SOVIET PHYSICS JETP

VOLUME 28, NUMBER 5

MAY, 1969

GROUP THEORETICAL CLASSIFICATION OF STATES IN CALCULATION OF MOLECULAR

SYSTEMS

I. G. KAPLAN and O. B. RODIMOVA

Karpov Physico-chemical Institute; Siberian Physico-technical Institute of the Tomsk State University

Submitted May 16, 1968

Zh. Eksp. Teor. Fiz. 55, 1881- 1892 (November, 1968)

A general method is proposed of finding allowed molecular multiplets that can be constructed from
specified atomic states with allowance for the interaction of the configurations. The method starts
from a description of the molecule by a coordinate wave function with a specified permutation sym-
metry of the Young pattern [ A ]. Concrete particular cases of different molecular configurations
are analyzed. All the 100 multiplets that can be constructed on four 2p orbitals of the O atoms and
two 1s orbitals of the H atoms are determined for the H,O molecule.

1. INTRODUCTION

WHEN spin interactions are neglected, the states of

symmetrical molecules are classified by specifying the
total spin S and the irreducible representation I' of
the point symmetry group of the molecule. Such states,
in analogy with the terminology used in atomic spec-
troscopy, are called molecular multiplets and are
designated 25411 In the case of the calculation of
molecular systems by a variational method, or else
with the aid of perturbation theory, it is necessary to
solve the secular equation. The order of the secular
equation increases rapidly when account is taken of the
interaction of different electronic configurations. The
construction of the eigenfunctions of the molecular
multiplets from the initial variational functions leads
to an essential lowering of the order of the secular
equation (see'*!, Secs. 6—9).

Before proceeding to calculate any concrete system,
it is of interest to determine the allowed molecular
multiplets and the order of the secular equations that
are encountered in the calculation. A problem of this
kind was solved by one of the authors®! in the case
when one nondegenerate orbital is specified for each
atom". The present paper contains a generalization to
include the case when degenerate orbitals and an ar-
bitrary number of valence electrons are specified for
the atoms.

The problem of finding the possible molecular
multiplets from specified atomic ones was considered
by Kotani®J. However, the general formulas given by
Kotani for the character of the sought reducible repre-
sentation are expressed not in terms of the characters
of the irreducible representations of the group of
orthogonal transformations in three-dimensional space,
but in terms of a product of matrix elements of the
corresponding matrices of this group. In addition, cal-
culations by the Kotani method require cumbersome
calculations of the spin factor. As will be shown below,
allowance for the permutation symmetry of the coordi-
nate wave function makes it possible to simplify

D) This case is realized, for example, in calculations of w-electron
systems of conjugate and aromatic hydrocarbons in systems with 1s-
valent electrons.

greatly the procedure of finding the characters of the
representations formed by the initial set of the wave
functions.

2. DERIVATION OF FORMULAS FOR THE
CHARACTERS

In all the quantum-mechanical problems in which no
account is taken of the spin interaction, the total spin
of the system is a good quantum number. In this ap-
proximation, the total wave function is separated into
a coordinate function and a spin function. All the
properties of the considered systems are determined
fully by specifying the coordinate wave function, which
has a permutation symmetry uniquely connected with
the spin of the Young pattern [ A ][*). In finding the
formulas for the characters of the representations that
can be constructed on the initial set of the wave func-
tions, we shall always start from the coordinate wave
functions symmetrized in accordance with the Young
pattern [A]. We start the consideration with the sim-
plest cases, after which we investigate an arbitrary
molecular system.

A. One Valence Electron Specified on Each Atom
(Covalent Configurations)

Assume that there are N equivalent atoms, on each
of which is specified an identical degenerate orbital
¢(1), where [ is the orbital angular momentum and m
is its projection on the z axis. The number of valence
electrons is assumed equal to the number of atoms.
The total number of coordinate states is obviously
(2 +1 )N. Each of them corresponds to a non-sym-
metrized coordinate function

