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The effect of dissipative processes due to the presence of walls on the propagation of waves in narrow 
channels filled with a superfluid He3 -He4 solution is considered. The dispersion of waves moving in 
such channels is studied as a function of the ratio between the penetration depth of a viscous wave and 
the cross section of the channel. The propagation velocities and absorption coefficients of first, second, 
and fourth sounds and the thermal wave are calculated and their dependence on the He3 concentration 
is elucidated. Relations are obtained between the pressure, temperature, and concentration oscillation 
amplitudes in the various waves. All calculations are carried out for plane-parallel and for cylindrical 
capillaries. 

THE propagation of waves in channels having suffi­
ciently small dimensions is strongly influenced by dissi­
pative processes connected with the presence of the 
walls. The character of the waves propagating in such 
channels, filled with a superfluid liquid, is determined 
by the ratio of the depth of penetration of the viscous 
wave .\v = (27)/wpn) 112 to the transverse dimension of the 
channel 2d. If .\v << d, then ordinary first and second 
sound propagates in the channels. If .\v 4> d, then the 
normal component of the liquid is slowed down and the 
wave propagating in the channels is fourth sound, which 
is a modification of first sound, while the second sound 
is modified into a rapidly damped thermal wave. On the 
other hand, when .\v >> d the normal component of the 
liquid is partially stagnant, leading to strong dispersion 
of both first and second sound. In this region, both the 
velocity and the damping coefficient of the sound are de­
termined by the ratio 6 = d/.\v· The wave processes 
occurring in narrow channels with partial or total stag­
nation of the normal component of liquid He4 has been 
investigated in a number of experimental and theoretical 
studies [1- 101 • Propagation of fourth sound in an He3 -He4 

solution was studied in [H, 121 • 

The purpose of the present paper is an investigation 
of wave dispersion as a function of the parameter 6, 
and an elucidation of the concentration dependence of 
the velocity and absorption of waves propagating in 
narrow channels filled with a superfluid He3 -He4 solu­
·tion. We confine ourselves to the hydrodynamic case, 
when the stagnation of the normal component is deter­
mined by the depth of penetration of the viscous wave. 
A hydrodynamic approach is justified at low sound fre­
quencies and relatively high temperatures. At low tem­
peratures, when the mean free path of the excitations is 
comparable with the characteristic transverse dimen­
sions of the capillary, a kinetic analysis is necessary. 

Since we are interested in effects connected with the 
presence of walls, we shall not take into account the 
dissipative terms that lead to volume damping of the 
sound. The only dissipative terms that will be taken 
into account are those connected with the first viscosity 
1) and leading to stagnation of the normal component of 
the liquid in the capillary. In such an approximation, 
the linearized system of hydrodynamic equations for the 

v+divJ=O, 

ol; 0 ( avni avnk 2 au .. l ) 
-+V·p=l']-- •--+----l'i;h--, 

at l OXk . axk ax, 3 axl ' 

"· + v (I' __ !._c) = 0, 
, p I 

(crp) + div (pcrvn) = 0, (pc) + div (pcvn) = 0. {1) 

Here p is the density, a the specific entropy, p the pres­
sure, T the temperature, c the mass concentration of 
the He3 , 7J the viscosity coefficient, Vn and Vs the veloci­
ties of the normal and superfluid components, and J the 
total flux of liquid. Z and Jl are expressed in terms of 
the chemical potentials Jl3 and Jl4 of the He3 and He4 in 
the solution in the following fashion: Z = p(J.J.3- J.J.J, 
Jl = CJ.J.a + (1- c)J,J..l, and V'J.J. = -p-1Vp- aVT + Zp-1Vc. 

