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Oscillations of thermodynamic quantities with variation of the magnetic field are studied in the case of 
specular reflection of the electrons from the film boundary. For weak magnetic fields, when the radius 
of the electron orbit is much greater than the film thickness, the oscillations permit one to observe the 
quantum size effect without varying the film thickness. Formulas are obtained for the oscillating part 
of the thermodynamic potential n, the magnetic moment, the magnetic susceptibility and the specific 
heat; the formulas are valid for arbitrary orientations of the magnetic field H in the film plane. It is 
shown that the values of the oscillation periods permit one to determine the main curvature radii, the 
normal and main curvature directions at one of the two points of intersection of the Fermi surface 
with the extremal chord perpendicular to the film, providing the analogous quantities at the second 
point are known. The distance between quantum energy levels of a conduction electrons with an ex
tremal chord near the Fermi level can be derived from the temperature dependence of the oscillation 
amplitude. The condition for the existence of logarithmic singularities of the state density due to quan
tization of electron energy in the film is derived. The contribution of logarithmic singularities to the 
oscillations of the magnetic susceptibility and specific heat is analyzed. 

INTRODUCTION 

IN investigation of the oscillations of thermodynamic 
quantities in a magnetic field yields valuable informa
tion concerning the structure of the electronic energy 
spectrum of metal l11 • Additional possibilities arise in 
the study of magnetic oscillation effects in thin single
crystal films. 

The magnetic properties of metal films in a parallel 
field were considered by Kosevich and I. Lifshitz [21 • 

They obtained a g;eneral formula for the oscillating part 
of the magnetic moment. It follows from its analysis 
that when the field decreases to a critical value HL, at 
which the radius of the electron orbit is of the order of 
the film thickness L, the period of the oscillations 
changes noticeably and the amplitude of the oscillations 
in the film decreases sharply compared with the oscilla
tions in a bulky sample, a fact that can be used to deter
mine the shape of the Fermi surfacel31 • 

In this paper we investigate the region of weak fields, 
H <Z:: H L- In this case, without making any additional 
assumptions concerning the structure of the energy 
spectrum, it is possible to obtain formulas that describe 
in greater detail the thermodynamic properties of films 
in a magnetic field. It is shown that with change of the 
magnetic field H, the thermodynamic quantities oscillate 
with an oscillation amplitude on the order of smooth 
part, and with a period ~H whose order of magnitude is 
~H ~ HL 'L-112 , where 'Lis the number of the atomic 
layers in the film. A magnetic field of intensity H = ~H 
shifts the energy levels of the electron in the film by an 
amount equal to the distance ~E between the levels. The 
oscillations under consideration are due to the quantiza
tion of the electron energy in the film, and the role of 
the magnetic field is limited in this case to shifting the 
system of discrete energy levels that exist in the film. 
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Formulas were obtained for the period and amplitude 
of the oscillations, describing the dependence of these 
quantities on the angle of rotation of the magnetic field 
intensity H and the plane of the film. This makes it 
possible to derive, from the experimental investigations 
of the oscillations in a given region of fields H « H L 
very detailed information concerning the shape of the 
Fermi surface in the vicinity of the extremal chord sub
tending the Fermi surface parallel to the normal to the 
film. In addition, it may turn out that an investigation of 
the oscillations will prove the existence of logarithmic 
singularities of the densitt of states which, as previ
ously shown by the author 41 , arise in some cases upon 
quantization of the conduction-electron energy in the 
film. We analyze in detail the condition for the existence 
of logarithmic singularities of the density of state. 

The oscillations are significant in the temperature 
region T ;S .l E at which quantum size effects are usually 
observed in experimentl5 ' 61 • 

QUANSICLASSICAL ENERGY LEVELS 

To calculate the oscillations. of the thermodynamic 
quantities it is sufficient to find the energy levels in the 
quasiclassical approximation. 

