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A detailed investigation of the ferroelectric transition in KH2P0 4 (KDP) is carried out in a quartz 
dilatometer with a temperature resolution of~ 0.0005°. A volume discontinuity of (6.0-10) x 10-3 % 
and expansion hysteresis are observed. The complex nature of the anomaly of the thermal expansion 
coefficient (a) and strong anisotropy of that part of a which arises in the immediate vicinity of the 
transition (IT- Ttr I ~ 0.03) are noted. The reliability of classification of transformations with a small 
latent transition heat and of comparison of the experimental data with the theoretical predictions are 
discussed for the transition in KDP when the measurements are performed with imperfect samples. 
The possibility of determining the slope (dPc/dTc) of the phase transformation line on the basis of the 
integral transition heats Qtot and change of the volume (.t. V /V}t0 t is discussed. For KDP this estimate 
yields dPc/dTc = (2-3) x 102 atm/degree. The data on (.t.V/V)tot> Qtot and o(.t.V/V) can also be em­
ployed for estimating the latent transition heat for the sample studied, Qtot ~ 8-20 J/mole. The 
ferroelectric transition in the multidomain crystal KDP is classified as a transition of the first order 
which is close to the critical point of transitions of second order. 

1. INTRODUCTION 

THE anomalous properties of substances in the order­
disorder transitions become manifest all the more 
clearly, the smaller the distance T = (T- Tc)/Tc ahead 
of the transition (T-temperature). On the other hand, 
when T- 0, the role of the inhomogeneity and of the 
impurities, as factors distorting the anomalies of the 
thermodynamic properties in the transition, increases. 
Consequently, in order to understand the gist of the 
"critical phenomena," it is necessary to find criteria 
that make it possible to judge the extent to which we can 
apply to anomalies in real materials abstract ideal con­
cepts such as transition point Tc, the jump of the order­
ing parameter T/, the o -function of the specific heat Cp 
or of the coefficient of volume thermal expansion {3, 
the logarithmic (power-law) singularity of CP or {3, and 
others. The absence of criteria leads to a situation 
wherein a prolonged dispute can arise even with respect 
to such a relatively simple question as the magnitude of 
the jump of Tj, although .t.Tj is the most stable and easily 
observable element of the anomaly. Recent communica­
tions report that certain universally known second-order 
transitions (.t.Tj = 0) turned out to be of the first order 
(.t.Tj "' 0) upon further verification [1- 51 • The present 
paper is devoted to the possibility of determining the 
character of the transition (observing the jump of Tj) 
from the temperature dependence of the volume V or of 
the entropy S near the transition point. Inasmuch as 
S(T) and V(T) are linearly related, it is possible to use 
in the evaluation of thermal-measurement data, which 
are more and more detailed than the available data of 
dilatometric investigations. In addition theoretical pre­
dictions also pertain directly to S(T). 

It should be noted that the usual alternative-the tran­
sition, is either of first or second order-does in fact 
not exist, and the only alternative is whether we are 
dealing with a first-order transition or with the critical 

point of second-order transitions. According to Landau 
and Lifshitz[51 , the point on the (P, T) plane (P-pres­
sure) at which the line of the second-order transition 
goes over smoothly into the line of first-order trans­
formations, is called the critical point of the second­
order transitions (we shall henceforth call it simply 
the critical point). The transformation is characterized 
at this point by a more rapid variation of T/ (T/2 co 7 112 , 

and not Tj 2 co T as in a second-order transition), and by 
the presence of an asymmetrical root singularity of Cp 
(Cp = T- 1/2 at T < Tc and Cp = const at t > Tc, Fig. 11::i ). 

Figure 1 shows schematically these cases. When .t.Tj 

b 
-..------, t;, r------r-

FIG. I. Temperature dependences of the specific heat and of the 
ordering parameter for first-order transitions and for the critical point 
of second-order transitions: a) first-order transition, b) critical point. 
Ttr-temperature of first-order transition. 

::s 0.3, the latent heat of the transition Qlat (the shaded 
region of Fig. la) may turn out to be much smaller than 
the total thermal effect (Qtot = Qlat plus the energy of 
the ordering process), which is equal to the total area 
under the peak in Fig. la. A similar situation occurs 
also for the volume jump .t. V /V, which may turn out to 
be many times smaller than (.t. V /V)tot at small values 
of AT/. 
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Nonetheless, for absolutely perfect samples it is 
possible to obtain exact data on the jumps of S and V, by 
using relatively simple apparatus, of the type described 
in£2'61 (calorimeters with loss -10-6 Wand a dilatome­
ter with sensitivity ~ 100 A). Let us take, for example, 
the KDP crystal (KH2P04). It has Qj;0 t 
= 250-350 J/molec71 . Even if Qlat = Qtot/100, the 
thermogram plotted for a sample of only 1 cm3 volume 
will have a temperature halt of duration exceeding one 
hour. Such an effect can be measured with accuracy 
- 1%. A similar result is obtained also for 1:1 V /V. How­
ever, as a rule, not only are there no exact data on Qlat 
and L1V/V, when 1:11] 5 0.3 (Qlat/Qtot;:; 0.1), but there 
is a debate concerning their presence or absence, and 
consequently, concerning whether the given transition is 
of the first or second order. 

