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It is shown that replacement of quantum-mechanical averages by the average values of the corre-
sponding classical quantities over all trajectories with a prescribed energy is not valid in the gen-
eral case. The dependence of the penetration depth on the field is found without making any assump-
tions about the weakness of the interaction between the electrons and the field of the impurities; the

case of very dirty films is also considered.

1. vse ot a quasiclassical method!*?] has turned out to
be convenient in a number of problems in the theory of
superconductivity. In this method the calculation of
various characteristics of a superconductor reduces
to the calculation of the average value of a product of
matrix elements of single-particle operators. Usually
the quantum-mechanical averages are replaced by the
average values of the corresponding classical quanti-
ties over all classical trajectories of a given energy.
It is shown below that in certain cases such a substitu-
tion leads to erroneous results. This is associated
with the fact that the momentum operators of an elec-
tron, situated in an impurity field, do not commute at
different moments of time. The problem of the depend-
ence of the penetration depth on the magnetic field and
on the impurity concentration is considered in detail
in the London case. The interaction between electrons
and impurities is not assumed to be weak. And in this
case the dependence of the penetration depth on the
field is determined not only by the cross sections but
by the scattering amplitudes themselves.

The case of very dirty films ) is also considered,
where the interaction with impurities is not assumed
to be weak or isotropic. The result only depends on
the transport time 7tr. An equation is found for the
critical field associated with an arbitrary concentra-
tion of impurities.

2. The current density is expressed in terms of
the Green’s function by the formula

j=7eL—TSp2, 3(r—1)pr.G(r 1), 1)
where the Green’s function a(r, r’') satisfies the

Gor’kov equations which are conveniently written in
matrix form:
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where H is the Hamiltonian of an electron in the field
of the impurities.

In the approximation linear with respect to the field,
the expression for the current in the representation of
eigenfunctions of the Hamiltonian fi takes the form

it =— (= )spT 3 alo(x — HBIm) (ml (BA) In) GG, (3)

where

1 —&p — i® —A
Gn= s,.2+m2+A?( A, —en+zm)‘
Changing to a time representation and using the
weak dependence of the diagonal matrix element on
energy near the Fermi surface, we obtain

i =—2u (= ) T3 Ssp T ¢ote—r)3 )

—oo

x(i’(ti)A(tx>)>>nG(—u)nG(tﬂ)dti, )
where
p(t)= exp(ifit)pexp(— ilt), v = mpo/22,
and {( ...)) denotes the average over all states at the

Fermi surface,
w
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For a Fourier component Eq. (4) takes the form

Ne2
i(®=—=—Q@A@). ®)

Below we confine our attention to consideration of
the limiting London case when the change in the poten-
tial A is small over distances of the order of the size
of a pair. In this case it is sufficient to find Q(0).
Taking formula (5) into account, we obtain

3nTA2 ¢
Q(0)= Lpof § E-exp(—2E[t])¢p:(0)p: )y de. ()

The average appearing in this expression may be
found with the aid of the kinetic equation and is given
by

p(0)p:(t))) = /s p* exp(—|t| / wer). 8)
Substituting this express1on mto formula (7), we obtain
the usual expression for Q"

Q(0) = nA2T D) [E*(E + 1/27:,) . 9)

It is important to note that formula (8) is obtained
with the aid of the kinetic equation for the pair corre-
lation function. The collision term in this equation is
expressed in terms of the scattering cross section and
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in the general case has the same form both in the Born
limit and in the classwal limit. Therefore formula (9)
may be obtained both*! in the Born approximation with
subsequent replacement of the Born amplitude by the
exact amplitude and in the method of classical trajec-
tories with replacement of the classical cross section
by the exact cross section.

However, in the next approximation cubic in the
field, both of these methods are erroneous in the gen-
eral case. As shown below the Born approximation
leads to the correct result only in the limit of a small
mean free path, and the method of classical trajector-
ies is not applicable even in this case.