The formulas for the quasiclassical energy quantiza
tion of an electron with an arbitrary dispersion law in a 
metal film placed in a parallel magnetic field were ob
tained by Kosevich and I. Lifshitzl21 and can be written 
in the form 

where 

p(e, px, py; eHL I c) = 2nhn I L, 
n = 1, 2, 3, ... , 

p (e, Px, py; !!.py) 
= S(e, Px, py; !!.p,) I !!.py. 

(1) 

(1') 
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and we put Apy = eHL/c; S(E, Px, Py; Apy) is the area of 
the intersection of the equal-energy surface S'(p) = E 
with the plane Px = canst, bounded by the straight lines 
Po and Py + Apy (see Fig. 1). The quantum energy levels 
En(Px• Py; H, L) are determined by formulas (1) and (1'), 
and when account is taken of the spin they take the form 

8ns = 8n(Px, py; H, L) + (-1)'· 1/zp,o/I, S = 1, 2. (2) 

Calculating S under the condition APy « I~ I, where 
Ri is the curvature radius in the i-th point (i = 1, 2), 
which is the intersection point of the straight line Px 
= canst, Py = canst with the equal energy surface [fJ (p) 
= E, we get from (1') 

1 (Vut Vyz ) 
p(e,p.,py; f),.py}= d(e,px,Py}--2 f),.py -+-I -~ 

Va Vz21 

1 ( )L ~ vu,• )''• 1 ( vvz2 
)'"] -- f),.py I 1+-- +- 1+--, . 

6 R1 Vzt2 R2 v,22 (3) 

In the case of electrons, Vyi and Vzi are the projections 
of the velocity vi= a <ejapi at the i-th point; in the case 
of holes, vyi and vzi are the projections of the velocity 
with the opposite sign, i.e., vi= -a&japi. Since vz 1 and 
Vz 2 have different signs, we can put Vz 1 > 0 and Vz2 < 0. 
The· signs of the curvature radii ~ are determined 
relative to the normal v li (v li = jvyi + kvzi), such that 
when ~ < 0 the center of curvature is on the normal in 
the direction of v li from the tangent. The quantity 
d(E, Px• Py) = 1Pz 1 - Pz2 1 is the length of the chord inter
secting the equal-energy surface parallel to the normal 
to the film. 

Formulas (1) and (3) determine implicitly the energy 
levels En in the weak-field region 

(4) 

At H = 0 there follow from (1) and (3), naturally, formu
las that determine the quantum energy levels of the elec
tron with an arbitrary dispersion law in the film [7J . 

The main contribution to the oscillations is made by 
energy levels En(H) at the extremal points, at which the 
function p(E, Px. Py; eHL/c) has an extremum at fixed 
values of E and eHL/c. In the case of an isolated ex
tremal point (apjapx = 0, apjapy = 0) the vectors v11 

and-v12 are parallel and vy/Vz 1 =-vy2/Vz2 = vy/vz, 
so that for the extremal value of Pe(E, H) we get from 
(1) and (3) 

1 (eH L)"( Vy2 )"'( 1 1 ) 2nfln p.(e,H)=d.(e)- 24 -c- 1+--;;r R,+Rz =~, (5) 

where de( E) is the extremal length of the chord. 
The distance AE between neighboring quantum levels 

En(H) is determined from (5), and is given in the vicinity 
of the fields (4) by 

/),.e = 2nh/ Lld.'(e} I = 2rrh/ L(v,1-1 + I v,zl-'), (6) 

i.e., it coincides with the distance between the levels at 
H = 0. Thus, the magnetic field shifts the system of 
levels in the film, without changing the distances be
tween them, by an amount 

1 ( eHL )•( v z )"'( 1 1 ) /),.eH=-(de'(e)}-1 -- 1+-Y- -+- . 
24 c v,2 R1 R2 

(6') 

The oscillations occur, with increasing field, as soon 

'Ul.t Pz z 

FIG. I 

as the level shift AEH becomes larger than the distance 
A E between them. 