This is explained by the fact that the imperfections 
of the material (impurities, inhomogeneity), lead to a 
"smearing" of the jump of '1), i.e., to a distortion of the 
corresponding thermograms c2 1 and specific-heat 
peaksc2' 8- 121 . It is easy to understand that when the 
Cp(T) curve on Fig. la is slightly smeared out it be­
comes very similar to the curve on Fig. lb. We are 
therefore unable to separate exactly the Cp (or {3) 

a-function and the excess part of Cp (or {3) connected 
with the disordering process. In such cases it is very 
easy, depending on one's prejudice, to assign to Qlat 
(or to 1:1 V /V) the extreme values zero or Qtot 
((1:1 V /V)t0 t)· Moreover, if the anomalies of Cp(T) on 
Fig. 1 are "smeared out" more strongly, then they be­
come indistinguishable from the A curve, which has a 
symmetrical singularity, since the perpendicular right­
hand branch is transformed into an inclined curve, and 
the asymmetry typical of the critical point vanishes. In 
this case it becomes possible to mistake a first-order 
transition for a second-order transition having a weak 
(say logarithmic) singularity of cp and {3 at the transition 
point. 

The manner in which an inhomogeneity "spoils" the 
'I)(T) dependence has been clearly demonstrated using 
the li~uid-vapor critical point of benzene as an exam­
plec13 . The ordering parameter is in this case the 
deviation of the density from the critical value, and a 
measure of the inhomogeneity is the height of the liquid 
column, whose own weight causes the density gradient. 
It is proved in[ 14J that such an inhomogeneity distorts 
the anomaly of the specific heat so strongly that it re­
mains finite, whereas in the experiment, where the 
gradient of 1) has been eliminated, Cv- oo logarith­
mically. Similar effects were observed also in solids 
in first caJ and second (9 ' 12 ' 15- 171 order phase transitions. 

The individual properties of the sample affect par­
ticularly strongly the temperature dependence of 1), S, 
and V near the transition point (T ;:; 10-2), i.e., pre­
cisely where we should seek an answer to the questions 
of the jumps of 1), S, and V and of the analytic form of 
the singularity of the thermodynamic quantities. Taking 
into consideration the fact that in an imperfect material 
the jump of 1) cannot become steeper than in an ideal 
material1>, we can make the following statements: 1) if 

1 l According to [ l1, 13, 16 ) inhomogeneity always smears out the 1J(T) 
dependence, but the influence of the absolutely uniformly distributed 

the latent heat of the transition can be observed in at 
least one of a set of samples (1:11], 1:1S, 1:1 V ;11! 0), then this 
result can be reliably reported as the property of an 
ideal system2 >; 2) to the contrary, if we have 1:1 V /V "' 0 
in an arbitrary large number of samples and Qlat or 
1:11] has not been observed, but owing to the crudeness of 
the experiment or the imperfection of the samples it 
was impossible to come sufficiently close to the transi­
tion poine>, then the general conclusion is that the tran­
sition must be classified as a second order transition in 
the given system (ideal substance). 

An example of a correct generalization is the con­
clusion of the presence of a jump of 1) at the TN point of 
chromium (11 and of latent heat of the orientation transi­
tion in NH4Cl (21 . A classical example of an incorrect 
generalization is the ferroelectric transition in KDP. 

The opinion that the transition in KDP is continuous 
and is of second order is based on the results of a num­
ber of investigationsc7' 19-231 . Inc11 ' 221 , the hypothesis 
was advanced that this transition may be of the first 
order. However, in not one of the aforementioned ex­
periments did the authors come sufficiently close to the 
transition point, either as a result of the crudeness of 
the temperature measurements (± 0.1 deg), or as a re­
sult of two rapid changes of the temperature of the sam­
ple (dT/dt ~ 10-2 deg/min) or else owing to the insuffi­
cient perfection of the sample (polycrystal). Graigc4J 
considers the transition in KDP to be jumplike, since he 
observed a temperature hysteresis of the dielectric 
constant near Tc; the supercooling reached 0.05 deg. 
However, nothing is said in c41 concerning the rate of 
change of the sample temperature. 

A special position in the investigation of the ferro­
electric transition in KDP is occupied by the work of 
Reese and Mayc101 , who made precision measurements 
of the specific heat near Tc. These authors have demon­
strated in essence that their data satisfy practically any 
theory, depending on the choice of T c, within the limits 
of the smearing of the peak, viz., a symmetrical logar­
ithmic singularity and an asymmetrical power-law 
singularity are confirmed with sufficient accuracy. In 
our opinion, the asymmetrical power-law singularity 
(C co 7°" 5 at T < Tc and C co T-1"0 at T > Tc) is not a fact 

impurity on 7J(T) of a multidomain system is still unclear. It is already 
known that it shifts and weakens the anomaly in "domainless" transitions, 
for example at the liquid-vapor critical point. Apparently, however, in 
real samples the impurity is always distributed unevenly, making it 
possible to state that the presence of the impurity (defects) smears 1J(T) 
or ll.1J, ll.S, and ll.V. 

2lit should be borne in mind that the result obtained for a multi­
domain sample can still not be generalized to include the properties of 
an ideal infinite system, since the process of the change of the separation 
boundaries between the domains may make its own contribution to the 
temperature dependence of the free energy of the crystal and the depen­
dence 1J(T). 

3 >on the basis of an analysis of our own and published data [4 ' 9 - 11 , 

13, 14] we have verified that even the properties having a stronger anomaly 
than Cp and {3 (for example, the magnetic permeability) are strongly 
subject to the influence of imperfections, and therefore, Tc of an ideal 
substance can be determined with the aid of measurements on a real 
sample only quite approximately. Therefore the problem of the behav­
ior of various properties as functions ofT is very difficult to solve, since 
in most cases T c is an arbitrary parameter even in the presence of the 
most careful measurements of the anomaly (see, for example, po, ts, 18 ) ). 
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that contradicts the classical theory. It is simply neces­
sary to seek agreement not with the theory of Ornstein 
and Zernicke, as in llOJ, but with the critical point of 
second-order transitions l5 J. The relation C = 7 1 "0 can 
then be interpreted as an infinite specific-heat jump that 
is smeared out by the inhomogeneity. It thus results 
that, owing to the lack of a criterion for an objective 
determination of Tc in a real material, the same data 
imply, with almost equal degree of reliability 4>, that the 
ferroelectric transition in KDP agrees with Landau's 
classical theory and with the two-dimensional Ising 
model. In addition, Reese and May also advanced the 
hypothesis that a small latent heat of the transition ex­
ists. 

