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A theorem is derived for quantities of arbitrary physical nature, expressing the third moments of
equilibrium fluctuations and the spectral fluctuations of first order with respect to the external
force, in terms of the second order nonlinear susceptibilities.

INTRODUCTION

AT the present time fluctuation theory has investi-
gated most extensively the spectral properties of equili-
brium fluctuations. A decisive step in the theory of
equilibrium fluctuations was the derivation by Callen
and Welton'"»?] of a fluctuation-dissipation theorem,
relating the spectral density of equilibrium fluctuations
to the dynamical behavior of the system in an external
field (the linear susceptibility)!®”. Under special as-
sumptions about the Markovian or Gaussian character
of the processes involved, the complete theory of
equilibrium fluctuations reduces to spectral theory

It is of general physical interest to establish for
equilibrium fluctuations relations among the amounts
of higher order involving nonlinear susceptibilities and
the quantities which determine the nonequilibrium
fluctuations.

In many phenomena a fundamental role is played by
additional fluctuations which appear in the system un-
der the action of the external excitation (Mandel’shtam-
Brillouin and Raman scattering, parametric fluctua-
tions). It is therefore interesting to find relations be-
tween the qualities which determine the additional
fluctuations and the quantities which determine the
dynamical behavior (i.e., the nonlinear susceptibilities).

In the first part of this paper the third moments of
the equilibrium fluctuations and the additional fluctua-
tions of first order with respect to the external force
are expressed in terms of the quantities determining
the dynamical behavior of the system (nonlinear sus-
ceptibilities of the second order in the force).

In the second part the general equations are applied
to electromagnetic fluctuations. In particular, the
parametric fluctuations are considered which were
experimentally discovered by Harris, Oshman and
Byer!*) and Akhmanov, Fadeev, Khokhlov and
Chunaev'),

In the third part general relations are found between
the nonlinear susceptibilities of third order in the ex-
ternal force and the additional fluctuations of second
order.

All possible particular cases are considered for the
general formulas, as well as symmetry relations. In
the case when there is a resonance only for the differ-
ence frequency, the general relations go over into the
formula obtained by Fain and Yashchin*?!,

The fourth moments of equilibrium fluctuations are
expressed in terms of quantities which determine the

[8,9]

additional fluctuations of second order in the external
force.

1. BASIC DEFINITIONS

We consider an arbitrary system described by
quantum mechanics, subjected to an external perturba-
tion of the form

V(t) = —Xofa(?), (1.1)

where X, is a physical quantity describing the system
and fa(t) is a given external field.

The expectation value of Xy at the instant t under
the action of the perturbation (1.1) will be denoted by
(X4(t)). The brackets (...) denote averaging over
an equilibrium state, described by the density matrix
of a canonical ensemble®:

po—exp{———h— (.7[0—1“)} (1.2)
where %, is the Hamiltonian of the unperturbed system;
B =h/kT; k is the Boltzmann constant and h is Planck’s
constant. Xg (t) is an operator in the Heisenberg pic-
ture

XH(t) = S1(t) Xa(t)S(2), (1.3)

where S(t) is the time evolution operator, related to
the external perturbation (1.1) by means of the for-
mula®
.t
S(t)= Texp {ih Swdz' Xor (') far (V) } (1.4)

Xa(t) is the o%?rator X3 in the interaction picture.

Assume (X7 (t)) to be expanded in powers of the
external field fa(t). Then in first order in the field we
obtain the linear response or reaction function
@ab(t, t1), in second order we obtain the nonlinear
response of second order @apc(t, ti, tz), etc.

XB () = § dtvguo(t 1) fo(t0) + § dtn §ats Qae(t, b, ) fo (W) felt) + .-
(1.5)

Y —oo —o00

DWe assume that the external field fa(t) is switched on adiabatically.
For t =-oo the quantity fa(- o) = 0 and the system is in the equilibrium
state (1.2).

