppositely-oriented spins. 

In this connection the most interesting objects are 
antiferromagnetic metals in which, on the one hand, a 
magnetic structure exists, but on the other hand, a 

separation of the Fermi surfaces is not presentY1 We 
shall regard an antiferromagnet as a system consisting 
of two mirror magnetic sublattices with anisotropy of 
the "easy axis" type.r6 l An external magnetic field is 
applied along the axis of antiferromagnetism. For 
simplicity we shall confine our attention to an investi­
gation of a one-band model of s-electrons with an iso­
tropic energy spectrum. The external magnetic field 
will be assumed to be smaller than the critical value 
H0 , which corresponds to a violation of the collinearity 
of the sublattice magnetic moments (in a dielectric 
2JLoHo is of the order of the antiferromagnetic reso­
nance frequency at H = 0 ). 

Just as in a paramagnetic metal,r4 l in an antiferro­
magnet without allowance for the interaction of the s­
electrons with the magnetic sublattices, the electronic 
subsystem must possess in an external-magnetic field 
a two-parameter family of spin waves with frequencies 
w lm (k). In this connection the frequency Woo( 0) coin­
cides with the frequency of the paramagnetic resonance. 
On the other hand, in a system of magnetic sublattices 
two spin-wave branches exist, whose frequencies at 
k = 0 (k is the wave vector of a magnon) correspond 
to an antiferromagnetic resonance. When k = 0, be­
cause of the exchange interaction of the conduction 
electrons with the sublattice magnetic moments, an 
"intermingling" of the antiferromagnetic resonance 
frequencies with the frequency w00 occurs. This leads 
to a nonlinear dependence of the resonance frequencies 
on the magnitude of the magnetic field. As is well 
known, in an antiferromagnetic dielectric the vanishing 
of one of the resonance frequencies at a definite value 
of the magnetic field, H = H0 , corresponds to a phase 
transition in the magnetic system.ll In our case the 
critical field turns out to be associated with a parame­
ter of the exchange interaction, characterizing the 
conduction electrons. Depending on the value of this 
parameter, both the frequency of the antiferromagnetic 

I) Actually the field H0 corresponds to the boundary of metastability 
of a state with the total magnetic moment of the sublattices equal to 
zero. A detailed discussion of the phase transition in an antiferromag­
netic metal will be the subject of a separate article. 
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resonance and the frequency Woo may tend to zero. In 
that case when the exchange parameter is sufficiently 
large, the phase transition in a magnetic system may 
occur in magnetic fields which are appreciably smaller 
than the field corresponding to the ant.iferromagnetic 
resonance frequency. 

For nonvanishing magnon wave vectors, in the ap­
proximation quadratic in k, an interaction of lattice 
spin waves and spin waves in the electronic system 
with frequencies w00 (0) and w1m(O) occurs. Due to 
the nonlinear dependence of the frequency w00 on the 
magnetic field, at a definite value of the field it is 
possible that the frequency w 00 ( 0) may coincide with 
one of the frequencies w1m(O). Near the frequency 
w00 (0) = w1m(O), the spin-wave dispersion law turns 
out to be linear. 

In the considerations which follow below, we shall 
follow a formalism of quantum field theory previously 
developed in [31 for the case of an antiferromagnetic 
metal. The difference between the formalism in a 
magnetic field and that developed in [31 consists in the 
fact that the electron Green's functions in the presence 
of a magnetic field cease to depend on the difference 
of spatial coordinates. This leads to complicated de­
pendences of the vertex part and of the Green's func­
tions on the arguments in the momentum representa­
tion; however, it does not change the nature of the 
corresponding equations. Therefore we shall use a 
symbolic way of writing down the equations, omitting 
the notation referring to arguments and momentum 
integrations. This notation turns out to be all the 
more convenient since, as will be shown below, in the 
quasiclassical approximation the investigation has a 
great deal of similarity to the case when no magnetic 
field is present. 