Such a wide range of contradictory fundamental re­
sults is explained by us as due to the fact that under the 
conditions realized in KDP there it is very difficult to 
obtain reliable information. The crystals as a rule are 
of exceedingly high perfection, and data of relatively 
rough measurements (T <::: 10-3 ) made by various inves­
tigators are usually in perfect agreement with one 
another l19' 20 ' 23 ' 24J. (The only exception is the dis­
crepancy in the determination of Tc, but usually no 
importance is attached to this circumstance.) Moreover, 
under such approximations the transition is exceedingly 
distinct, reproducible, and has no hysteresis. This 
creates the erroneous impression that the result ob­
tained with one crystal can be extended to KDP in gen­
eral. It is therefore possible to mistakenly idealize the 
sample, as was done by Grindley[21J, Teaney/22 J, and in 
part by Reese and Mayl 10J, or to idealize the experi­
ment, as was done by Cookl23 J. Yet, inasmuch as the 
disorder in KDP sets in exceedingly rapidly, the answer 
to the question concerning the jumplike behavior of 71 
must be sought in a region directly adjacent to T c 
(T So 10-3), and here the individual properties of even the 
better crystals come strongly into play. 

In order to solve the problem of the character of the 
transition in KDP, we present in this paper a detailed 
investigation of the thermal expansion of an isolated 
KDP single crystal near its Tc· The dilatometric pro­
cedure is attractive also because it makes it possible to 
investigate the anisotropy of the anomaly of the thermal 
expansion. We shall describe and discuss below the 
procedure and the measurement results. 

2. PROCEDURE AND MEASUREMENT TECHNIQUE 

We had at our disposal a quartz optical-mechanical 
dilatometer, similar to that described in l25 J. The meas­
urements of the thermal expansion coefficients of the 
crystals of the KDP group have shownl24J that it is not 
suitable for subtle investigations near T c not so much 
because of the sensitivity (~ 170 A) as because of the 
relatively rough resolution in temperature (± 0.005 deg). 
We were able to improve this instrument[26 J (Fig. 2). 
This was effected by enclosing the quartz stage with the 
sample, 1, in an additional copper sheath 4, 5, and 6 and 
by placing copper plates 7 and 8 over the quartz rod 2, 
which transmitted the elongation. Five- and three-june-

4 >The preference given by Reese and May ['0] to the logarithmic 
singularity seemed to us "little founded, since in order to make it sym­
metrical they had to assume different values ofT c for the right and left 
branches. 

II 

If! 

FIG. 2. Diagram of Strelkov dilatometer with improved thermostatic 
control: !-sample, 2-quartz rod to transmit the elongation, 3-thin 
wall stainless-steel tube, 4-6-additional copper sheath, 7-8-copper 
plates; 9-thermometer, I 0 and 11-horizontal and vertical gradient 
thermocouples. 

tion constantan-manganin vertical (11) and horizontal 
(10) thermocouples monitored the temperature drop 
inside the chamber 4-6; the drop did not exceed (2-3) 
x 10-3 deg, corresponding to 0.1 f-I.V-the parasitic 
thermal emf of the conducting copper wires. Thus, 
equality of the temperatures of the thermometer and of 
the sample was maintained with accuracy ± (3- 5) 
x 10-3 deg, and the time variation of the sample tem­
perature could be traced with accuracy ± 7 x 10-4 deg, 
corresponding to the accuracy with which the tempera­
ture can be measured with a 40-ohm platinum resis­
tance thermometer 9l6 J using an R-308 potentiometer. 

The KDP single crystal was grown by I. V. Gavrilova 
(Crystallography Institute, USSR Acad. Sci.) and was 
used inl24J. It constituted a parallelepiped measuring 
11.52 x 8.65 x (~ 9) mm. The 8.65 and 9 mm edges were 
directed along the a 1 axes of the monoclinic unit cell [?J . 
The interference pattern in polarized light passing along 
the polar axis was a slightly diffuse cross. This made 
it possible to regard the homogeneity of the sample as 
fully satisfactory. 

For a multidomain sample, the contribution of the 
shear component of the spontaneous deformation could 
not be taken into account, since this would require 
knowledge of the dimensions of the domains, their rela­
tive placements, and the configuration and dimensions 
of the voids that are possibly produced in the ferroelec­
tric phase; to determine the volume expansion it is 
sufficient to measure only in two directions: along the 
polar axis (nu, Fig. 3; n-divisions of the dilatometer 
scale; each division equals~ 170 A) and perpendicular 
to it (n 1 , Fig. 4). The expansion was measured iso­
thermally, point by point. The constancy of the tempera­
ture at each point reached ± (1- 5) x 10-3 deg/hr. For a 
more exact determination of the sample temperature, 
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FIG. 3. Temperature dependence of the elongation along polar axis 
a 1 near the transition point. 
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FIG. 4. Temperature dependence of·elongation in a direction perpen­
dicular to the polar axis near the transition point. 

we measured the "course" of the temperature with 
time. The values of the elongation were plotted every 
20-30 sec, on the same time scale as the temperature. 
The large number of expansion readings in each 
"course" has made it possible to get rid to a consider-

able degree of random scatter and to attain the most 
reliable values of the expansion with the maximum ac­
curacy (>::: 170 A). In these cases the equivalence of the 
result could be monitored by examining how the expan­
sion "course" "followed" the variation of the tempera­
ture "course". 