CALCULATION OF THE THERMODYNAMIC POTEN
TIALO 

The calculation of the thermodynamic quantities is 
best started with the determination of the thermodynamic 
potential n from the known formula of statistical physics 

Q=-~~ ~ n d d m[1+ex ~-ens(p.,,py;H,L)1 
L(2:r¢)• ::, ;:, .l J Px py p T ' 

which can be represented in the form 

Q = Q+Qosc, 

(7) 

(7') 

where ff is a smooth function, by summing (7) by the 
Poisson formula. The thermodynamic potential is de
termined here as a function of the external field inten
sity H, since the difference between Hand the magnetic 
induction B is insignificant in the considered field reg
ion H << H L• and the inhomogeneity1> of the magnetic 
moment can be neglected (corresponding estimates are 
made in the analysis of the oscillations of the magnetic 
susceptibility). 

As a result of calculations similar to those of 
Lifshitz and Kosevich [toJ , we obtain for the oscillating 
part of the potential the following expression: 

2VT 2 ~ ~ ) 
Qosc= -2n/i3 ~ 2; ~ deln( 1+exp •;e 

( ) ·~· k~t 

X ~ ~ dp.dpy ::cos ( k ~p ), 

where pis determined by formula (1'), 

~. = (;- (-1)'· 1121-toH, 

V-volume of film, and 21Th-Planck's constant. 

(8) 

(8') 

Inasmuch as Lp/Ji,..., /£ » 1, the integrals in (8) can 
be calculated asymptotically. In the case of an isolated 
extremal point, we obtain as a result 

V 2 a 1 "'1 ( T 
Q osc = - 2; 1----e_-r lll-'1• 2; -'I' 2n2k-) 

2n•Ls ·~• {)~, k~t k3 /),.e 

(9) 

1>The thermodynamic potentials are determined as functions of the 
magnetic induction 8, since the field acting on the charges is the magnetic 
induction, as was first pointed out by Shoen berg [8 ]. This can lead to 
effects due to inhomogeneity of the magnetic moment [9]. 
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where the function PeU;s, H) is determined by formula 
(5), ..Y(z) = z/sinh z, and ~E:: is determined by formula (6) 
atE::=l;s, 

l = [ (azp. I 8px2) (81p./ 8py2)- (a'p./ 8px8py)2] 6,. (10) 

In the argument of the cosine, identical signs are chosen 
in the case J > 0,, the plus sign in the case when 
i1 2Pe/ap~ > 0 and the minus sign when 8 2pe/ap~ < 0, and 
opposite signs in the case J < 0. It follows from (9) and 
(5) that when the magnetic field changes, the thermo
dynamic quantities oscillate with a period equal to 

48~e2 ( v 2 )-'/, !1.(H2 )= --- 1 +_!I_ 
e2L 3 v? 

1 1 1 ,-· .xI R;+Jl; . (11) 

The considered oscillations will take place in the field 
region 

(12) 

where ~H = v'~(H2). 
In formula (9) we can put l; s = l;, i.e., we can neglect 

the spin splitting,. since estimates have shown that in 
the investigated region of fields (12) the spin paramag
netism makes no contribution to the oscillations of the 
thermodynamic quantities. Oscillations due to spin 
paramagnetism in films occur in stronger fields 
(see[11J). In addition, in this region of fields we can 
neglect the shift of the chemical potential l; with chang
ing magnetic field, so that in (9) the value of l; is taken 
at H = 0. 

DEPENDENCE OF THE OSCILLATIONS ON THE MAG
NETIC FIELD DIRECTION 

When the magnetization vector of the magnetic field 
His rotated in the plane of the film, the period of the 
oscillations ~ {H2) changes appreciably. Let (J, cp, lj! 1) 
and (J, cp, 1/!2) be the Euler angles which specify, with 
respect to a certain basis {i, j, k) reference frames 
(111, 'T1, v1) and (112, 'T2, v2), which in turn determine the 
principal directions and the outward normal at the 
points of intersection of the Fermi surface by the chord 
parallel to the normal k to the film. By virtue of the 
extremal character of the chord, v1 is parallel to -v2 , 

so that J 1 = J-2 = ~~ and cp 1 = C{J2 = cp, and by definition 
Vz 1 > 0, Vz 2 < 0, and cos J > 0 (see Fig. 2). 