1. As is well known, the spectrum of boson excita­
tions is determined by the singularities of the two­
particle vertex part r a{3yo ( p, p1 ; k) with respect to 
the momentum transfer k = (k, w ). Since the spin 
excitations represent oscillations of the transverse 
part of the magnetic moment, we shall only be in­
terested in the components of the vertex part which 
are transverse to the spin, r111 or rllll• whose spin 
indices we omit in what follows. The total vertex part 
includes both the direct exchange interaction in a sys­
tem of s-electrons and the interaction induced by the 
virtual exchange of lattice spin waves. Thus, the ele­
ments which introduce singularities into the vertex 
part at small momentum transfer are, on the one hand, 
the loops of the electron Green's functions, as this 
ordinarily occurs in the microscopic theory of a 
Fermi liquid, r71 and, on the other hand, the lattice 
spin-wave Green's function D(k). In accordance with 
these considerations, let us represent the vertex part 
in the following form: 

r= r+gDg, (1) 

where r is determined by the set of diagrams for r 
which do not contain any D-functions with argument k; 
g is the total vertex describing the interaction of the 
electrons with the lattice spin waves. D, in turn, is 
determined by the equation 

D=Do+DollD, (2) 

where 

(3) 

is the polarization operator of a spin wave, go is the 
bare coupling constant, Do is the spin-wave propagator. 
The quantity g is related to g0 by the following equa­
tion: 

(4) 

The equation for r has the same form as the equation 
for an ordinary Fermi liquid: 

r = fl- il"GGI', (5) 

where r 1 is defined as the set of diagrams for r, not 
containing any of the above-mentioned singular ele­
ments. 

Following articlef3 l, it is not difficult to obtain an 
explicit expression for D0 in the presence of a mag­
netic field: 

oo,Z(k)/21lJ.LoMo 
Do(w,k) = 

(w -21toH) 2 - w,2 (k) 
(6) 

where Ws is the frequency of a lattice spin wave in the 
absence of any magnetic field, o is a parameter which 
characterizes the exchange interaction between sub­
lattices, M0 is the equilibrium density of the magnetic 
moment of each of the sublattices, and 1J.o is the Bohr 
magneton. 

Substituting expression (2) for D into Eq. (1) and 
using Eq. (6) we obtain 

- w,'/21l!loMo (7 ) 
f=f+g ~ 

( w - 211oH) 2 - w,2 (1 + ll/21lJ.LoMo) 

As is evident from this equation, the singularities of 
the vertex part consist of the singularities contained 
in rand the poles of the second term in (7). Let us 
concern ourselves wl:,th an elucidation of the nature of 
the singularities in r. It is obvious that these singu­
larities are associated with spin waves in the elec­
tronic subsystem. These spin waves actually do not 
differ at all from the spin waves in paramagnetic 
metals 21 which are considered in articlesr 4 ' 8 ' 9 l. Keep­
ing in mind that the quantities II and g, appearing in 
the second term of (7), can ac,£ording to Eqs. (3) and 
(4) be expressed in terms Q_f r, we shall give a deriva­
tion of the expression for r in the long wavelength 
limit. 

2. Equation (5) is the standard equation for the 
theory ,SJf a Fermi liquid. As is well known, a singular­
ity in r arises in connection with the integration of a 
product of electron Green's functions near the Fermi 
surface. Let us represent the product GG in the form 
of a sum of the product of the pole parts of G and the 
regular part GG. Then Eq. (5) may be rewritten in the 
form 

T ~c ['- {f''(GG -GG) r. (8) 

Where r I Satisfies the equation 

f' -~ T'1 -- iT'1GGi" (9) 

Since r I and GG are regular' they differ from their 

2 >we wish to take this opportunity to thank V.P. Silin for kindly 
giving us an opportunity to become acquainted with preprint [9 ]. 
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values for H = 0 and k = 0 by quantities of order 
n/EF, kv/EF, and w/EF (EF denotes the Fermi en­
ergy, v is the Fermi velocity, n is the cyclotron 
frequency), and one can neglect in them the d~endence 
on k and H. Therefore one can assume that r 1 is 
equal to rw' which is the limiting value of r for 
k = 0, w ~ 0 in the absence of a magnetic field, and 
GG is equal to (GG)w, 

(GG)w= lim G(p)G(p + k). 
k=01 (r)-+0 

Thus, one can rewrite Eq. (9) as follows: 

f ,~ f'"- il''"(GG -(GG)w) r. (10) 

In order to solve Eq. (10) we shall use a pole expres­
sion for G in the quasiclassical approximation:PoJ 