All the n11 (T) curves were obtained continuously one 
after the other without heating or cooling the sample by 
more than 0.3° from the transition point. The sample 
was then rotated 90° at room temperature, after which 
n1 (T) was measured just as continuously as n 11 (T). 

3. MEASUREMENT RESULTS 

The measurement results are shown in Figs. 3 and 4 
and in Tables I-V. 

Table I. Dependence of elongation* along the polar axis on 
the temperature** 

nu 
I ~ nu ~ nu 

I 
~ 

I 
nu ~ 

I 
nu ~ 

I 
nu I ~. I I I I .. .. .. .. 

469.5 7410 434.5 8092 428 811c 423 8130 418 8170 397 8189 
" 466.5 7460 433 8100 427 8116 425 8131 417 8171 393 8190 

461 7600 433 8101 427 8117 423 8133 417 8173 391 8191 
454.5 7700 433.5 8103 427 8119 422 8134 416 817r, 339.5 8192 
452,5 781)0 433 8104 428 8121 422 8141 417 8177 3SS 8193 
451 7820 433.5 8105 423.5 8130 422 8143 '116.5 817 8 332 8195 
449 7860 432 8106 421.5 8128 421 8151 414 8181 3'l2,5 8196 
447 79110 432.fi 8107 425 8126 423 8152 411 8182 381.5 8197 
449 7920 432 8108 425 8125 422 8153 411 8183 376 8360 
443 7947 430 811 0 424 8124 420 8161 409 8184 377 8460 
442 •. 5 796:1 429 8111 423 8123 419 8162 407 8185 377.5 8660 
441.5 7990 428.5 8112 425,5 8122 421 8163 405,5 8186 377.5 8870 
441 8020 429.5 8113 425 8121 418 8168 403 R187 377.5 909(1 
4 39 8040 42>i.!) 8114 426 H120 417 8169 393.5 8188 377.5 9550 

379 9sG0 
37d.!) 9850 

*The values of n11(T) near the hysteresis are given only for curve II of Fig. 3. 
**The temperature column shows only the figures on the right of the decimal point, 

for example T- 121° K = 0.741 0"K. 

The temperature dependence of the elongation is 
shown in Figs. 3 and 4; the directions of the measure­
ments are indicated by the arrows. For curves II of 
Fig. 3 and curves III of Fig. 4, we present the values of 
the experimental points in Tables I and II respectively. 
These tables were used to plot the thermal expansion 
coefficients a 11 and a 1 against the temperature (Table 
III). In Table IV it is possible to trace the shift of the 
transition point after the heating of the sample. The 
first value is taken from £z 4J. In Table V are given the 
values of the transition temperatures for each n 1 (T) and 
n11 (T) curve. 

The obtained data can be briefly described as follows: 
1. The curves of the longitudinal elongation n 11 (T) 

(Fig. 3) show an abrupt break in the monotonicity of the 
elongation with change of temperature; this break oc­
curs, so to speak, in two stages (segments AB and CD 
of curve II and the similar segments of curve III). 
Apparently such a segment, especially CD, can be trea­
ted as an elongation jump connected with the polariza­
tion jump. The elongation jump amounts to 6 (Al/l) 11 
>::: (6-10) X 10-3 %. 

2. The behavior of the elongation in the longitudinal 
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Table II. Dependence of elongation* in the direction per­
pendicular to the polar axis on the temperature** 

~ 
I I 

~ 
I 

~ ~ 
I I 

~ 

I 
~ nJ. nJ. nJ. ~ nJ. nJ. ll nJ. 

I I I I I I ... ... ... ... ... ... 

:?:i3 7204 205 9096 198 I 9134 186 9173 170 9205 157 \ \1234 
2:1U,.l 7366 203.5 9097 197 9136 184 9174 163 9204 157,5 923;; 

246.5 7556 204 909g 197 9137 184 9175 165 9203 1;,s \1237 
243.5 i 7752 204 9101 196 9138 183 9176 162 92•1 2 153 9243 
:?3'3.5 8011 203.5 0102 193 9140 182,5 9177 157 9201 158.5 9245 

233.5 8108 204 9103 195 9142 181,5 9178 153.5 9200 157 9246 

232 8102 203 9105 195 9144 180,5 9179 153 9199 156 9255 

224 8458 2D3 9106 194 9145 180 9180 153.5 9198 157 !J250 
227 8383 203 9107 192,5 9147 179 9181 154 9197 158 !J259 

221 8641 202 9108" 193 9148 178,5 9182 155 9196 157 H2u5 
2HJ.5 8708 201 910 • 

9 192 9150 178 9183 155 9195 157.5 9270 

217 8813 201 9111 192 9152 176,5 9185 156.5 9196 157 9271 

214.5 8863 201.5 9112 191.5 9153 176 9187 155 9198 157 9280 

212.5 8958 201 9114 191 9154 176,5 9188 154 919g 156 9283 
:z.r,JR. ;, 9os0 200,5 911-• 

0 
190.5 9156 175.5 918g 155 9201 157 9289 

208 9051 199.5 9117 190 9157 175 9190 155 9203 156 9295 

208.5 9053 199 9118 .. 189,9 915g 174 9192 157 9205 157 9303 

208 9054 199 9119"" 189 9160 173.5 9194 156 9208 156,5 9397 

208 9056 199 9121 189 9151 173 9195 1S7 9209 155,5 9389 

208 9058 199 9124 188,0 9152 172.5 9196 156 921 2 155,5 9482 

207 907, 198.5 9125 18R,5 9164 172.5 9197 156 9213 159.5 1.0097 
,] 

207.5 9076 199 9126 133 9166 172 9198 156 9216 158,5 1,0353 

2fJ8 9078 198.5 9128 187 ,.) 9157 171,5 919g 1:)7 9219 157.5 1.0566 

208 

I 
9080 193 912 138 9159 171 920,) 157 9222 9 

207 9033 198 9131 187 9170 170,5 9201 157 9227 

206 9:!90 197.5 9133 185,;) 9171 170.5 9203 156.5 922g 

*Curve III, Fig. 4. 
**The temperature column shows only the figures on the right of the decimal point, 

forexampleT-121°K=0.741 0°K. 