Using the well known differential-geometry relations 
between the radius of curvature Ri of an arbitrary sec
tion with the prindpal curvature radii R11i and R7 i at 
the i-th point of the surface, we obtain from (9) and (5) 
after simple transformations 

Qosc = ~ ( _.!._+-1-)-1 111-'" ~ __!:_ 'l'( 2rt2k!'_) 
n2£3 \ Vz1 l Vz21 k=1 k3 ~E 

{ L rt rt H 2 e'£3 
xcos k-d.+-+--k---

fi - 4 - 4 24 fie2 

) 

X [Vo- 'VI cos 2(a- <p)- "\'zSin 2(a- <p)] , (13) 

where de is the length of the extremal chord 

1 + cos2 ~ sin2 ~ 
'Yo= 2 3 -- (xt + Xz)--- (lit cos 21Jlt +liz cos 21jlz), 

cos ~ 2 cos3~ 

sin2 ~ 1 + cos2 -& 
Yt = 2 cos'~ (xt + xz)- - 2 cos'~ (6, cos 21j), + 62 cos 21jl2 ), 

(14) 

Here 

Ki is the average curvature, and the unit vectors "i and 
'T i are chosen such that o i 2: 0. 

For J we obtain from (10) 

I= - 1-[(x1 + x2 ) 2- (o1 + o2 ) 2+41i,bz sin2 ('llt -1jlz)], (16) 
cos'~ 

where ( 1/J 1- 1/! 2) is the angle between the principal direc
tions 111 and 112. 

FIG. 2 

It follows from (13) that the dependence of the period 
of the oscillations on the angle Q' that characterizes the 
rotation of the vector H in the plane of the film is deter
mined by the formula 

fie2 
11(H2) = 48n--lvo- y, cos 2(a- <p)- "1'2 sin 2(a- <p) 1-•, {17) 

p2f 3 

OSCILLATIONS OF THE MAGNETIC MOMENT, OF THE 
MAGNETIC SUSCEPTIBILITY, AND OF THE SPECI
FIC HEAT 
Differentiating nose with respect to the field, we ob

tain the oscillating part of the magnetic moment Mosc 
= -anosc/aH. The component of the moment along the 
magnetic field is M 11 osc =-a nosc/BH, while the com
ponent perpendicular to Hand to the normal k to the 
film is M1 osc =-H-18Qosc/aQ'. Hence, differentiating 
(13), we obtain 

Muosc = (yo- "\'I cos 2(a- <p)- yz sin 2(a- <p) )G(H, a, T), 

M.Losc= (y,sin2(a-<p) -yzcos2(a-<p))G(H, a, T), (18) 

where 

G(H,a,T)=- Ve'H (-1-+-1- )-1111-'" ~ _!:__'¥· (2n~k!_) 
112rt2fie2 v,1 I v,2 1 •~• k2 de 

{ L rt rt IJ2 e2L 3 

X sin k/tde±4±4- k 24 1!7,2-

X[Vo- Yt cos 2 (a- <p)- "1'2 sin 2(a- <p)]} (18') 

Comparing in order of magnitude the amplitudes of 
the oscillations (18) and (18') with the smooth part M 
{for estimates we can use the well known expression [lOJ 

for the smooth part of the magnetic moment of a bulky 
sample), we get'> 

(19) 

2lThe same follows from the exact formulas [1 2 ] for the magnetic 
moment of a gas of free electrons in a layer. 
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We determine analogously the oscillating part of the 
magnetic susceptibility Xosc = 8MIIosclaH. 