3. One can find the next terms in an expansion of
the current density in powers of the field in analogy to
formulas (4) and (7). In the London limit we obtain

o= —2nv( )AST ZSp S°§ § dty dty dts (P, (0) pa (1) Pa (12) Pa(t) )

XT:G (— t1) TG (4

=_(_%)LA3T§_®‘,SP SS_§S

— ) 1,G (t2 — t3) T,G (t3)

d(Di d(Dz dm3 d(l)A

—— P (010200304)

2n 21 2n 2m
X0G—0,7: G—0,7T: G—0,7: G0, (10)
where
P (w01020504)
= (21)*Sp{p:d (H — 1) p:5 (H — 02) p.8 (H — 03)p:0 (H — 1)}, (11)
1 0
P Op:(1)p:(0)P2(19)) = 55 § § § P010200)
Xexp{— iloils + 02 (s — 1) + w3(ts — &) Jdws dws dos.  (12)

The average value of the product of four momenta
at different moments of time is not determined by the
pair correlation function and cannot be found from the
kinetic equation. Therefore, for its evaluation we shall
use a diagram technique.®’ In this connection the Born
approximation for the scattering of an electron by im-
purities will not be used.

In formula (11) it is convenient to change to the
momentum representation, having written each 6-func-
tion in the form of two terms

2nid (H — 0) = Got — GoF,

Gop = (Gpp)" = (—H+o+id). (13)
Expanding Gpp’ in powers of the interaction V with
the impurities, averaging with respect to the positions
of the impurities, and neglecting, as is customary,
intersecting diagrams, we obtain the following expres-
sion for the averaged Green’s function:

GpR = (0 —§ —nfpp) Y, =(Go®)", (14)
where fpp’ satisfies the equation which is graphically
depicted in Fig. 1:

dpy
(2m)?
In this equation one can replace the function GII} by

the function Gy = (w — £ +i6 )" since these functions
differ from one another only in a narrow region near
the pole, and the integrals over this region entering
into formula (15) coincide for them. Therefore, the

fop'= Voo + S Vop. G, fp,p- (15)
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function fpp’ differs from the exact scattering ampli-
tude only by the factor (-27/m). The scattering am-
plitude at zero degrees, whose real part gives an un-
important energy shift and whose imaginary part is
expressed in terms of the total cross section o, enters
into formula (14). As a result

S )
GpR = ((o—g—}—%) s —i—:nvo, Imjfpp = ——Uzi. (16)
The diagrams shown in Fig. 2 arise upon averaging
expression (11) with respect to the positions of the im-
purities, where each wavy line depicts a scattering
amplitude, each point depicts the impurity concentra-
tion n. All solid lines on one side of a square repre-
sent either G . The vertex of a square corre-
sponds to a momentum pz if both lines coming to-

gether at this vertex represent G . However,

if one line is GR and the other GA, then the vertex
corresponds to an expression pz, which satisfies the
equation

o A%

FIG. 2

§ Goi(B1) Ga(00) [fom |25 (D (17)

s + n
D: =Pz ()
and equals
5 — pp 2Ot i/T
pz_pzﬁ)z—(ﬂi'Jri/Ttr )
Each line from the sides of a square may represent
either GR or ; therefore expression (11) represents
a total of sixteen terms. Three of them are substan-
tially different:

(18)

Py(010:030:) = (271)* Sp{p; Go,* p: Go,* p2 Go, P p: G F}
mpy® C(o3— w1)+ C(0s— w2) -
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where
c _ 1 i 1 1 4 1
@) » + i/t [__—97 © 10 45 ot + i(t/t—1)
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The remaining nonvanishing terms are expressed
in terms of P,, P;, and P; with the aid of permutation
of their arguments or complex conjugation. As a result
we obtain:

P (01, 02, 03, 0u) = 2Re {P1(0102050.) + Pi(0i010203)
—P3(010:0304) — P2 (04010203) — Pa(®30.0102)
’—PZ((\)ZU)SQ)A(Oi) +P3(&>10)2w3(04)}- (21)

Thus, the average value of the product of four mo-
menta is expressed not only in terms of the cross sec-
tion but also in terms of the amplitude for the scatter-
ing of electrons by impurities. This means that the
average under consideration cannot be obtained with
the aid of a classical distribution function. In the Born
approximation the terms containing the scattering
amplitudes vanish. It is of more interest that they also
vanish in the limit of large impurity concentrations
when w7 <« 1. In this limit

P = 8fmpo*t;,?[8 (01 — w3) + 8 (w2 — ©4) ] (22)

and the average value of a product of four momenta
decomposes into a product of pair averages:

P2 (1) P2 (t2) P2 (t) (1) ) = (P2 (t1) P2 (t2) Y = (ta) p: () )
+ (P (80) po (1) Y P2 (2) P2 (25) ). (23)

In this case the result is expressed in terms of a
transport cross section which, however, is not the
classical result since it significantly depends on the
order in which the momentum operators appear inside
the averaging sign. This follows from the fact that the
third possible product of pair averages is absent from
the right-hand side of formula (23). Apparently in the
limit of a large impurity concentration the product of
an arbitrary number of momentum operators decom-
poses into a product of pair averages such that one can
connect them by nonintersecting lines.