G±(p,p') = y'ho(e- e')li(px- px')o(p, -- p/) 

x.2; aljl,(y'i•py)¢,(y'1•py')exp {i'\'Px(py-_py')}_ (ll) 
, e -(nQ + p,2/2m'- P±2/2m')+ il\signe' 

where m* is the effective mass of the Fermi excita­
tions, a is a constant of the order of unity,[HJ P± are 
the limiting Fermi momenta for electrons with op­
positely-directed spins, the 1/Jn( x) are Hermite func­
tions; the eigenfunctions of an electron in a magnetic 
field are selected from the condition for conservation 
of the momentum component in the direction k1 = k 
- (k. H) H/(H ·H), which is adopted as the x axis. 
Since in the quasiclassical approximation the wave 
functions of an electron are appreciably different from 
zero only on the trajectory, the momenta appearing as 
the arguments of the vertex part turn out to be of the 
order of the Fermi momentum. Therefore, to within 
quantities of order ( poRt1 (where R is the Larmor 
radius, p0 is the limiting Fermi momentum), scatter­
ing pro1;esses occur with conserv::J:!ion~of momentum. 
Thus, r in Eq. (10) has the form r = r(p, p 1

; k) just 
like the case when no magnetic field is present. As a 
result Eq. (10) may be explicitly written down in the 
following way: 

- - ell ~ 1 -r (p,, p,; "l = l'" (p, Jh) - -;;- LJ J riPo dp/ rZp,"l'"(p,, p') 
1l,'X 

Here 

In connection with the transition to Eq. (12) we have 
carried out an integration with respe_st to the energy, 
having taken into consideration that r ( p, p 1

; k) is a 
regular function of E and E 1 • 

Let us expand r and rw in a series with respect to 
the spherical functions: 

' , . . ... " ";mm' • ( P ) • (p') l(p,p,k) c LJ lw (k)Ylm- Y/'m'--;, 
/,l' p p 

(13) 

m,m' 

(13a) 

where rr is the coefficient of an expan~ion of rw in 
terms of Legendre polynomials. Since rw depends 
only on the single angle between p and p 1

, the sum 
over the products of the spherical functions has a 
diagonal form. 

Upon substitution of the expansions (13) into Eq. 
(12 ), the following matrix elements appear: 

Mn":"= ~ .p,:(y'i•p,,)Y1,,¢,+d'V'i•py)exp{i e~I kl.py}dpy. (14) 

Expression (14) can be converted into an integral along 
the classical trajectory of an electron in a magnetic 
field and is given by 

ma f, d<p [ C l M,, = :1• ~exp i-;ii'''J.fJ,cos<p--iwr 1 Y,,(\1-,<p) 

=la-m ( _c:_ k.l.Pn) Y/ni(H,fp}e-i'!1llf, 
, ell 

where Jn(x) are Bessel functions. Here 

eli ''·· 
p,= ( -(2n+1)) =Po-'in>'}-

' (' 

(15) 

is the quasiclassical value of the electron momentum 
component perpendicular to the direction of the mag­
netic field. Let us carry out an expansion with respect 
to ct and kz, taking into consideration that E~(pz) and 
E~ +ct ( Pz + kz ) are close to the Fermi level. We simul­
taneously change from a summation over n to an inte­
gration with respect to p1 . As a result, taking formu­
las (13) and (15) into account, we obtain 

f;:'';:''(k) = l~n JJ,,o,,,,bm,m,-,- L} n,,~aor;,m,(tl,<p) 
a v l'm' 

X Y I'm' (tJ, <j') L} f a-m, ( lei k J.Po sin \t) .1 a-m' I ~ kJ.Po sin tJ J 
u ,e . \e 1 

e' (m,-m') 0 v (~ -1-". cos\t) + aQ r;;,.;:, (k). (16) 
· w-v(ll+k:1 cos\t)-odJ 

Here k 11 ~= k cos <I>, <I> is the angle between k and H, 
Bz = a 2 vrf/(2l + 1), v = m*p5/27f 2 is the density of 
electron states on the Fermi surfaces, 1:. = p• - p- is 
the paramagnetic separation between the Fermi sur­
faces. In accordance with Landau's theory of a Fermi 
liquid,P21 1:. = 2J.l.oH/v(l + B0 ). We set k = 0 in Eq. (16), 

and we find r(k = 0), denoting it by r~. In this connec­
tion Eq. (16) assumes diagonal form, and its solution 
has the form 

where 
(17) 

(18) 

represents the well-known resonance frequencies for 
a homogeneous excitation of the electronic subsystem 
in the presence of a magnetic field. [4 J 

For small wave vectors in the approximation quad­
ratic in k, only the components r~m 1 associated with 

the values z' = l, l ± 1 and m 1 = m, m ± 1 turn out to 
enter into Eq. (16): 

"""o;! I --:;wl 1 , -,wl l "' a 2V ./ l' . ~!' I 
l mm :-= 1 mm T 1 mm ~ 4 Xmm•{(tl, h) 1 m'm, 

l'm' Jt 
(19) 