We shall show that at T = 0 the susceptibility Xosc 
has logarithmic singularities. As a result of differen
tiation of (18') and the summation of the series at T = 0 
we obtain 

:x: osc = xosc - v(: -1- + ~1 -)-' 
v, I Vzzl 

[ H e2L'h 
xiJI-'f, ----<-- (vo-

12:rc lic2 

-y, cos 2 (a-q>) -y, sin 2(a-cp)) r 
)(cos(±~+~)lnl2sin[~ 

4-4 2/t 

H'e'£3 
- 481ie' (Yo - y, cos 2 (a - <p) 

- yz sin 2 (a - q:)) J I , (20) 

where Xosc is a certain bounded oscillating function 
whose explicit form will not be written out. At J > 0, 
identical signs are chosen, so that cos (± 1T I 4 ± 1T I 4) = 0; 
at J < 0 we have cos (±1TI4 ±1TI4) = 1. 

Thus, in the case when 

1<0 (21) 

the magnetic susceptibility at T = 0 has logarithmic 
singularities (see Fig. 3a) at field values H = Hn, where 

48nlie' n + { Lde/2nli} 
H z-~~ --------,,-,-----'-----'-----

n - e'L3 y0 - y1 cos2(a- cp)- Yz sin 2(a- <p) ' 

n = 0, ±1, ± 2,... (22) 

The sign of n is chosen to satisfy the condition H~ > 0, 
and {x} is the fractional part of the number x. 

Calculating the amplitude of the oscillations Xosc at 
the points H = Hn for temperatures T « ~E different 
from zero, we obtain 

( 1 1 )-t , [ H n e2 L''' 
:X:osc(Hn,a,T)=- V -;,;-+ lvzzl Ill-(, 12:rc lie' 

X(Yo-y1 cos2(a-cp)-yzsin2(a-<p)) ]\n( L ). (23) 

At sufficiently low temperatures T « ~E, the depen
dence of Xosc(H, a, T) on the magnetic field at H"' Hn 
is determined by formula (20), and at H = Hn by formula 
(23). The amplitude of the oscillations increases in pro
portion to the square of the field intensity (see Fig. 3b). 

According to formulas (18) and (18'), in the consid
ered region of fields H « HL the value of the magnetic 
moment is much smaller than the period of the oscilla
tions ~H. In addition, IMI << H, so that in our case the 
difference between the magnetic induction B and the in
tensity His insignificant, and the inhomogeneity of the 
magnetic moment can be neglected (see[ 91 ). It must also 
be noted that as T - 0 the magnetic susceptibility 
x(Hn, aT)- +00 in accordance with formula (23), since 
the coefficient of the logarithmic singularity is negative. 
To obtain values of x of the order of unity (let alone 
larger values) it is necessary to have exceedingly low 
temperatures, which can be determined from the esti
mate of the magnetic susceptibility per unit volume 
x ~ 10-3 vFc-1 ln (~ t:IT), where VF is the electron veloc
ity. In addition, the logarithmic singularities are 
smeared out as a result of the scattering of the electrons 

llosc(H, 0) 

1U1U1l rU'l. · I I I : : 
I I I lj 1 
I I I ._./I I 

I I n' 
I I 

Cosc L--...Lf~+'~i-"-L!-1 _,_( 
I I I I H 
I I I I 
I A A 

I c 
fl1 ~ I I I 

I I I I 
I I I I 
I I I I 
I I 1\. I 

FIG. 3. Oscillations of the magnetic susceptibility Xosc at T = 0 (a), 
ofxosc at 0 < T ~ ~e (b), and of the specific heat at T ~ ~e (c); .1-e 
- distance between quantum energy levels. 

by the impurity[131 • Nonetheless, the oscillations con
sidered here are appreciable compared with the smooth 
part of the magnetic susceptibility. 