4. In order to clarify the dependence of the average
on the order of the operators it is convenient to con-
sider the special case of pairwise coincident times.
From formulas (12), (19), and (20) it follows that

Blieden{-m(1-2)]. eo

@000 = prexp{~ 2L} [ L oy (- 2]

51,
(25)
Expression (24) agrees with the result which is ob-
tained from the kinetic equation or by averaging over
the classical trajectories. It is impossible to obtain
expression (25) by such methods. This is associated
with the fact that in formula (25) the momentum opera-
tors at different moments of time are arranged in an
order which does not correspond to a classical trajec-
tory. The commutator between momentum operators
at different moments of time is not small even though
the electrons move like free particles almost all the
time.
Let us consider how this commutator changes in the
quasiclassical limit
o o/ [ 9p:(t) \?
qu Yp=(0) ) = h? <(5z'(*0)—) >‘. (26)
where one can calculate the average in the right-hand
side of formula (26) with respect to the classical tra-
jectories. For the calculation we introduce the more

p(0)p2 (1)) =
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0p,(t ar; (
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For small times t the quantity X]? is proportional

to the number of collisions and is determined by the
change of the scattering angle associated with a change
of the impact parameter. Averaging with respect to
the positions of the impurities, we obtain

Xt =tA;i, Ajl = pnv(a + bdyj);
1 O/ g\ . sin?
a = e S [(—0—9) (cos?y + 2sin?y) + -p—zx-] pdp,
=
= —35 ( ) p sin2 ydp, (28)
[

where x is the scattering angle as a function of the
impact parameter p. For a potential energy not small
in comparison with the kinetic energy, the quantities a
and b are of order unity.

At an arbitrary moment of time the quantities X, Y,
and Z are connected by differential relationships
which, for isotropic scattering, have the following
form:

. 2 , 1
Vi —Zi, Zj=-—Xj (29)
m

m

Xii= Ay Y,

with initial conditions

X;i(0) =0, Y;(0) = 8:, Z;ji(0) = 0.
Solving this system we obtain
.o omT 1 t 1 t
Xt = 18 [’t—ozf (—?0) (36:;;— 1)+ t—iz'f (z)]» (30)
where
. ) _om
F(t)= et + 2e~t2sin (—2t —6)
ty~t = v(2bn)"%, 1, = v[n(6a + 2b)]"%.

An estimate of the validity of the resulting formulas
may be obtained from the condition that an initial dis-
placement of a particle of the order of its wavelength
hps' must lead at a moment of time t to a displace-

men/t which is smaller than the interaction radius
1/2
o

22V (1) <€ 0 Or hletth << ope. (31)

At large times the wave packet is completely washed
out. In order to evaluate the average of the square of
the commutator in this region, it is necessary to use
not the quasiclassical formulas (26) and (30) but the
difference between expressions (25) and (24).

Thus, even for quasiclassical scattering of particles
by impurities, the commutator of momentum operators
at different moments of time increases exponentially
with the time. For electrons in a metal, we apply the
method of quasiclassical trajectories only in the pure
case.

The problem considered above concerning the
classical and quantum motion of an electron in a field
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of impurities is a one-particle problem and does not
have any direct connection to superconductivity. How-
ever, it should be kept in mind that in a theory of the
normal state the momentum operators must follow in
the order of increasing time. One can replace the av-
erage of such a product by an average over classical
trajectories. A quantum phenomenon exists in super-
conductors: An electron, being created of a pair in the
Bose-condensate, may change into a hole, which can
be regarded as an electron moving backwards in time.
Therefore, just as in the example considered above,
averages of products of operators which are not or-
dered in time arise in the problems of superconductivity
theory. The quasiclassical approximation is not ap-
plicable for the calculation of such averages.