DT is the time-ordering operator which arranges the operators be-
longing to earlier times to the right of operators defined at a later time
(cf.,e. g, [*D).
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similarly we obtain a more detailed description of the
system if we define the function

q'ran(t, tl) = 1/2< [XaH(t)a XbH(tl)]+>' (1'6)

The function (1.6) determines the correlation proper-
ties of nonlinear fluctuations.

We assume that (1.6) may be expanded in powers of
the external field:

Wbt 1) = Wap (4 1)+ § dbs Wase (2, 1, 12) o (12)
+ §aty § dta Wasea (t, 11 to, 1) fo(t2) fate) .

—o ©

(1.7)

The first term in (1.7) determines the correlation
properties of equilibrium fluctuations, ¥gpe(t, t;, tz)
determines the nonequilibrium fluctuations to first
order in the field, etc. By analogy with (1.6) one may
define the moments of higher-order fluctuations. In
the present paper however we restrict ourselves to the
consideration of correlation properties of the nonequi-
librium fluctuations.

We now go over from a temporal description to a
spectral one. We define the Fourier transforms of the
reaction functions @ap(t, t1), @ape(t, t1, t2),... and
of the functions ¥ap(t, t1), Yape(t, t1, t2),... by means
of the relations®:

o

tar(0) = { dr e qu(v),

—00

(1.8)

Yave (@1, ©2) = S dry S drp e30orTHiom gy (T4, T2), (1.8")
Do (0) = § dreiom Wy (), (1.9)
Oupe (05 02) = § iy § dmpeiontion Wope(r,m),  (1.97)

Here xap(w) is the linear susceptibility, Xgpe(wi, w2)
is the nonlinear susceptibility, or cross-susceptibility
of second order, etc., ®3p(w ) determines the spectral
intensity (density) of the equilibrium fluctuations,
®ape(wi, w2 ) describes the spectral properties of the
second order nonequilibrium fluctuations, etc.

The inverse Fourier transform, e.g., of (1.9"), has
the form:

d_(.l){ S vd(.\)z

4
9 5o erommion Mgy (01 @2).
;

Wage (11, 72) = § »
2. THE CAUSAL NONEQUILIBRIUM GREEN’S
FUNCTION

Further we must write the reaction and fluctuation
functions in such a form that use can be made of the
information following from the thermodynamic equili-
brium condition, and from the symmetry of the equa-
tions of motion with respect to time reversal.

(1.10)

Owing to the temporal homogeneity of an equilibrium system the
reaction and fluctuation functions depend only on time differences 7j =
t-tj(i=1,2, ... ). We shall call the functions ¥apc(t, t;, t3) etc. fluc-
tuation functions.
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We show that the dynamic behavior of the system
and the fluctuations defined by (1.6) are described by
the causal Green’s function:

Gull(t, 1) = — (T LX), Xt D
= % XA X)) n(t—t) + ;7 L) XB@)) (b —1)

= % AXH(), XF(t))-) sign (6 — ) + "2[71 AxH(e), X (1)1, (2.1)

where
w-w={y [ Tp 2, 2.2)
is the Heaviside step function;
sign(v) = n(v) —n(—), (2.2)
and
() +n(—7) =1, sign (7) -sign (v) = 1. (2.3)

We consider the change of (X;I;I (t)) under an in-
finitesimal change of the external field f(t), cf.[*4],
We set

fo'(t) = fa(t) + 8fa(t). (2.4)

The variation of (1.5) for a small increment (2.4)
has the form

©

8 <X 2(t)) =  dts s (8, 11) 8 (11)

—oc

2 St § e guue(t, 1 ) 1o (12) 870 (1) + ... (2.5)

By definition the coefficient of 6fp(t,) is a functional

derivative. Thus

8 (X))
8fv (t1)

1 82(XH 1))