4] [6)] (G} .
D, my = Fomia (1) G (2) - Py g (V) 1)

where the indices a, b,...,q number the atoms. By
making all the possible permutations of the arguments
in the function (1), we obtain N! functions for each set
of values m;, m,,...,mN. It is possible to construct
from them the basis functions of the irreducible repre-
sentations T'[A] of the permutation group 7N, charac-
terized by the Young pattern [X], by acting on the func-
tion (1) with the Young operators w ¥ (o,
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functions (2) (the indices r and t run through f) values
each). These functions break up into f) independent
basis sets of f) functions in each set. Under the action
of the permutations through one another, the function

(2) is transformed with fixed indices t and

m,, m,,...,my; they correspond to one state

(see["“]). Consequently the number of independent
states having the permutation symmetry of the Young
pattern [A] is equal to fx (2 + 1)N,

The action of the operation of the point symmetry
group of the molecule (we denote such an operation,
specified at the origin, by %) on the configuration of
localized orbitals reduces to a permutation P of the
centers of the orbitals and to operations of point sym-
metry, specified at the center of each orbital; we de-
note such operation by Ra. With respect to the group
of point transformations, the set of functions (2) with
fixed indices [A] and r, forms a basis for a certain
reducible representation of dimension f) (27 +1 )N.
Let us find the characters of such a representation.

The operations of the point symmetry and permu-
tations of the coordinates of the electrons commute,
and therefore

ROLT (980 o -+ yg) = DT (P (R.9%a) (Ruimn) - - (R @)

= X DRm (R) DR, (R) -+ D ym (RYOL (@) 2007 -

mmy e mpy’

For each set of values m;, m,,..

.. ¢§L{V,q),
(3)

where D(l), (R) are the matrix elements of the ir-

mjm;
reducible representations of the group of orthogonal
transformations in three-dimensional space Os, cor-
responding to the operations R of the point group?.
The permutation P is defined as

We denote by P the electron-coordinate permutation
that returns the electrons to ‘‘their own’’ atoms. Then
the function in the right side of (3) can be represented
by

A .
D@D 00 5 -+ Dy = 0l ez (1) 95 (2) -+ @lyz (V)

=l P9l (1) 95, (2) -+ 9, (V). )
Using relation (2.34) of'*), we write
ofTPt = TR (P old! = T (P) or, (5)

where 1"1[1%] (P) are the matrix elen;ents of the ortho-
gonal irreducible representation I ] of the group 7N.
Substituting (4) and (5) in (3) we get

RO (Ga - - - i)
T (P) DR () - -+ DD e (R) O (0, -+ 0% )-

22 2 mymy my my "'(pf_n'Nq
w ey (6)

The D(ir)l’m (R) in (6) are regrouped in such a way
14

2)We recall that all the point groups are subgroups of the group O,
and the group Oj itself is determined as the direct product of the group
of three-dimensional rotations R} by the group Cj of the inversion oper-
ator.
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that the order of their arrangements corresponds to

l
the order of the arrangement of cp( ) .. .go%),Nq, and

ma
the sum over m;...m i\l is replaced by the equivalent
summation over ;... Ty

In order to obtain the character, it is necessary to
to take the ‘‘diagonal’’ term in the sum (6), i.e., equate
u=t, m;=my,... ,ﬁi\] = my, and sum over t and
over all the sets m;, m,,..., my. As a result we ob-
tain

XM @) =) 3 Dom (R) - DY 2 (). M
1eeempy

This expression can be easily simplified. To this
end we take into account the fact that the correspond-
ing operation ® of the permutation P can always be
represented in the form of a product of cycles. Ac-
cordingly, all the atoms break up into cycles, in which
the atoms go over one into the other. The sequence of
the values m,M,....my is made up of mym,...mN
by the action of the permutation P!, which has the
same cycle structure as P. Therefore the products

D(l),__,(R) in (7) can be broken up into cyclic aggre-
mjmj

gates, making it possible to express them in terms of
the characters (see[“‘], Sec. 25). Let us examine, for
example, that part of the sum of (7) which corresponds
to a cycle of length k (we renumber successively the
indices of this cycle)

D DR, (R) DS (R) -+ - Dy, (R) = 3\ D, (R¥) = 2V (R®). (8)
My My, my
For the operation ® corresponding to the permutation
T with the cyclic structure {1”22"2.. kVK}, the
formula for the character assumes the form