The following conditions should be satisfied on the 
walls of the capillary: vanishing of the normal compon­
ents of the total flux and of the impurity fluxes, vanish­
ing of the tangential component of the velocity of the 
normal part of the liquid, and continuity of the heat flow. 
The heat flow through the boundary is expressed in 
terms of the temperature difference between the liquid 
and the solid boundary. These conditions can be written 
in the form 

(p,v. + PnVn, n) = 0, [vnn] = 0, (pcvn + g, n) = 0, 
{ z \ 
\ Tpcrvn+q-pg,n ;= -?<w(VTw,n), 

-xw(VTw, n) = a(T- Tw), {2)* 

where Tw and Kw are the temperature and thermal­
conductivity coefficient of the wall, and a is the thermal 
resistance of the boundary between the solid body and 
the liquid helium. The fluxes g and q are expressed as 
follows: 

-g= pD (vc+~ VT+~Vp J, 
T p I 

-q = T2 ( ~~- kT !____!.__)g +xVT, 
, aT pT T ac pT 

{3) 

where D, kTD, and kpD are respectively the diffusion, 

*[V0 n] = Vn X n. 
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thermal-diffusion, and barodiffusion coefficients. 
The system of hydrodynamic equations (1) should be 

solved simultaneously with the equation for the heat 
conduction of the wall 

where Cw is the specific heat of the wall. 
The deviations of the quantities from their equili­

brium values will be sought in the form 

(4) 

Vn = L,VQ, +L2VQ2 + U, V, '= N,VQ, + N,VQ2, 
T' = M,Q, + M2(J2. (5) 

Substitution of (5) in (1) leads to :a system of equations 
for Qi and U: 

(6) 

and to a connection between the amplitudes Li, Mi. and 
Ni (i = 1, 2): 

N; r ap 1 p, \] 1 [ ap l P; = -· = - (Jn Lw2 ·c-- k;2 1 - ~ ~ 1 , Ps w2-- k; 2 (1 + ~) 1 , 

L, op Pn • • dp -

Di = J!i = iw~n [(1 +~)_Pi (1 - £s._ ~)I- c' ~(!-.) ip,ki2 (1-1\) , 
Li pcr Pn -• iic fl O"dlp 

(7) 

where 
00" c ilp 

o=cr-c-_-, ~==--.-· 
oc p iic ' 

k1 and k 2 are the wave vectors of the first and second 
sounds in the He3 -He4 solution. 

Solving the system (6) in the usual mannerl8- 91 we 
obtain from the boundary conditions (2) the dispersion 
equation for the waves propagating along the capillary. 
Since the dispersion of the waves is determined in the 
main by the stagnation of the normal component of the 
liquid, we neglect the heat transfer through the capillary 
walls in the boundary conditions (2). Taking into account 
the fact that in the case of interest to us the wavelength 
of the sound is much larger than the transverse dimen­
sions of the capillary and the length "-v of the viscous 
wave, the dispersion equation takes the form 

+( 1 + ir-P_) ko12 kuz2 = 0, 
rn 

k022 = ~ = ..!"':': w2 [~ iiT + c2 ~\( !..)]-!. 
u022 p, ilcr oc p 

(8) 

The dimensionless parameter r has different forms 
in the case of a plane -parallel capillary and a cylindri­
cal capillary. For a plane -paralllel capillary with width 
2d we have 

r=-i...f"l:'_~~ 
p k,d - tg k,d • 

where the viscous-wave wave veetor k3 = (iwpn/1J) 113 • 

For a cylindrical capillary with :radius d we have 

. Pn 2/,(k,d) 
r=-l~ . 

p k,d lo(k,d) -- 2/,(kcd) 

(9) 

(10) 

The dispersion equation (8) is similar to the equation 
obtained by Pollack and Pellaml71 and by Adamenko and 
Kaganovl9J for pure He4 • In our ease, however, the dis­
persion equation explicitly contailns a parameter 

{3 = (c/p) ap/ac which is connected with the He3 concen­
tration. 