Table III. Dependence of the coefficient of thermal expan­
sion on the temperature* 

I T-121 'KI 
5,8 752 5 
9.3 7720 
9.1 7850 
8.3 7960 

1:1.0 8056 
3J 8100 
83 8110 
.so 811g 

23 8136 

a: II ·fOI, 

deg·1 

28 

125 

500 

330 

31 

0.60 

0,66 

0.40 

0,05 

8Hi0 --3.4 

8178 --1.3 

8186 --3.8 

8192 --3,;) 

8208 -·-2.5 

8290 --2.9 

8510 --fi.4 

876 5 -!l1 

9200 -:l4 

-9G 
_':_lj3 

I T -121 'K 

728, 
.] 

-5jU 92:, 

75:59 -430 920:; 

7930 +3!1 H205 

8279 +17 ~1211 

851~-. 
,) 

+17 921, 
,) 

87:18 +G 9223 

894g +:J H23!J 

90ilg +0.5 927 6 

9146 +0.2 9398 

9175 +O.!i 979 

" 9192 +O.fl 1.U331 

*The temperature column shows only the figures on the right of the decimal point, 
forexamplet-121° K=0.741 0°K. 

direction differs very strongly from the behavior in the 
transverse direction. First, accurate to 170 A., it was 
impossible to observe the jump of n 11 (T). The segment 
of 17 divisions on curve III of Fig. 4b, similar to seg­
ment CD of curve III of Fig. 3, is more likely to be con­
nected with supercooling than with the jump of the ex­
pansion. Second, the hysteresis phenomena, although 
distinctly appearing in both cases, differ greatly in mag­
nitude and character. The supercooling reaches 
0.05 deg in case n1(T), and not more than 0.015 deg in 
the case n 11 (T). In addition, all the hysteresis loops of 

the n 11 (T) curves converge rapidly below the transition 
point, and above the transition point the ambiguity of the 
expansion extends beyond 0.1 o • In the case of n 1 (T), to 
the contrary, there is practically no hysteresis above 
the transition point, and below Ttr it extends beyond 
0.2°. Third, on the n1(T) curve (Fig. 4b, curve III) one 
can clearly see a characteristic "hook" at the transition 
point. The smeared "hook" can be discerned also on 
the non-equilibrium curve IV of Fig. 4b. However, as 
can be seen from curve III of Fig. 3, such a singularity 
of expansion is missing from n 11 . The "hook" appears 
on the a 1(T) dependence as a positive spike (Table III), 
and its height is almost 20 times larger than the peak 
of a in 124J, which was interpreted there as going to in­
finity. 

Table IV. Shift of transition temperature 

Date 
I Dnection of I 

History of sample 
meas~ements _ 

Ttr "K (year, month) relative to 
the polar axis j 

1966, X Initial sample II 121.3±0.4 
19l'0, IX Crystal cut in half. Section j_ 121,3±0.3 

plane perpendicular to 
polar axis 0 

1967, III-- V Heated to 190 C, and then 122,00±0.02 
cooled to 20 ° C within 

1967' V- VI 
approximat'/}y one hour 

Heated to 20 C II 121. 90±0.01 
1967, VI Heated to 20°C li 121.80,;+121,820 

1967, XI Polished in the plane of the j_ 121,!10+121,95 

1967' XII Je~!:d 3t~820°C 121.~6+121.!J1 

Table V. Transition temperature for 
different measurement runs 

nil (T), fig. 3 

Curvenumberl Ttr 'K 

I 
/[ 

III 

121.80!i5 ±0.UOU5 

121,818.s±O ,0005 

121.8125±0 ,0005 

II n J. (T), fig. 4 

Curve number! T tr "K 

I 
I! 

III 

IV 

121.898±0.0002 
121, 914±0.001 
121.9205±0 0()05 

121.94S5 ±o.ooos 

The presence of the ''hook'' cannot be attributed to 
elastic indentation of the quartz rod 4 into the surface 
of the crystal (Fig. 2), if it is assumed that the stiffness 
of the isolated crystal has no anomaly at the Curie 
point 17l. In fact, according to127J, the indentation is de­
termined by the relation 

( 1- a2 )'t. 
h = 0.75F'I• -E- R-'1•~0.75F'I·E-'I•R-'t., 

where h is the depth of indentation, F is the weight of 
the rod, a is the Poisson coefficient, E is Young's modu­
lus, and R is the radius of the surface of the rod at the 
point of contact with the surface of the crystal. For 
F = 10 g, R = 0.05 em, and E "'=' 6 x 1011 dyne/cm2 , 

h amounts to 10-15 divisions and is practically inde­
pendent of the temperature. The jumps of the Young's 
modulus at the point T c 17J lead to a slight additional in­
dentation amounting to 1-2 divisions. It can be as­
sumed, however, that the stiffness may decrease by 
40-50% directly at the transition point ( T < 10-3 de g), 
owing to the very rapid change of the polarization. In 
this case the presence of the "hook" can be attributed to 
reversible indentation. 