5. In order to determine the corrections to the
penetration depth, let us find the dependence of the
current density on the field. To third order in the
field, we can obtain one of the terms in the current
density by substituting expression (21) into formula
(10):

- Ne? i 2e [ eA\? A2
h=- A= ('n?) P’ T Zm E(E + 1/2v,)*
®? w? 202
X{ 5(E+1/27) + 9E -+ 18E2r+ 45(E 4 1/20)[E + Y2 (t2/7 — 1)]

A2 B E
TE+ 1/2?{,)—2(E+§6)}' (32)
In addition, the dependence of A on the magnetic
field should be taken into account in the first-order
expression (6). In order to take this dependence into

account, in the equation for A

1 -
A (r)=|A| T 28p 5 (5= + i) G (x,), (33)
we expand the Green’s function G to second order in
the field. Changing, just as above, to a representation
of eigenfunctions of the operator H, we obtain

1 ~ 7 2 . ~ ~
A" — 2nv [thESpE(Tx—i—ir,,){G(O)—I— (\—;A) § § ot ()

© —oa

-G (— 1)1, G (t — 1) T, G (t2) dly dis } (34)

Substituting here expression (8) for the average of a
product of momenta and expression (5) for the Green’s
function G(t), we obtain the correction of second
order in the field to the absolute value of A:

b= (35 (L)

XZ___i..___—(i-{—sz—-Az)‘ (35)

N E3(E +1/2%;,)% \Evyy

Taking this correction into account in expression (6)
for the current to first order in the field and the third-
order correction (32), we obtain

Ne?
J= =S QOA( — a4, (36)
where
a— (=29 /000, (37)

and the quantities Q(0), 8, and A, are determined by
formulas (9), (32), and (35).
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From here it follows that in the London case the
field dependence of the penetration depth is determined
by the expression

2
8 = 8 [1+3§502}. (38)

Thus, the dependence of the penetration depth on the
magnetic field in superconducting alloys is expressed
not only in terms of a cross section but also in terms
of a scattering amplitude. In the most interesting case
of a large impurity concentration, when the mean free
path is small in comparison with the dimensions of a
pair, it is only necessary to keep the first term in
formula (38); here the result agrees with that obtained
by Melik-Barkhudarov®! in the Born approximation.

6. In the general case it is convenient to carry out
averaging of the Green’s functions with respect to the
positions of the impurities without isolating the average
value of a product of matrix elements.

Let us expand the solution of the Gor’kov equationsm
in powers of the interaction V(r) with impurities and
average each term of this expansion. For a fixed dif-
ference of coordinates, the dependence of the Green’s
function for a pure metal in a magnetic field on the
total coordinate is much weaker than the dependence
on the coordinates of the interaction potential. Chang-
ing from the difference of coordinates to a momentum
representation, we obtain

i 7 a P ~
[—E——L(p;)—i—imrz+%(pA)Tz+A—n2np(r)]Gp(r)= 1,

m
§:7pf_u’ 33( 0 A)-

2m —A" 0 (39)

In all terms except the first one can regard the mo-
menta p as lying on the Fermi surface. The matrix Z
is represented by the diagrams shown in Fig. 1, in
which smooth lines correspond to the function Gp(r ).
Summing the diagrams, we obtain

(40)

1
Tppr= Vpp + (2m)? S Vop, Gp,(r)Zp,p-(r)dpu.

In this equation it is convenient to distinguish regions
far away from the Fermi surface. For this purpose we
consider a function x satisfying the equation

1 1
I /A Yv ,
Lpp vp’ + (ZH)SK PP P xp.p’ APy (41)

This function differs from the scattering amplitude (15)
by the fact that the integral is to be understood in the
sense of a principal value. The spherical harmonic
functions y are equal to the tangents of the scattering
phase shifts. The amplitude (15) is related to the func-
tion x by the relationship

i
fopr = Xpp S xpp. fo.p dQp,,  O= ;%
The integral in this equation is taken over the angles
of the vector p,, whose magnitude is equal to the mo-
mentum po at the Fermi surface. Similarly Eq. (40)
takes the form

(42)

i0 .
Epp’=pr'—l—[lf‘xpp.GP.(")ZP,u'(T)de,, (43)
where .

Go()——§ Gr(rac. (44)

For large values of £ it is necessary to understand
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the integral (44) in the sense of a principal value, and
also Gp(r) only depends on the angles of the vector p,
which is situated on the Fermi surface.