Equation (8) has two roots which can be written, ac­
curate to terms proportional to the ratio u~/uf (u1 and u2 
are the velocities of first and second sound) in the form 

(11) 

The first root corresponds at small values of d/Av 
(I rl » 1) to fourth sound [llJ, and at large d/A.v 
(I rl « 1) to first sound (151 . The second root corre­
sponds to a thermal wave at low and intermediate values 
of d/"-v• and to second sound at large d/Av (I rl « 1). 

For the velocity of the first sound we obtain from 
(11) the expression 

[ Ps Pn ( fls )'J'f, 
tl!& = Uo! 1 + ~ ~2 -b- 1 -- ~ · 

Pn P Pn 

x{ 1 +_'l_fa..f"l':/1 _ __!"':_~)'l 2 [1 +.£:.... B2 - iJ P_>_< (1-~ B)T'). 
8 L p \ Pn Pn P Pn -

(12) 

The absorption of sound is determined by the imaginary 
part of the wave vector 

W Pn ( Ps )'[ Ps Pn ( Ps )'] -'/, Imki!•=--a- 1--~ 1+~~2 -b-- 1-- B 
2uJO r Pn Pn p Pn 

{ 5 r Pn I Ps )'l'[ , p, Pn ( p, )'] _, \ x 1--la--\1---~ 1,~~2 -b---·. 1-~B 1· 
8 L p p Pn p ' Pn 

(13) 

a and b are functions of the dimensionless parameter o. 
For a plane -parallel capillary we have (91 

sh 26 -- sin 26 
a=•-------

46 (cos2 o + sh2 6) ' 
b = sh 26 + siu 26 

46(cos2 6 + sh2 6) 

For a cylindrical capillary we have 

2/,(k,d) 
a-Im-----

- kdlo(k,d)' 

2lt(k,d) 
b=Re----. 

k,dlo(kd) 

(14) 

(15) 

From formulas (12)-(15) and the plots of Fig. 1 we 
see that the dispersion of the sound depends strongly 
both on the form of the capillary and on the He3 concen­
tration. The region of strong sound dispersion increases 
with increasing He3 concentration. The sound damping 
due to the slippage of the normal component increases 
with increasing o, reaching a maximum at o ~ 1, and 
then decreases with further increase of o. The value 
of o corresponding to the maximum sound damping de­
pends both on the shape of the capillary and on the He3 

FIG. I. Dependence of the quantities u 10/u 1 and Im k11!/Re k 11 1 on 
the parameter ll = d/"Av at 1.8°K for pure He4 and for a solution with 
concentration c = 8.38%. The solid curves correspond to a cylindrical 
capillary, and the dashed ones to a plane-parallel capillary. 
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concentration. At small values of 6, when complete 
stagnation of the normal component sets in, the velocity 
of the sound tends to a constant limit and becomes inde­
pendent of 6 (fourth sound). At fixed values of the He3 

concentration, d and w, the damping of the sound in­
creases with increasing temperature, and the velocity 
of the sound decreases. 

For the velocity of the thermal-wave propagation we 
obtain 

For the imaginary part of the wave vector k 112 we 
have 

Imk11 2 = 1 -(J)- {[(1 + ~ ~2 J2 - 2~(1-+ ~)2 (1 + ~ ~2) m2 
12 l!zo Pn • P Pn 

+ ( __e_,_ ) 2 ( 1 + ~), m12 J •;, - [ ( 1 + ~ ~ 2) + P•_ m2( t + w.J If'/, , 
I P ' Pn ' P 

(17) 

where we have introduced, for convenience, the symbol 

_ Pn( . _ Pna-\-i[a2-b(1-b)] (18) 
r-- m1+'m2)- ---- ·. 

p P a2 + ( 1 - b) 2 

As seen from (16) and (17) and from the diagrams of 
Fig. 2, the velocity of the thermal wave decreases with 
decreasing 6 and the thermal wave attenuates strongly. 
Unlike first sound, the region of propagation of second 
sound increases with increasing concentration. 