3. The transition temperature is 121.80° K for n 11 
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and 121.90°K for n1. Inasmuch as the subsequent meas­
urement of n11 yielded Tc:::, 121.88°K (Table IV), it can 
be assumed that the transition temperature is actually 
the same for n 11 and n1. 

4. Even relatively slow changes of the temperature 
have led to hysteresis phenomena. It can be verified 
that the temperature drift dT/dt l'::i 5 X 10-4 deg/min, 
which is assumed in calorimetry, is frequently too rapid 
for KDP near the transition. Let us examine curve IV 
of Fig. 4 (the crosses). At a temperature 121.92° K, a 
random cooling of the sample by 5 x 10-2 deg took place, 
at a rate dT/dt:::, -3.5 X 10-3 deg/min, followed by heat­
ing to the previous temperature with dT/dt:::, +4 
x 10-3 deg/min. The dashed line with the arrows shows 
the change of the dimension and of the temperature of 
the crystal. It is obvious that the drift dT/dt:::, +4 
X 10-3 deg/min is infinitely rapid for the expansion of 
KDP in a direction perpendicular to the polar axis, 
since the dimensions of the crystal remain practically 
unchanged. Moreover, a temperature drift smaller by 
one order of magnitude also leads to a nonequilibrium 
result, wherein the transition (curve IV, Fig. 4, interval 
121.9222-121.947°K), plotted at dT/dt:::, +5 
X 10-4 deg/min, turns out to be strongly elongated com­
pared with the transition plotted at a rate dT/dt 
:::, +10- 4 deg/min (curve II, Fig. 4b). Even relatively far 
from the transition, a change in the direction of the 
measurements of n1(T) always led to hysteresis of the 
elongation: on curve I of Fig. 4 at 121.765° (squares) 
and on curve II at 121.870°K (triangles). 

4. DISCUSSION OF OBTAINED DATA 

A. Jump of Volume 

In spite of a certain slope of the n 11 (T) curves in seg­
ments AB and CD of curve 1 of Fig. 3, these segments 
can be regarded as elongation jumps. In fact, there are 
a number of reasons for the smearing of the jump: 
inhomogeneity of the sample (distorted picture of the 
interference in polarized light), internal stresses (shift 
of the transition point, Table IV), possible lag of the 
sample temperature relative to the thermometer tem­
perature owing to the latent heat. We know of no case 
in which the region of the smearing of the anomaly in 
the solid was smaller than 0.001 o. We therefore as­
sume that segments AB and particularly CD are elonga­
tion jumps stretched by :::, 0.002°. 

Attention is called to the stepwise character of the 
anomaly of n 11 (T) (Fig. 3). Such an effect can be the re­
sult of the following causes. 

First, the crystal consists of two unequal blocks. 
The smaller becomes depolarized in small sets, start­
ing with the point A and ending with the point B, and the 
polarization of the larger block changes immediately 
over its entire volume (CD). Then 

Teo 
\ fJ(:J>,z)dT 
J fJT 

is a measure of the difference of the energies of activa­
tion of these processes. Here :f's is the spontaneous 
polarization and TAB and TeD are the temperatures of 
the left and right peaks of a 11 (T). 

The segment AB corresponds to a continuation of the 
smooth depolarization process, wherein the disorder 
occurs inside the domains, but the interface between 
them remains constant; the segment corresponds to a 
jumplike vanishing of the spontaneous polarization, ac­
companied by the vanishing of the domain boundary. In 
this case .Don is a measure of the activation energy 
necessary in order for the process of the change in the 
area of the domain-wall surface to begin. 

Third, the segment AB corresponds to the termina­
tion of the ferroelectric transition of the Landau 
critical-point type with Tc =TAB, and the elongation 
jump is caused by some other factor changing the lattice 
parameter, but not by the change of polarization. 

We consider the first of the foregoing causes to be 
the most probable and the third the least probable. Arx 
and Bantle [19J , in measurements of the inverse piezo­
effect, have noted that one of their crystals consisted of 
three approximately equal parts, which were deformed 
in succession as the crystal polarization was reversed. 
When the polarization of the crystal changed from :'!'s 
to zero in three jumps, each of these jumps correspon­
ded to deformation of only one part of the crystal. They 
had, on the other hand, another crystal, which became 
repolarized without noticeable Barkhausen jumps, but 
its surface became hilly, in other words, the polariza­
tion jumps were very small, were effected in small vol­
umes, and were well averaged over the entire crystal. 
Of course, when the field is applied, the domains always 
become larger and such a polarization-reversal process 
cannot be compared directly with the ordering process. 
However, the case described by Arx and Bantle [19J 

offers evidence that, depending on the individual proper­
ties of the sample, the ordering can occur either in 
large groups of domains that correlate with one another, 
or in small ones. It is not excluded that both these 
possibilities are combined in our crystal, and the seg­
ment AB corresponds to depolarization in small steps, 
while the depolarization in segment CD occurs immed­
iately in a large volume. This does not contradict the 
fact that the segment AB has a smaller slope than CD 
(the left peak of a 11 (B) is approximately one- sixth as 
large as the right peak, see Table III). 

Favoring the block structure is also the fact that 
supercooling causes the slope of the upper jump to be­
come almost the same as that of the lower one, and the 
temperature difference of the jumps decreases strongly 
(by almost a factor of two). Incidentally, whereas one 
can attempt to explain the small difference TeD- TAB 
itself as being due to the lag of the sample temperature 
relative to the thermometer temperature as a result of 
the latent heat of the transition, it is impossible to 
attribute the decrease of T CD - TAB to such an effect, 
and all the more it is impossible to attribute to this lag 
the increase of the slopes of the jumps upon supercool­
ing. Apparently, if the lag does exist, it acts only as 
one of the factors that smear out the jumps. 