Qab (2, 11)= ,
=0

_ L 8¥X()s 2.6
L A TR ATAYSATAN B @6)
or
Qab (1, b)) = @ao" (1, 11) | =0,
_ 1 seai(t )
(Pabc(i,thiz)—~72!— AN
where
Qatl(t, 11) = 8<XI(2) >/ 8f(t1). (2.7)

Let us find the explicit form of the function (2.7).
For this purpose we compute the variation 6S of the
S matrix (1.4) for an infinitesimal variation of f(t),
(2.4). We have

. t
8S(ty="T {a [exp %_S»dt' Xor () far (') ]}
R 1
= _ffl § at’ o1 () S (1, 1) Xar (£) S (1)
i t
=— § a 8fa () TIS (1) Xar ()]

-—00

(2.8)

This leads to (cf. Eq. (2.18))

88 (1)
0f (11)

_ %T[S(z)xb(mln (t—t)= —;S(t)Xb“(tf)"(’ ' (2.9)
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The functional derivative of the inverse S matrix can
be determined from the unitarity condition

S (@)S(t) = 1; (2.10)
we obtain
S(5HN) _ gy 95 o,
st~ Vo
=—%Xb“(t,)S-‘(t)n(i—h)- 2.11)

Using (2.9) and (2.11) we obtain the following expres-
sion for (2.7):

H, oy 88T Xa()S(1))
o b = o

= —;l({XaH(t),XbH(t,)]_)n(t——t,). (2.12)

From (2.12), (2.3) and the commutation properties
it follows that the function <pr(t, t,) has the obvious
properties: a

Qa(t, ts) — Qudi(ts, 1) = % X B, X)L, (2.13)

GaBi(t, ) + qodi(ty, 1) = A XAy, XHt)losignie — &), (2.14)
h

Padl(t, 1) — Qual(ts, 1) = [oastl(t, 1)+ @odi(ty, 1) I sign (¢ — t1). (2.15)
Comparing now (2.1) with (1.6) and (2.14) we obtain

Gadl(t, 1) = %‘[‘Pabﬂ(t, 1)+ gui(ty, t)] + hL vl ). (2.16)

Thus the real part of the Green’s function (2.1) deter-
mines the dynamical behavior of the system and the
imaginary part determines the nonequilibrium fluctua-
tions (1.6).

We transform (2.1) to the interaction picture ac-
cording to (1.3) making use of the properties of the
operator S (cf.®*))

§(00, £)§(t, —o0) = S(o0, —00), (2.17)
. 8-1(t) = S4(00) S (o0, 1), (2.17)
S(t, 81)S(t, —o0) = 8(t, —o0), t>1¢,
S(t, 1) = S(t)S(t). (2.18)
For t > t; we obtain
Gaifi(t, m:%(S—‘(t)Xa(t)S(t)S—‘(t,)Xl,(ti)S(t,))
=—hi—(S—i(oo)T[S(oo)X.,(t)X,,(t,)p. (2.19)

It is obvious that the result obtained in this manner
does not depend on the ordering of the times t and t;.
Using equations (2.9) and (2.11) for t = « it is easy

to find the expansion coefficients (or functional deriva-
tivev) of the Green’s function (2.19) with respect to the
powers of the external field. Thus

8Ga(1, 1) (

Ofc(t2) = (hLy{ T {Xa(8) Xo (1) Xe (82) D

f=0
— (Xc(tz)T{Xa(t)Xb(ti)])},
8%Goil(1, t1) AR .
8Fe(t2)8fa(ts) |10 (#){ roxio X Xaep

— (X (t2) T [Xa (£) Xo (1) Xa(ta) ] — (X (t3) T [Xa (t) Xo (1) Xe(£2)])
— (T {Xc () Xa ()17 [Xa (8) Xo (1) D

(2.20)

=0
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QX (t2), Xa(ts))e T X0 (O Ko () D }. (2.21)