The first sound in the capillary and the thermal wave 
can be regarded as superpositions of three types of 
oscillations: ordinary first sound, second sound, and a 
viscous wave. The contribution of each is determined 
by the boundary conditions and depends on 6 = d/><v· The 
contribution of first and second sound to the modified 
first sound can be readily determined by equating v sz (d) 
to zero. The ratio of the amplitudes of the oscillations 
Vs, due to first and second sounds, turns out to be 

N_~ = 111
: r 1 +P_:_ ~2 - bf',t ( 1-.£'.:~ rJ[ bfl,t_( 1-~~)2].-'. (19) 

}\'2 U~'" L Pn P ·. Pn · P \ (ln · , 

We see from (19) that the contribution of second sound 
to the modified first sound is always small and decrea­
ses with increasing 6. 

It is also easy to obtain the ratios of the amplitudes 
of the oscillations of the pressure p 1 , temperature T 1 , 

concentration c' to the amplitude of the oscillations of 
the velocity of the superfluid part of the liquid 

c' Ps C [ Pn ( Ps \ J 1 -= ---- b- 1--~ I+~ ~-K,, 
Vs p n lljl) P (ln 1 -;- ~ 

(20) 

where 

K 1 = 1 + i Im k11t IRe kilt· 

It is seen from (20) that the pressure, the tempera­
ture, as well as the concentration oscillate in the modi­
fied-first-sound wave. However, the amplitude of the 
pressure oscillations always exceeds the amplitude of 

•(! 
He' 

Z.C J.C q§6 C I.C 

FIG. 2. Dependence of the quantities u2 6/u2 and Im k 11 2 /Re k 112 on 
the parameter o = d/'Av at 1.8°K for pure He4 and for a solution with 
concentration c = 8.38 %. The solid curves correspond to a cylindrical 
capillary, and the dashed ones to a plane-parallel capillary. 

the temperature oscillations. If 6- 0, then it follows 
from (14) and (15) that b - 1, and we obtain relations 
between the amplitudes of the oscillations in the fourth­
sound wave. r121 In the other limiting case when 6- oo, 
we have b - 0 and relations are obtained between the 
oscillation amplitudes in the ordinary first sound u41 . 

The amplitude of the oscillations of the normal part 
of the liquid varies over the cross section of the chan­
nel, reaching a maximum value on the channel axis. It 
is therefore convenient to use the ratio of the normal 
velocity amplitude, averaged over the channel cross 
section, to the superfluid velocity amplitude: 

On ( Ps ) 1 . -= 1--~ ---(1-b-\-la). 
V, Pn 1-\- [) 

(21) 

In the limit as 6 - 0 we obtain that the normal velocity 
also tends to zero, since b- 1 and a- 0. 

In the case of the thermal wave we have 

N, = -ir~ (1 + ~) 2 ,r 1 +~~2 -\- ir~ (1 + W r. 
,\2 P11 L Pn Pn ' 

With increasing 6 = d/><v this ratio tends to zero, and 
the contribution of the first sound to the thermal wave 
decreases. In the second limiting case, when 6- 0 
(lrl - 00 ), we have N1/N2 = -1. Consequently, if the 
normal component is stagnant, then the superfluid com­
ponent likewise does not oscillate, leading to a rapid 
damping of the thermal wave. 

For the oscillation amplitudes p 1 , T' and c' we have 

p' PsP (" Pn · Pn (·1 +A)\,. -t -=- llzo p-m,-(1+~)-\-t---m, ",i"'z, 
C 8 :1 11 p (l 

T' p, - ar f( p, ) l-' 
- = - -a c;- 1 1 1 -- ~ Uzo . K2, 
l',:; !;11 00 ·· · Pn 

c' p8 I( Os ) ]-t . 
- = -- cl 1 - - ~ Uzo K 2, 
v~ P11 Pn 

(22) 

where 

It follows from these formulas that in the thermal wave 
the temperature and concentration oscillation ampli­
tudes are always larger than the pressure oscillation 
amplitude. 