11'1 -:.ool' /' a 2V ·l l' 11 l 
1 m'm --= 1 m'm' 4Jl X mr,t' 1 111m. (19a) 

A summation with respect to l 1 and m 1 is carried out 
over the values indicated above. The diagonal ele­
ments xfhm have the form 

u (vk11) 2 w , , , 
Xmm ( w, k) = -------. · (lm I cos-() lim 

[w- Wim(1 + Bl)- 1]" 

1 (vk1.) 2 w +- ---------- -• 1 (1mlsin21Jjim.), 
2 [(w-w,m(1+B,)-1)"-Sl2](w-u>,,.,(1+Bt) ] (20) 

and the nondiagonal elements have the form 
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,11±1 wvka 
.'l:,.m (w, k) = (lm Ieos ttl/± 1, m), (21} 

!U- (dlm(1 + Bi)-l 

.1 l±t 1 wQvk.L .'!:,,. (w, k) =- ---·--· ~----:-:---:---=-:--:::- (22) 
2 [W-Wtm•(1+BI)-1J[w-wlm(1+Bz) 1] 

X (lmjsiu I') ei(m-m')~jl ± 1, m'), 

m' takes the values m ± 1. We have introduced the 
notation 

(lml/(l'l,tf) I I'm')=~ do l'l~n/(tl,q;)Yt'm·· 

Solving the system of equations (19) with respect to 
~zz r mm• we obtain 

-z z 4:t <•J- vL'i- mQ (23 ) 
fwm=----;-Bl , 

a·\' {o)-(o)lm(k) 

where w zm ( k) is the long wavelength limit of the spec­
trum for spin waves in the electronic system: 

Wlm(k) = Wlm(O) + Plm(O>Im(O), k), 

where wzm ( 0) is determined by formula (18 ), 

(24) 

Plm(W, k) = BI(!U- Wlm(O) (1 + Bl)-1) [ x::.,(w, k) (25) 

+ 'L' I XII' ·l'lJ'~-~-=- Wzm•(O)j~_±_.i!l)-1) J 
f'lll' ,._ Hl/11 (()- (1}/'11!'(0) • 

Using formulas (20 )- (22 ), we obtain an explicit ex­
pression for Pzm ( w, k ) 

Bzw(kv) 2 ~ 1 + B1, 

Pzm(w,k)=•w-wzm(O)(t+Bz)-1. w-wz•m•(O) ,, 
1'=1±1 

m'-=m,m±:t 

X{, I (lm Jcos ttll'm') J2 cos'<ll +I (lm I sin tt ei(m-m'>'Pjl'm') l'sin:!l> } 

(26) 

Finally, the spin-wave spectrum in a system of elec­
trons in a magnetic field has the following form near 
the frequencies w zm ( 0): 

(kv) 2 
Wzm(k)= Wzm(O)+'--· (azmcos2 <ll + Ptmsin2 <ll); 

Wzm 

_ 2 ~ _!_ -J:_!J1• [max( I, 1')]2 - m2 

111"'-(I+Bt) ..:..~ B -8. (21-'-1)(2/'..LI) 
/'=/±t I / 1 1 

1 1 +B1• 
~. -- (1 + Bi) 2 "' ---- . ·:--:--;;----:-:---:--~-;::-;--
.,- 4 1~1± 1 B1-B1• -(rn- m') (1 +B1) (1 +Bl')Q/w1, 

1n'=m±1 

(I'm' -lm) 2 + (m'- m) (l'm' -lm) 
'><: (2/ + 1lt2l' + 1) ·, - (27) 

Formula (27) agrees with the results of article[9 l 
and describes, as already mentioned above, spin waves 
in paramagnetic metals, which have recently been ob­
served experimentally. P 3 l 

In actual fact the spin waves obtained above are not, 
generally speaking, excitations peculiar to an antifer­
romagnet, since the actual excitations in an antiferro­
magnetic metal must be the result of collective inter­
actions in the system consisting of "electrons plus 
magneti£ sub lattices." As one can show, for k = 0 the 
pole of r corresponding to w = woo is not a singularity 
of the total vertex part r (as w - Woo( 0) the same 
pole term with opposite sign is contributed by the 
second term in expression (7)).~As w- wzm(O) 
( l ;« 0) the remaining poles of r as before determine 
the spectrum of eigenfrequencies of the system for 
k = 0. In the approximation quadratic in k, w = wzm (k) 
ceases to lead to singularities of the total vertex part 
r, which is a result of the interaction of these har-

monies with oscillations of the magnetic sublattices. 
In analogous fashion, in the higher-order approxima­
tions in k, the poles associated with the higher har­
monics wzm(k) (l > 1) are cancelled. Thus, in order 
to obtain the spectrum of the actual excitations in an 
antiferromagnetic metal, one must consider the singu­
larities of the second term in formula (6 ). 