The oscillating part of the specific heat Cosc 
=- T8 2 Qosci8T2 is determined from (13): 

C osc =- T _!:'_ (~1 +~-) 111-1;, S ~'¢" ( 2:rc'k!'__) 
li2L v, I v,2 1 k~t k · ~e 

{ L n n H 2 e2£3 
X cos ktlde ±!; ± 4-- k24-/l~2- [yo- y, cos 2(a- <p) 

- y 2 sin 2 (a - <p)] } , 
where 

z(1 + ch2 z) 2chz 
'l'"(z)=· -~~. 

sh 3 z sh2 z 

(24) 

(24') 

At J < 0 and at sufficiently low temperatures T « ~E, 
summing the series in (24), we obtain 

TV ( 1 1 ) . I [ Ld H' e'£3 -~- --+ -- IJI-'''·ln 2sin -•- -~-
31i2L v,, I v,zl 21i 48 he' 

Cosc= x(yo-y,cos2(a-cp)-yzsin2(a-<p)) Jl, 
-~(-1 1 -

1-) l - 1/zln(_!__) H=Hn. 
31i2L v,, ' I Vzzl I I · ~E ' 

(25) 

The amplitude of the oscillations does not depend on the 
magnetic field (see Fig. 3c). At T = 0, the quantity 
CosciT, in analogy with the susceptibility Xosc' goes 
logarithmically to infinity at the points H = Hn, this 
being due to the presence of logarithmic singularities 
in the density of states. 

LOGARITHMIC SINGULARITIES OF THE DENSITY OF 
STATES 

According to the results obtained in [<J, the state 
density v( E) has logarithmic singularities if the corre
sponding isochords have hyperbolic points (Fig. 1 of[4 l). 
Isochords are curves in the (Px, Py) planes, at the points 
of which the given equal-energy surface has chords of 
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equal length parallel to the pz axis. (The z axis is 
normal to the film.) Certain particular cases of the 
shape of the equal-energy surface, for which v(E) has 
logarithmic singularities, were noted in [4 J • We present 
below a more detailed investigation of the topology of 
the equal-energy surfaces, the shapes of which deter
mine the presence of logarithmic singularities in the 
density of states. 

In the vicinity of the hyperbolic point, the isochords 
satisfy the equation 

py21 2m,- Px2 I 2m, = <p(e, n), 

where the Px axis is the axis of the neck, so that m2 > 0 
and m1 > 1. 

Calculating mi and cp near the extremal chord de(E), 
we obtain 

m,-t = l'Vt2 + y,'- vo, m,-t = l'Vt2 + y,' +Yo. 
rp(e, n) = de(e) - 2nlin I L, 

where the y i are determined by formulas (14), and 
(m1m,r1 = -J. 

Substituting the obtained expressions in formulas (7) 
or (8) of [4 J , we obtain the corresponding expression for 
the density of states: 

\'(e)= \'o(e)- VJ!J-'h (_1_+-~)ln 1
1
2sin Lde(e) I, (26) 

L(rrli)2 V>t lv.l ?/i I 

where va(E) is a certain smooth function. The same fol
lows from formula (25) at H = 0, using the relation 
C = 1T 2vT/3. 

At the points E = En, where the quantum energy levels 
En are determined by the equation 

de(en) = 2rrfzn ( L, n = 1, 2, 3, ... , (26') 

the state density ;v( E) goes logarithmically to infinity. 
From the inequality m1m2 > 0, which is characteris

tic of the hyperbolic point, follows the condition J < 0, 
which with allowance for (16) can be written in the form 

(xt + x,) 2 + 46162 sin2 (¢t- "ljl2 ) < (6t + 6,) 2 • (21') 

Let us analyze in greater detail the condition (21') 
with respect to the type of points on the equal energy 
surface that is intersected at these points by the ex
tremal chord, taking into account the fact that o 1 > 0 
and o, > 0 by definition. We denote by Ki = (RviR7 it1 
the Gaussian curvature at the i-th point, i = 1, 2. 