For the ratio of the velocity-oscillation amplitudes 
of the normal and superfluid parts of the liquid we ob­
tain 

p, 1 + ~ 
(23) 

l\ 

Since the ratio psfpn for the solutions is smaller than 
for pure He\ and since {3 < 0, the condition (23), which 
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is necessary for the propagation of the thermal wave 
(second sound), is easier to satisfy for solutions in the 
case of partial stagnation of the normal component. This 
explains why the region of propagation of the second 
sound increases with increasing He3 concentration 
(Fig. 2). In capillaries whose transverse dimensions 
are much smaller than the depth of penetration of the 
viscous wave (o « 1), the normal component of the 
liquid is almost completely stagnant. In such a situa­
tion, fourth sound (which is a modification of first 
sound), and a damped thermal wave propagate in the 
superfluid liquidc81 • From the boundary conditions (2) 
it is possible to calculate, by the same method as used 
incaJ for pure He4 , the velocity and the absorption coeffi­
cient of the fourth sound in the He3 -He4 solutions. 

The square of the velocity of the fourth sound is 

u,2 = ~u,2 (1 + ~)2 ( 1 +~ ~2 rl + ~u22(1 +~ ~2 \. (24) 
P Pn P Pn J 

A similar expression is obtained for the velocity of 
soundcuJ directly from the hydrodynamic equations (1), 
if we assume in them Vn = 0. The experimental data (121 

on the velocity of fourth sound are in good agreement 
with those calculated by formula (24). 

The absorption of sound is due both to the slippage 
of the normal component of the liquid, and to heat trans­
fer through the capillary walls. The coefficient of sound 
absorption connected with the viscous dissipation mech­
anism (slippage of the normal component) is 

V. =~W2PsPn[Uot2 (1+~)(1-p,~/pn)-u022 l'· 
VIS 2gu, I'JP~ u,z . 

(25) 

For a plane-parallel capillary g = 3 and for a cylindri­
cal one g = 8. 

It is interesting to note that the obtained sound-ab­
sorption coefficient is inversely proportional to the 
viscosity coefficient 1). This is connected with the fact 
that when 1) increases Vn decreases, and consequently 
the energy loss connected with the oscillation of the 
normal component in the capillary decreases. 

The fourth-sound absorption coefficient connected 
with the heat transfer through the capillary walls is 

2 <1 Pn 1 f p, l 
Vth =-----l UQ22 +uol2 -~(1+~) 
' ju, u pdCHe u,2 · Pn · 

r 1 1/ 1 ][ 1 ( 1 1/ 2 )']-• x -+v -+ -+v--L a 2wCwxw a2 a wCw·Xw ' 

(26) 

For a plane-parallel capillary f = 2, for a cylindrical 
one f = 1. 

In the limiting case when 1i « 1, the thermal wave is 
strongly damped, and the damping is proportional to the 
viscosity coefficient 1) and is inversely proportional to 
the square of the capillary radius. We present an ex­
pression for the square of the wave vector of the 
thermal wave in the case of a plane-parallel capillary: 

3p,'TJ a- r( 1 1 \ J-1 - --=-- (1 + ~) 1 -+----==-) CHellm.2 • 
p2pnd3 <J L a l'iwxwC w 

(27) 

In channels whose width satisfies the condition 
d » .\v, ordinary first and second sound propagate, and 
their velocities is altered by the presence of dissipation 
on the channel walls. We present expressions for the 
velocity and wave-absorption coefficient in plane-paral­
lel capillaries. All the formulas remain valid also for 
cylindrical capillaries, if we replace in them the width 
of the gap 2d by the rates of the capillary. 