If the second cause is valid, then the steplike charac­
ter of the anomaly is a property possessed by all the 
multidomain samples, but if the first cause is valid, 
then it is possessed only by few of them. Finally, this 
question can be solved only on the basis of experiments 
with the best crystals. 
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If the first cause is valid, then the jump in the expan­
sion is the entire segment AD and o (t1l/lh "" 1 x 10-2%. 
If the second cause is valid, then the jump must be iden­
tified with the segment CD, and o(t1l/l) 11 "" 6 x 10-3 %. 
The accuracy with which the jump is determined under 
any of the assumptions is better than± 10%. However, 
recognizing that the jump AB can be the consequence of 
the joint action of both causes, we are justified only in 
stating that 6 x 10-3 % :5 o (t1l/l) 11 ::::. 10 x 10-3 %. Since no 
jumps were observed on the n1 (T) curves, we assume 
that the o(t1V/V) = o(t1l/Z) 11 • 

Thus, the ferroelectric transition in a multidomain 
KDT crystal5> is classified as a first-order transition 
close to the point of the second order transitions. 

B. Latent Heat of Transition 

It was noted in r21 that the applicability of the 
Clapeyron-Clausius equation to the experimentally de­
termined slope of a phase-transition line is not an inde­
pendent criterion for the classification of any particular 
order-disorder transition. In such a verification one 
usually determines (.t1 V /Vhot and Qtot> integrating the 
peaks of the thermal expansion coefficient and of the 
specific heat, similar to those shown in Fig. 1. It is 
then assumed that these volume and thermal effects 
have occurred isothermally at Ttr· The accuracy with 
which these quantities are determined is not better 
than 10-50%, both as a result of the errors arising in 
the integration of the wings of the smeared peak, and as 
a result of the error arising in measuring the area near 
Ttr under the high and narrow part of the peak. The 
value of Qtot obtained for KD2POP1 is almost half the 
value measured inc281 , precisely because of the insuffi­
ciently detailed measurementsl 71 near Ttr· Within the 
limits of such an accuracy and the usual approximations 
to Ttr, it is possible to describe the ordering process 
by the Landau theoryl51 . It will be shown with the aid of 
this theory that the Clapeyron-Clausius equation is 
automatically satisfied regardless of whether there ex­
ist or do not exist jumps of the entropy (.t1S)Ttr and of 
the volume (.t1 V)Ttr' provided Qtot and (t1 V /Vhot are 
referred to the transition point Ttr (or Tc)· 

According to[5], the anomalous part of the potential 
<I>(P, T) can be represented by an expansion in even 
powers of TJ: 

<D- <ll0 =A (P, T)1J2 + B(P, T)1J' + C(P, T)1] 6 +... . (1) 

We differentiate (1) with respect to T and P, bearing in 
mind that 8(<1>- <l>o)/87] = 0, and then, neglecting the 
terms with 1J 4 and 7] 6 , we obtain for the excess entropy 
(S - So) and volume (V- Vo) the expressions 

- (S- So) = (i!A I i!T)p1]2 =apt]\ 

V- Vo = (i!A I i!P).1]2 = aT1]2, 

(2) 

where ap and aT are constants determining the linear 
dependence of A on T and P. The phase-transition line 
is determined by the condition A(P, T) = 0, i.e., at the 
transition point Pc = f(Tc), and consequently 

5 lwe recall that there exists a certain probability that the jump is 
due to uniformly distributed impurity, which hinders the growth of the 
domains uniformly in the entire crystal. 

i.e., 
(3) 

Recognizing that Qtot and (t1 V /V)tot are defined in a 
rather narrow temperature interval (1- 5"), where the 
transition line is straight in the first approximation, we 
can assume, accurate to 1-10%, that aT is independent 
of the temperature and equals aT . The question of the 

c 
temperature dependence of ap does not arise, since c 
the process is isobaric. Thus, replacing aT and ap in 
(2) by aT and ap , we obtain 

c c 

meaning that 

S-S0 

i- i 0 

( !J.S ) _ ( as ) _ T v Q tot 
~v T- av r P- c c -[iV/V) tot· 

tr c C 

(4) 

(5) 

In other words, (5) is valid both for transitions with true 
jumps at Ttr' and for continuous transitions 
(8S/8V)pcTc = -dPc/dTc· This conclusion holds to an 
equal degree for both second-order transitions (B > 0 
in expansion (1)) and for the critical point of second­
order transitions (B = 0), because only the first term of 
the series has been used for the determination of t1S 
and t1V. 

Naturally, an attempt to verify the jump character of 
the transition with the aid of the Clapeyron- Clausius 
equation t1S/ t1 V = -dP c/dTc is not productive. But we 
are attracted by the possibility of determining dP c/dT c 
from Qtot and (.t1 V /V)tob which can be measured with an 
accuracy 2-5 times larger than the true jumps of Ttr· 
For example, for KDP there are data for .t1Stot [?J and 
for (.t1 V /V)tot lZlJ. Recognizing that in (?J are given two 
values of t1Stob belonging to different authors (0.47 and 
0.74 cal/mole-deg), we obtain 

, ~s tot d _ atm 
dPc/dTc=----- ;:::> -(2-3)·102--

(!J.V/V) totM deg' 

where d is the density of the KDP and M is the mole­
cular weight. 