For the purpose of abbreviation we introduce the no-
tations

% (T[Xa(t)Xb(ti)Xc(t2)1> = G(tv ty, lz),
(X (t2) T{Xa () Xp (1)) = Ba(ta; 8, 1),
_j..‘ (T [Xa(t)Xb (ti)Xc(t2)Xd(t3)]> = G(ta tiv 1y, t3)v (2'22)
KX () T[Xa(t) Xo(t1) Xa(ts) 1> = Aa(tes t, 11, t3),
T [Xe(t2) Xa(ta) I T[Xa(2) Xu (1) 1D
— i [Xc(t2), Xa(t3) 14T [Xa(2) X6 (1) ]> = aas(to, ta; £, 1)

Finally, equating the functional derivatives of the left-
and right-hand sides of (2.16) and utilizing the nota-
tions (2.22) we obtain the equations

i
lPabc(tq iy, tZ) + ‘Pbac(tl, t, tz,) + fT‘ ‘Yabc(ty ty, tz)

1
=F{G(t,ti, o)+ Ba(ts t, 1)}, (2.23)
3[@abea (£, b, b2, 13} + Poaca (11, ¢, b2, 13)]
i 1
+ 2 Waea (b 1 1 ) = 75 4G (1, s 1)
+ Ao(ta, 8, by, 1) + As(la, b, by, 1) + @s(ta, 158, 14) ). (2.24)

For the functions occurring in the right-hand sides
of the equations (2.23), (2.24) it is easy to write down
relations following from the conditions of thermody-
namic equilibrium and the symmetry with respect to
time reversal. Time-reversal invariance of the equa-
tions and the hermitean character of the operators Xj
imply the following properties of the functions (2.22)
(ct.[18T),

G(t, 1) = £G(—t, —t), G(t, t, ) = £G(—t, —t1, —t2),(2.25)
Bo{—ty, —t, —11) = =(T[Xa(2t), Xo(t1) 1 Xe(22), (2.26)
Ay (—ty, —t, —t,, —t3) = KT [Xa(t), Xo(t1), Xa(ts) ] Xe(t2)>, (2.27)

ags(—ta, —t3, —t, —t1) = i T[Xa(t), Xo(t1)1T[Xc(te), Xa(ts)]>
—<T[Xa(2), Xp (1) 1[Xe(t2), Xa(ts) ]2}, (2.28)

The sign + corresponds to the case when the product
€2 ¢”... equals +1. The value of € is +1 if X, does
not change sign under time reversal, and is -1 if

Xa does change sign under time reversal.

It should be noted that from the symmetry of the
Green’s function G (7), (2.25) and of the equations
(2.16), (2.15) for f = 0 follow the Onsager reciprocity
relations

Qab () = &%€%pa(t),  Was (1) = e%e?Wpa (). (2.29)
For definiteness we select in Egs. (2.25)—(2.27) the

sign +. Then the causal Green’s functions (2.25) will
be symmetric with respect to time-reversal invariance.
The symmetric and antisymmetric parts of function
Ba(tz; t1, t;) have, respectively, the form

Bos(ta; t, t1) = Yo [Xc(t2), T[Xa(2t), Xo(t:1) 1]+,

Byt (ta; t, 1) = 1/ [Xe(t2), T[Xa(t), Xp (81)1]-0.  (2.30)

In a thermodynamic equilibrium state the commuta-
tor and anticommutator are related by the equation®:

“The equation (2.31) can be easily obtained from the formal resemb-
lance of the evolution operator of the system, exp(-i#(ot/h) to the density
matrix exp (83, /h) (cf. /'® *°)).
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({Xa, Xp (@) 1) = cth( )<{X,,, Xy ()1, (2.31)

where Xp(w) is the Fourier transform of Xp(~ 7),
defined by

©0

Xo(0) = § dvetor Xy(—1). (2.32)
In analogy to Eq. (2.31) u_/: have
Byt (02; 1) = —cth (E"—’f )Ba @z 00), (2.33)
A (02 01, 03) = —cth(ﬁ; )Az“(mz, 01, 03), (2.34)
s (02, 055 01) = —cth(ﬂ‘izj—‘”sl) axt (0, g 1), (2.35)

where Af (ws; w1, ws), af(wsz, ws, w;) are the Fourier
transforms of the symmetric parts of the correspond-
ing functions. The proof of equations (2.33)--(2.35)
runs along the same lines as that of (2.31).
Writing down Eqgs. (1.6) and (2.13) for f = 0 in the
spectral form
Dap (@) = Y [Xao, Xb(0) 42,

Ko (@) = o’ (0) = = (Xe X () 1) (2.36)

and utilizing the relation (2.31) we obtain the funda-
mental theorem of Callen-Welton

Dy () = cth (ﬁ—‘?m')%[Xab((ﬂ)_Xba‘((O)l (2.37)

Utilizing the Onsager reciprocity for €2 P = 1, we
obtain
®up(0) = cth(Bo [ 2) Ay s (o). (2.37")

The Callen-Welton theorem relates the spectral in-
tensity of equilibrium fluctuations and the linear sus-
ceptibility which determines the dynamic behavior of
the system in a weak external field.

3. A FLUCTUATION-DISSIPATION THEOREM FOR
MEDIA WITH QUADRATIC NONLINEARITIES

We rewrite the symmetric and antisymmetric parts
of the equation (2.23) in the spectral form®:

1] ’ i
Kabe (01, 02) + Xoac (@0, @2) + — Dope (013 02)

1
= "E[G(mh w2)+ Bas (w25 01)], (3.1)
ixXabe (w1, 02) + ixpac (w0, ©2)
1 1
_—ﬁ®abc(w1;w2)=ﬁBzu(wz; ®1). (32)
Separating here real and imaginary parts we have
/ / 1,
Yabe (01, ©2) + Xbac (Wo, W2) = = G (04; w2)
1
+—"1;Bz's(w2;mt)y (3.3)
" 1
- (Dabc(ml; (1)2)= ‘Elea(mz; (’J‘)i (3'4)
" ” 1 Jla
Have (01, @2) F Yoac (@0, 02) = — By ™ (025 01), (3.5)

$Since the functions Yabe(ry , 72 ) and Yape (T, , 7, ) are real, the
Fourier transforms of the symmetric parts are real and those of the anti-
symmetric parts are purely imaginary.
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(Dabc(ﬁ)g; (Dz)ZTG (0)1,0)2)+—’-1—B2 ((1)2; 0);). (3.6)
The remaining equations are obtained from (3.3)-—(3.6)

by cyclic permutation of the indices a, b, ¢ and simul-
taneously of the frequencies wo, wi, wo.

Due to the homogeneity in time of the system we
have

0o+ o1 + @y = 0. (3.7)

The spectral decomposition of the functions B and G
(cf. Appendix imply the relations

By'e(wo; 02) + Bi"(01; wo) + Ba'* (w2; @) = 0, (3.8)
By"s (w0; w2) + Bi”#(@1; o) 4 By"*(w2; o) + G (01, 02) = 0. (3.9)

Utilizing (2.33) we can rewrite the relation (3.8) in the
form

th (B2 (o0 )+ th< 1) B1 (s an)+ th{ B2 )y (0 ) = 0,
- (3.10)
where
By (wo; 02) = YK [Xa(@0), [Xv, Xe(@2)]+]4,
Bi's(on; 0g) = Y4{[Xo(@1), [Xe, Xa(w0) I+]4> (3.11)

are the symmetrized third moments which determine
the equilibrium fluctuations. More details on this sub-
ject can be found in the paper by Bernard and Callen!”),

Let us find a solution of the system (3.3)—(3.6).
Eliminating between (3.3) and its cyclic permutations
the function G’(w;, w.) and substituting B;5(ws; w,),
B{S(w1; wo) into the relation (3.10), we obtain

—1 ([ Xe, [Xo (01), X (02) 1110
= h? cth<B— )Pn [xabe (@1, ©2) = Xbae (@0, w2)] cth (E&E) (3.12)

where P, is the permutation operator of bw,, cw,.
The expectation value of the cube of X3 is given by the
integral

dwy §° doy
2n * 2m

— Yaaa (01, 02)] cth (—%‘)2—) cth( ﬂ‘.’fi;"ﬂ) .