The velocity of first sound is equal to 

ut' = u.r 1--1-YI']Pn ,(1-~~)'(1 +~~')-I 
L, 2pd 2w Pn Pn 

1 P• <1 ( p, )-1 J ----=-~' 1+-~2 R1 • 
2CHeW Pn ·<1 Pn 

(28) 

The imaginary part of the wave vector, which deter­
mines the sound absorption, is 

Ol [ 1 v I'JPn ( p, )'f p, )-I Im k1 = -1 -. - -- 1-- ~ , 1 +- ~2 
U1 2pd 2w Pn \ Pn 

where we have introduced the notation 

1 1/ 2 r 1 ( 1 1/ 2 )'l-1 

R~=-v---'-+ -+ v--a wCw·xw L a 2 a wCw""-w - ' 

1 { 1 1/ 1 )r 1 ( 1 1/ 2 )21-1 Rz=- -+ v---. -+ -+ V,--- . 
d 'a 2wCwxw L a 2 a 'wCwxw J 

As seen from the presented formulas, unlike the case 
of pure He4 , the first-sound velocity and the absorption 
coefficient of solutions contain terms proportional to 
{:32 , connected with heat transfer through the boundary. 
This is due to the fact that the first-sound wave in the 
He3 -He4 solution contains temperature oscillations 
whose amplitude is proportional to {:3 (20). 

The velocity of second-sound propagation is 

u{ = u,~[1-~ V-11- (1 + ~) 2 ( 1 +~~·)· -1 

i 2pd 2pn00 Pn 

----- 1+~1l" R1 • <1( p )-'] 
2wCHeO' Pn 

The imaginary part of the wave vector of the second 
sound is given by 

Imki=~~r~v 1) (1 + ~)·{ 1 +~~·)-I 
Uz 2pd 2pn00 I Pn 

+--- 1+~fl2 R2 . a( P )-'] 
wCHe<1 Pn 

(30) 

(31) 

The absorption of second sound consists of two parts 
due to the viscous losses and the heat-conduction losses, 
and depends explicitly on the He3 concentration. The 
absorption coefficient depends on the thermal resistance 
of the boundary a-1 and of the solid (2/wCwKw) 112 • If the 
solid wall has a large thermal conductivity, then the ab­
sorption is determined principally by the thermal resis­
tance of the boundary. To the contrary, in the case of 
low thermal conductivity of the solid wall, the absorp-
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tion is determined by the thermal resistance of the wall. 
The absorption of the sound by the walls is significant 
only at small sound frequencies. At high frequencies, on 
the other hand, the volume of absorption, which depends 
on the frequency like w2 , greatly exceeds the surface 
effects. If we put {3 = 0 in formulas (28)-(31), then we 
obtain the well known result[:J.-41 for He 4 • 

Experiments aimed at the study of the propagation of 
waves in narrow channels are performed in filters made 
of pressed fine powder. The geometry of the channel in 
such filters is very complicated and differs greatly 
from that considered by us. As shown by the experi­
ment [s, 7 ' 101 , the irregularity of the geometry of the 
channels leads to an effective decrease of the diameter 
of the channels and to an increase of the path traversed 
by the wave. To clarify the influence of the geometry of 
the channels on the propagation of the sound, it would 
be of interest to perform experiments on solutions with 
different He 3 concentration and to compare the differen­
ces of the sound velocities for different concentrations 
with the calculated ones. 

A study of the propagation of the waves under condi­
tions of total or partial deceleration of the normal com­
ponent of the He3 -He4 solution makes it possible to in­
vestigate the behavior of the He3 atoms in narrow chan­
nels, to measure the ratio PsiP, to determine the energy 
spectrum of the impurities and the dependence of the 
effective mass of He3 on the concentration, and to study 
the dissipation mechanisms under such conditions. The 
entire calculation in our paper is performed under the 
assumption that the He3 atoms contribute only to the 
normal component of the liquid. Experiments on the 
propagation of sound make it possible to verify this 
assumption in a wide range of concentrations at tern­
peratures. 

In the construction of the plots of Figs. 1 and 2 we 
use the experimental data for p, Pn, and {3 from Ds-lBJ. 
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