Elliptic Points K1 > 0, K, > 0 

If K 1K2 > 0 (see Fig. 4a), where Ki is the average 
curvature at the i-th point, the inequality J > 0 is always 
satisfied. On the other hand, if K1K2 < 0 (see Fig. 4b), 
then J can be either positive or negative (the specific 
case J = 0 is not considered in this paper), depending on 
the satisfaction of the conditions 

l > 0 for I x, + x,J > 6, + 6,, 

l < 0 for Jx, + x,J < 6,- 6,. 

In the intermediate case 

(27) 

(27') 

J6,- li2 J < Jx, + x2 J < 6t + 6,, (27") 

J >O if sin2 (1/!1-1/! 2) >sand J < 0 if sin2 (1/! 1-1/! 2 ) < s, 
where 

li 
a 

FIG. 4 

In the case (27 "), the mutual orientation of the principal 
directions is important. 

Saddle Points: K1 < 0, Ka < 0. 

In this case (see Fig. 4c), condition (27) is not satis
fied. There can be realized either the condition (27'), 
when J < 0, or the condition (27"), and then, depending 
on the mutual orientation of the principal directions, 
J < 0 or J > 0. 

Elliptic and Saddle Points: K1 > 0, K, < 0 

The conditions (27), (27'), and (27") can be realized 
(see Fig. 4d), and accordingly J < 0 or J > 0. 

Thus, with the exception of the case of elliptic points, 
in which the average curvatures have identical signs 
(Fig. 4a), in all the remaining cases, at appropriate 
values of the principal curvature radii and of the mutual 
orientation of the principal directions of the curvature, 
the condition J < 0 is satisfied, and consequently the 
density of states has logarithmic singularities. This 
condition can be formulated in the form of the following 
criterion: in order for the density of states to have 
logarithmic singularities, it is necessary that, upon dis
placement from the extremal point, the corresponding 
changes of the length of the chord along certain direc
tions have opposite signs. This follows directly from the 
fact that the quantity cp(E, n), which characterizes the 
change of the length of the chord in the vicinity of the 
hyperbolic point, can assume both positive and negative 
values. 

CONCLUSION 

The relative large magnitude of the oscillations in
vestigated in the present paper facilitates their experi
mental study. We present several estimates for fields 
and temperatures in which the oscillations are apprec
iable. For films of thickness L ~ 10-4 em we have HL 
~ 103 Oe, <lH ~ 10 Oe, and <lE ~ 1°K. Similarly, for 
L ~ 10-5 em we get HL ~ 104 Oe, aH ~ 102 Oe, and <lE 
~ l0°K. 

There exists a certain optimal film thickness for a 
given temperature region in which the effect under con
sideration takes place. If the film is too thick, then the 
value of <lE will be accordingly small and lower tem
peratures are needed. To the contrary, if the film is too 
thick, then the region of fields in which the oscillations 
are observed is appropriately decreased, since aH in
creases more rapidly with decreasing film thickness 
than HL (<lH ~ L-312 , HL ~ L-1). 

By determining experimentally the periods of the os
cillations in the given regions of fields at different 
orientations of the intensity in the plane of the film, we 
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can, using the formulas presented in the paper, find the 
principal curvature radii, the normal, and the principal 
curvature directions in one of the points where the 
Fermi surface is intersected by an extremal chord 
parallel to the normal to the film, provided analogous 
quantities at the second point are known. The length of 
the extremal chord, as is well known[14J, can be deter
mined from experiments on quantum size effects. Thus, 
using differently oriented single-crystal films, we can 
obtain valuable information concerning the shape of the 
Fermi surface. 

An interesting question connected with the clarifica
tion of the existence of logarithmic singularities of the 
state density might be solved by experimentally investi
gating the oscillations at sufficiently low temperatures, 
T « .!l£. As seen from the foregoing analysis, depending 
on the topology of the Fermi surface in the vicinity of 
the extremal chords, the electron state density has 
logarithmic singularities due to the quantization of the 
conduction-electron energy in the film. 

The author is grateful to M. I. Kaganov for a discus
sion of the work. 
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