3. Since the total vertex g describing the interac­
tion of an electron with a lattice spin wave has only the 
same poles as r' the other singularities in r corre­
spond to the vanishing of the denominator of the second 
term in expression (7}: 

(w- 2JLoH) 2 -w.'(1 + H(w, k) /21lJLoMo) = 0. (28) 

Setting k equal to zero, we first find the frequency of 
the homogeneous resonance. For this, we need to know 
the value of II ( w, 0 ). In order to determine its value, 
we transform Eq. (3) to a form in which the integration 
is carried out in the neighborhood of the Fermi sur­
face. Treating the problem in analogy to the way in 
which Eq. (10) was derived, we find 

II= II"- ig.,(GG- GG)g _ 
=II"- ig.,(GG- GG)g.,-g.,(GG- GG)f(GG- GG)g.,; (29} 

IIw and gw are obtained from th_e def£1itions of II and 
g by replacing GG by GG and r by rw and, to within 
terms of order 0/EF, agree with their values in the 
limit k = 0, w - 0 in the absence of a magnetic field. 
The quantity IIw determines the renormalization of the 
antiferromagnetic resonance frequency in the absence 
of a magnetic field.f3 1 The renormalized frequency is 
given by 

w,' = w.'(1 +II"' I 2bJLoMo). (30) 

For k = 0, carxying out the same calculations as in 
the evaluation of r ( w, 0 ) and taking into considera­
tion that gw is an isotropic function of the momentum, 
we obtain 

vA 
II(w,O)= II"+g.,'a2v----. 

w-woo(O) 

Thus, Eq. (28} takes the following form: 

(w- Woo(O)) [ (w- 2JLoH) 2 - ;;-;,2] = £;;-;.'2[.toll, 

where 
a'vg 2 w z 

6= "' ' 
1 + Bo w.'21lJLoMo w l 

(31) 

(32) 

(33} 

Here w0 is the frequency associated with the gapless 
branch of spin waves for H = o.r3 l 

For k = 0 only the frequency w00 ( 0) of the zeroth 
harmonic, which is equal to the paramagnetic reso­
nance frequency, enters into Eq. (31 ). As is evident 
from Eq. (31) the paramagnetic frequency and the 
antiferromagnetic resonance frequencies turn out to be 
related among themselves, where the coupling constant 
is, generally speaking, the not-so-small parameter ~ 

of the exchange interaction. This leads to a nonlinear 
dependence of the resonance frequencies on the magni­
tude of the magnetic field. For small magnetic fields 
(2t-LoH/ws « 1) the resonance frequencies have the 
form 

(34) 
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For ~ = 0 the frequency w 1 coincides with the usual 
paramagnetic resonance frequency; therefore, in what 
follows we shall also use this name for nonvanishing 
values of ~. Correspondingly, we shall call w 2 and w3 

the antiferromagnetic resonance frequencies. 
As is well known, at a certain critical value of the 

magnetic field, H =He, in an antiferromagnet a phase 
transition may occur into a state with noncollinear 
sublattice magnetic moments. For H = He the trans­
verse part of the static magnetic susceptibility tends to 
infinity, which corresponds to the vanishing of one of 
the resonance frequencies. Having set w equal to zero 
in Eq. (32 ), we find the following expression for the 
magnetic field associated with the phase transition in 
an antiferromagnetic metal: 

11 =--"'-'-.yT=-~=~. (35) 
c ~flu - 2ito 

This means that in the system under consideration, an 
antiferromagnetic ordering can occur only for ~ < 1. 

We note that H = He may correspond to both the 
vanishing of the antiferromagnetic resonance frequen­
cies, as occurs in an antiferromagnetic dielectric, and 
to the vanishing of the paramagnetic resonance fre­
quency. In order to find out which of the indicated 
cases occurs, let us solve Eq. (32) near H =He with 
respect to the frequency. Let us assume H =He + h; 
then for the frequency which tends to zero when 
H = He we obtain 

2(1;- 1) 
w=2~-toh 2 _ 3f-. (36) 

From here it is seen that for ~ < % we have w < 0, 
and the frequency w3 tends to zero. For ~ > % the 
paramagnetic resonance frequency tends to zero. For 
~ =% this formula loses its meaning; however, from 
Eq. (32) one can see that here the paramagnetic and 
one of the antiferromagnetic resonance frequencies 
simulataneously tend to zero: 

w = ± :!.ltoHc ( ~ k~Y' . (37) 

The latter case is, of course, an exotic situation since 
~ is an intrinsic parameter of the metal. The mag­
netic-field dependence of the resonance frequencies 
is shown schematically in the accompanying figure. 