Thus, the third moments of the equilibrium fluctua-
tions are determined by the nonlinear susceptibilities.

We establish relations between the nonlinear sus-
ceptibilities and the functions of fluctuations. Substi-
tuting (3.12) into the equation

Koyt |

[Xaaa (0)07 032)

(3.13)

1" 1 1
Dpea (w2 00) = — ‘ﬁ_Bﬂ"a(‘ﬂi; 0p) = *ﬁ"th(%?)Bols(wﬁ o), (3.14)

we have
Dy (25 00) = APy e (01, 02) — Fea (w5, o0) et %"’—2 ). 3.15)

The equations (3.5), (3.6), (3.9) also imply

Dira (025 00) = P13 [abe (01, ©2) + Xea (02, @0)] cth (Boe/2).  (3.16)
Together the formulas (3.15) and (3.16) become
Dpeq (2] @0) = — IPolbea (03, ©0) — Yabe (01, 02) Jeth (Buz/2). (3.17)

Two other relations are obtained from (3.17) by
means of cyclic permutations of wea, wib, wee. It is
easy to invert the relations (3.17) and to express the
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nonlinear susceptibilities in terms of the fluctuation
functions.

If the quantities X; change sign under time re-
versal, (3.17) is replaced by

Dyq ((1)2; (')D)= — ihPyy [Xbca(m2v m0)+ X;bﬂ(wivmz)]Cth(ﬁmZ/z)' (3'18)
In the special case wo =0 (w; = —-w2 =w) (3.17) be-
comes

Qpeq (0 0) = A cth (Bo/2) 2xpea (03 0). (3.19)

Defining the susceptibilities and fluctuations in the
presence of a constant external force f3(0), we find
that (3.19) coincides with the Callen-Welton formula
for a system in a constant external field® (cf.[*®]):

Dpe(@; ) = heth (B / 2)x"be(w; ). (3.19")

In the limiting case kT > hw we have coth (Bw/2)
~ 2kT/hAw and the equation (3.12) takes the form

’ 7
Xbac((DOy (1)2) - Xubc(mh ‘02)

(XaXy (01) Xc(02)) = (2kT)2 Py, oa(0r T 02)

© (3.20)

In agreement with the classical nature of the fluctua-
tions Planck’s constant cancels out in (3.20) and the
correlation function does not depend on the ordering
of Xa, Xp, Xc.

When none of the frequencies wy, w:, w, vanishes,
Eq. (3.20) can be rewritten in the form

U
Xabe (01, 02)
W02

(XaXy (1), Xe(02)) = — (2kT)2[

y W0, y, Wi
bea (W2, © cab (W0, W .
w209 o1

(3.21)

If the condition kKT > hw is valid for all relevant fre-
quencies (i.e., when x5p.(w1, w2) is significantly dif-
ferent from zero) one may go to the classical limit

in Eq. (3.13):

© p © p
S —day S —dﬁ)ZXc’Laa((ﬂh ®2)
[OT} (0]

—oo —o0

(X = — 2(kT)Z—J—:;

1T, ¢ P/ P P\,
_ (kT)2ﬂ_2:§o dm,‘i dmz—( —t )xaaa(m,, w). (3.22)
Taking into account the operator identity”

_ L( r L) PR s(e)slen)  (3:23)