The expression for Z (formula (43)), and also all
physical quantities, for example, the current density,
only contain C'p(r ). In order to find the equation for

this quantity, we write Eq. (39) in the form

a R
[— (vg;)—I—m }G,.(rr’):vaﬁ(p,r—r’), (45)
where
Gr(ee) == § oo [ - B T
Gp(r)=Gp(rr), &= 0T, —ie(VA)T,—iA+ inSpp(r). (46)

One can show that it is also possible to write Eq. (45)
in the form

(v,%:, )Go () + Gol) () = 2pvd(pr—r).  (47)

Subtracting Eq. (47) from Eq. (45) and setting r =r’,
we obtain
0\ - ~ N
—(VE)G,,(:HM,,@)*(‘:,,@)Q,=0. (48)

In the region where the field is equal to zero or A =0,
it follows from Eq. (39) that Tr Gp(r) = 0, and from

Eq. (47) it is seen that Tr ﬁp(r) does not depend on r.
Therefore it is equal to zero everywhere, and one can
write the Green’s function C"p(r) in the form Gp(r)

= (a- 7). Similarly one can convince oneself that
a?=1. (49)

The system of equations (43), (48), and (49) determines
the Green’s function Gy(r) in an arbitrary magnetic
field. In the Born approximation these equations were
obtained in another way by Eilenberger.!”

In the presence of a magnetic field, Gp(r) depends
on the angles of the vector p; therefore the system of
Egs. (43), (48), and (49) may be solved only in limiting
cases. As mentioned above, certain results may depend
not only on the cross sections but also on the scattering
amplitudes.

7. In the most interesting cases of the critical field,
weak field, or large concentration of impurities, the
physical results can be expressed in terms of a cross
section. In all of these cases, in the zero-order ap-
proximation (r) does not depend on the angles of
the vector p, and therefore from Eq. (43) with (42)
taken into account we obtain

2o = Re fppl + i@o Im fppr. (50)

The first-order correction G, anticommutes with Go,
which follows from Eq. (49), and therefore from Eq.
(43) we obtain the first-order correction to Z:

()=~ § 0w GY () a2 (51)

Substituting (51) into Eq. (48), we obtain formula (9) in
the case of a weak field in the London limit.

In order to determine the critical field, we expand
Eq. (48) to first order in A. As a result we obtain the
following system of equations:

LARKIN and Yu. N. OVCHINNIKOV

[signm-v(%— ZieA) +2| o] ] Ky(r)=A+nv Scpp-l(Kpl — Kp)dQyp,,

| 3| mpo 1
= (zﬂ)z-T% § Ky (r)dey, (52)

where

Kp(r)=1/4Sp(ty — its) GY (r).

For a thin superconducting film whose thickness is
large in comparison with the mean free path but small
in comparison with the dimensions of a pair, the system
of equations (43), (48), and (49) may be solved for an
arbitrary magnetic field. We seek the zero-order ap-
proximation to the Green’s function in the form

Go = cos g1y + sin @t,. (53)

In the zero-order approximation with respect to the
mean free path, the angle ¢ is arbitrary and is deter-
mined from the condition that the average value of the
correction to it is equal to zero. This correction shows
up in the solution of Eq. (48) to second-order in the
field and to first-order in w and A. From the condi-
tion that G® ~ G,, we discover an equation for ¢:

Atg @ = o 4 ?/3e2%1,<( A% sin . (54)

Equations (52) and (54) agree in appearance with the
equations obtained previously®”*! in the Born approxi-
mation.

8. Thus, one can assert that the majority of results
in the theory of superconducting alloys, obtained in the
Born approximation, remain valid even for a strong
interaction between electrons and impurity atoms. Only
in certain cases terms appear which are not present in
the Born approximation and which depend not only on
the cross section for the scattering of electrons by
impurity atoms, but also depend on the explicit form
of the amplitude.

Application of the method of classical trajectories
to the theory of superconducting alloys is apparently
limited to the case of weak fields. In order to calcu-
late the dependence of the penetration depth on the field,
the quantum character of the scattering of electrons by
impurities turns out to be very important. Usually the
method of classical trajectories has been applied in
order to describe the diffuse reflection of electrons
from a boundary, which is assumed to be classical. It
is possible that in this case the quantum effects are
less important.
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