With the aid of (5) it is also possible to estimate 
Qlat for our sample, using the value obtained here for 
the volume jump t1V/V = o(t1l/l) 11 = (6-10) x 10-5. We 
have 

0Iat =(~11 ·) Otot /(!J.1T:) . (6) 
II tot 

According to Bantle Qtot = 57 cal/ mole, and accord­
ing to Stephenson and Hooley Qtot = 87 cal/ mole [?J . 
Substituting in (6) various values of Qtot in (t1l/l) 11 , we 
find that 

8 J /mole~ 01at ~ 20.5 J/mole. 

It must be borne in mind here that the value of Qlat de­
pends much more strongly on the individual properties 
of the sample, and therefore the numerical value of Qlat 
pertains only to our sample, while the presence of latent 
heat is attributed to all multidomain samples. 

Incidentally, the energy of the domain separation 
boundary, being proportional to 1] 2 r291 , is automatically 
taken into account by the coefficient A in the expansion 
(1). 
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We see that the accuracy with which Qlat is deter­
mined with the aid of (5) is of the same order as in the 
direct measurement of Qlat· For example, inl21 Qlat 
has been determined accurate to± 500%. 

C. Ideal Sample 

It . kn [7 29) h 1s own ' t at the shear component of the 
spontaneous deformation causes the domains to be crys­
tallographic twins. Since it is difficult to expect that 
the formation and growth of the twin structure can occur 
without an activation energy, it is probable that the step­
like character of the anomaly of n 11 (T) and the hystere­
sis of n(T) are due precisely to the need for accumulat­
ing a certain electrostatic energy to overcome the acti­
vation energy of the domain growth. Thus, it can be as­
sumed that the hysteresis of n(T) observed by us is due 
to the same causes as the Barkhausen jumps inl191 • 

Probably, if the domains could change their form inde­
pendently of one another, then the transition in KDP 
would be of second order, or more readily a critical 
point. One can attempt to realize such a sample with the 
aid of a briquette of single-domain particles of KDP of 
"diameter" 1'::: 10-5 cml291 • The particles should be 
pressed in such a way that electrically they are equiva­
lent to a multidomain sample, and mechanically to a 
free crystal. Since it is known that the maximum possi­
ble dislocation density is 1012 cm-3 , it can be readily 
understood that particles with "diameter" 10-8-10-6 em 
will have no dislocations, no matter how obtained. This 
leads to the paradoxical conclusion that the homogeneity 
of a briquette made of single-domain particles will be 
comparable with or even better than the homogeneity of 
perfect single crystals, and the results obtained with 
such a sample can be set in correspondence with theor­
etical calculations for an infinite system. The strongest 
stimulus for work in this direction is the fact that the 
Slater model corresponds to a two-dimensional Ising 
modell291 • 

5. BRIEF CONCLUSIONS 

1. A volume jump of magnitude (6-10) x 10-3 % was 
observed at the point of the ferroelectric transition in 
an isolated KDP crystal. 

2. Temperature hysteresis of elongation was ob­
served. The known reproducibility of Ttr was 1'::: 0.015 
deg when n 11 (T) was measured, and approximately 0.05° 
when n1(T) was measured. 

3. It is shown that near the transition point, (Tt - T) 
1'::: 0.01 o, measurements performed at a temperatur~ 
drift 1'::: 5 x 10-4 deg/min lead to non-equilibrium values 
of the measured quantity, particularly n 1 (T). 

4. It was observed that in the case of rapid cooling 
(from 300 to BOoK within 2-3 hours), internal stresses 
are produced in the KDP sample, leading to shifts of the 
transition point. 

5. The anisotropy of the anomalous part of the coeffi­
cient of linear expansion actually takes place only very 
close to the transition, IT- Ttr I ~ 0.03°. 

6. It was shown that by means of integral thermal 
and volume effects it is possible to determine the slope 
of the line of the phase transitions independently of the 
presence of jumps of S and V at the transition point. 
The value of dPc/dTc estimated in this manner for KDP 

is -(2-3) x 10-2 atm/deg. With the aid of the same re­
lations it is possible to determine the latent heat, if the 
volume jump is known. For our sample, an estimate 
yields 8 5 Qlat 5 20.5 J/mole. 

7. Attention was called to the fact that in cases when 
doubts arise concerning the character of the transition, 
the alternative is a first-order transition or the critical 
point of second-order transitions, and not a first-order 
transition or a second-order transition. 

8. It is concluded on the basis of an analysis of the 
published data that: a) if the presence of latent heat of 
the transition (the jump of 1J) is established at least in 
one of a set of samples, then the transition in the given 
substance if of first order; b) to the contrary, in order 
to state that there is no latent heat and to describe 
quantitatively the details of the anomaly in an ideal 
system, it is necessary to obtain experimental data in 
a sufficiently close vicinity of the transition point of the 
ideal substance, while data obtained for a sufficiently 
large set of samples of real materials, but not at Ttr, 
may turn out to be insufficiently reliable. 

9. A special role in the process of ordering in KDP 
is played by the shear deformation, which causes differ­
ently-polarized domains to be crystallographic twins. 
The growth of the domains may be connected here with 
the presence of a certain activation energy, needed to 
change the separation boundary between them, as is fre­
quently the case in the growth of an elastic twin. Appar­
ently, the conclusions 1-4 are explained precisely by 
this circumstance. 

10. The participation of the domain roles in the 
ordering process greatly limits the generality of the 
results obtained in concrete samples, and makes it 
practically impossible to compare the experimental and 
the theoretical results directly near Tc· 

The authors are deeply grateful to A. N. Aleksandrin 
for inestimable help in the work, M. L. Rafalovich for 
taking part in the measurements, I. v. Gavrilova for 
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