The case when ~ is close to unity is of special in­
terest, that is, 1 - ~ << 1. In this case it follows from 
formula (35) that the magnetic fields over the entire 
range of their variation are small in comparison with 
the antiferromagnetic frequency Ws. Therefore, 
formulae (34) are valid over the entire admissible 
range, H <He. The case when ~ is close to unity 
corresponds to an anomalously small critical field 
whereas the antiferromagnetic resonance frequencies, 
which are determined by the exchange interaction be­
tween sublattices, are large as before. Thus, in this 
case we have to deal with a peculiar "hidden ferro­
magnetism" antiferromagnetic magnetic system. As 
is evident from Eq. (33 ), the value of ~ is to a signifi-

cant degree determined by the factor ( 1 + B0 t 1 , whose 
tending to infinity is the condition for the appearance 
of ferromagnetism in the electronic subsystem. (s] In 
other words, the exchange interaction in the conduction­
electron subsystem may play a dominant role in chang­
ing the nature of the magnetic structure of the lattice. 

4. Let us determine the spin-wave frequencies for 
the system under consideration by solving Eq. (28) in 
a quadratic approximation with respect to the k. From 
expression (29 ), omitting the intermediate calculations 
which are entirely analogous to those carried out in 
order to determine 'r( w, k ), we obtain 

TI(w, k) = TI(ro, 0) + Ml, 

( ro-vt. )'{ 00 c;li a'v .o1} L'ill=a2 vgw2 Xoo+ :3 Lnm(w,ki,--IXoml 2 • 

u> - 2~-toH ,,. ±t,o •:t (38) 

With the aid of formulas (20 )-- (22) we can write MI 
explicitly: 

1 ro (kv) 2 { cos2 <1> 
.1TI=-a2 vg..,2 (1+B1 ) 

3 (w-2~-toH)2 ro-w,o(k) 

1 ( 1 1 )} + -- sin2 <1> + ---- . 
2 ro-rou(k) w-w1,-dk) 

(39) 

As is evident from expressions (39) and (28 ), in the 
approximation quadratic in k not only the zeroth har­
monic, Woo(k), but also the first harmonics, w1m(k), 
intermix with the antiferromagnetic frequencies. Sub­
stituting expression (39) into the dispersion equation 
(28) it is not difficult to find the spin-wave spectrum 
near the eigenfrequencies wi(i = 1, 2, 3) and w1m. In 
order to avoid cumbersome expressions, we do not 
begin to write out the corresponding formulas, but 
present only, as an example, the expression for the 
spin-wave spectrum near the "paramagnetic" fre­
quency w1 for small values of 2MoH/ws: 

oo!(k)= (1- s) {2~<ofl + _1_ (1 + Bo)'(1 + Bt) (kv)~ 
3 2~-toH 

[ cos2 <1> .• • 2 Bo-B,-(t+Bo)s ]} 
X ···~ -t- Sill <1> ---

Bo-B, +(1 +Bo)s [Bo -B1 -(t +Bo)~J2- q2 ' 

(40) 

where q = m/m* is the ratio of the free electron mass 
to its effective mass. For ~ = 0 the spectrum goes 
over into the expression given in articlel8 l. 

The possibility that one of the eigenfrequencies 
w 1m coincides with one of the frequencies Wi ( 0) 
represents an interesting case. This may occur at a 
definite value of the magnetic field, due to the fact that 
w1m, according to Eq. (18), is proportional to H 
whereas wi( 0) as mentioned depends on the magnetic 
field in a nonlinear fashion. The spin-wave spectrum 
near the coincidence frequency turns out to be linear 
over practically the entire range of angles. For exam­
ple, in the case of coincidence of the frequencies w 1 ( 0) 
and w 10( 0) the spin-wave spectrum has the form 

w=wt(O)±[ (i-£)(i+3Bo)( 1 +B,) rkvco8<D+O(k2). (41) 

In conclusion the authors express their deep grati­
tude to I. E. Dzyaloshinski1 for a discussion of the 
questions touched upon here. 
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