[O1}) (0T w2 wy 2

and utilizing the dispersion relation!*!
1 \* P
——\—d

n? Yooy

P
o S "“—d(l)ZXr:aa(‘J)h 0g) == Xas:a(ov 0), (3.24)

we find

(Xa®) = 2(kT)? ta2a (0, 0). (3.25)

6)Equation (3.19") agrees with the derivation of the fluctuation-dis-
sipation theorem for stationary states in the paper of Grafov and Levich
/18/.
DThe identity (3.23) is a consequence of the relation
N6 = 12)N (1) + 1 (12 — )N (11) = ()N (w2)
or in spectrally decomposed form
1 1 1 | 1
TooFico; +ie | —wotiew; e @ L iew I ie *)
Utilizing the equality 1/ + i€) = (P/w) - im6(w), the real part of (*)
yields (3.23).
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This result should follow from classical considera-
tions.

Let Xa be a classical quantity (cf.**!). The
density matrix of the canonical ensemble in the pres-
ence of a time-independent perturbation V = -Xyf,
has the form

p——exp{-———(.%’o X~ P} (3.26)
From the definition of the static susceptibilities

(3.27)

we obtain a result in agreement with equation (3.25):

(Xa) = Sp(pXa) = Xan (0)fa 4 Hana (0,0) fufo +

s dZ[SP(PXa)] <Xa3>0
2aaa(0,0) === = Gy

or

(X% = 2(KT) %2 (0,0).

The formulas obtained above can be reformulated in
the form of the following theorem.

The moments of the equilibrium fluctuations,

Y[ Xa, [ Xp(w1),Xc(w2)]. ].) and the fluctuation func-
tions ®pca(wsz; wo) are determined by the nonlinear
susceptibilities xapc(wi, w2), i.e., the dynamical be-
havior of the system. This relation is given by Eqgs.
(3.12), (3.17) and (3.18). The expectation value of the
cube of the quantity X3 is given by the integral (3.13).
Conversely, the nonlinear susceptibilities xapc(wi1, w2)
are determined by the fluctuation functions

Papc(wy; w2).

In a subsequent paper we apply the given theorem
to electromagnetic fluctuations. It turns out that in
the general case (and not only for a transparent
medium) the parametric fluctuations are determined
by the nonlinear susceptibilities.

In conclusion, I use this occasion to express my
deep gratitude to V. M. Fain for proposing to study
this problem, and also to V. B. Tsaregradskii and
M. A. Novikov for discussions and their interest in
this work.

APPENDIX

The spectral representations for the functions B
and G follow from the definition of the T-ordering
operator, in terms of the step functions (2.1), (2.2) and
their Fourier representation (cf. 18])

sign (1) = n—L §‘wdQ’§I,)—e—in’r_ (A.1)
For instance, for (2.30) we find
By (wn; 01) = % (X (02), [Xa, Xo (01) 1]
+_l°§ dQ : UXe(02), [ Xa, Xp (21)1-140. (A.2)
4t » o — Q4
Whence
By's(wg; ‘”1) = ‘/4<[Xc(wz) [Xa, Xb(01)]4]+2, (A.3)
B (05 01) = —— S dS21 ([X (02)[XaXp (Qu) 110 (A.4)

(The Fourier transforms of the correlation functions
are real for €2€PeC =1, cf.[*®])
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Considering that
Bg'a(ﬁ)z; (.01) = 1/4< [Xc((l)z)y [Xm Xb(ml)]—]+>v

one checks directly that (3.8) is valid.
The proof of (3.9) follows from (A.4) and the spec-
tral representation for G"(w;, wz):

Tan 2

W1 = 8éq

(A.5)

cycl 1

— G” (01, 02) = Pof2 e Xe(02) [ XaXs (Qu)]-1) =

—o0

cycl_ns
= Pop By (02; 01),

(A.6)

where ngd is the operator of cyclic permutations
Oa, 1b, 2c.
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