XM(R) = x™(P) [x® (R) I [xO (R) 2. .. [ (B*) ]n. ©®)

In the case when orbitals of different types are
specified on the atoms, several covalent configurations
are possible, differing in the permutations of the or-
bitals among the identical points. Since the different
covalent configurations go over into one another follow-
ing the operation of the point group, the only configura-
tions contributing to the character are those that go
over into themselves following the operation #%. The

Different covalent configurations

s 2 V]
one s-orbital are specified on the atoms. £Z c 2 ¢ a ¢
Y /2 E V4

for the case when two p-orbitals and

number of such configurations will be denoted by
7( ®). The procedure for finding 7( SR? coincides with
the procedure described in detail in! for finding the
number of ionic structures remaining invariant under
the action of the operation ®. The formula for the
characters takes the form

XU(R) = qPM(P)x® (R™) 3@ (R™) ... x%) (R™)T(R). (10)
Some of the orbital momenta /j, as well as the lengths
of the cycles nj in formula (10), may coincide. If all
the atoms are identical and all the /i are equal, then
we get 7(®) =1, inasmuch as only one covalent con-
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figuration is possible in this case, and formula (10)
goes over into (9).

The characters of the operations of the point group
corresponding to the irreducible representations of
the group Os can be readily found from the formulas®.
The character of the operation of rotation through an
angle ¢ is

o sin(l+‘/z)(p 11
X(”(Cc)—m—‘, ( )

the character of the inversion operation
201 = =2+ 1), (12)

the plus sign is for even states and the minus sign for
odd states. Finally, the characters of reflection in the
plane o and of mirror rotation S, are calculated by
representing these operations in the form ¢ = IC; and
S¢ = ICm(p, which leads to the following formulas:

X0 (S¢) = £xO(Cryo) (13)

depending on the parity of the state.

Let us consider by way of an example a symmetrical
system of three equivalent atoms, with p-orbitals
specified on two of them and an s-orbital on one.
Three covalent configurations are possible (see the
figure). Assume that we are interested in the state of
the system with total spin S = %,. The permutation
symmetry of the coordinate wave function is charac-
terized in this state by the Young pattern[m]. The point
symmetry group Csy contains three classes of opera-
tions. For the single class E all three configurations
of the figure make a contribution to the character, i.e.,
7(E) = 3. Each of the operations of the class oy
leaves invariant one configuration, therefore 7(oy)
= 1. Finally, under the action of the operations of
class C; the configurations go over into one another,
i.e., 7(C3) = 0. The character of the representation
made up by the s-orbital is always equal to unity. The
characters of the representations formed by the p-
orbitals are expressed, in this case for all the opera-
tions in therms x ¥ (E) = 3. Taking x[1’](P) from!*],
we can readily find with the aid of formula (10) the
characters of the reducible representation. Their
values, and also the results of expansion in irreducible
representations of the group Csvy, are given below:

x@ (0-) = =+x® (Cz) s

Classes t3: {13} {3 {12}

Classes Cjg,: E 2Cs 36,
X1 (R): 27 0 —3
Allowed multiplets 344y, 644,, 94E

B. Several Valence Electrons Specified on One of the
Atoms

In the preceding section it was assumed that one
valence electron is specified on each atom. Formula
(10) can be easily generalized to the case when n;
valence atoms are specified on one of the atoms. We
start here from a definite state of this multi-electron
atom, characterized by a set of quantum numbers
[A:]a@,LM;, where a; distinguishes between states
with identical value of the total orbital angular momen-
tum L,;. In all the symmetry transformations, the
multi-electron atom remains in place, and only the

atoms with one valence electrons are permuted. We
denote such permutations by P.. In formula (10) it is

necessary to replace x[A](P) by x[)\z] (P2), where
[A.] denotes the permutation symmetry of the electrons
of the monovalent atoms. Further, since we are speci-
fying only the permutation symmetry [A] of all the
electrons and [A;] of the electrons on one atom, it is
necessary to sum the formula for the character over
all possible [X;]. As a result, (10) goes over into

XH(R) = 3] o071 (Po) g™ (R) 3 (Bm2)..x@ (Rm)T(R). (14)
[Aa]

In the case of ionic configurations it may turn out that
the operation ® corresponds, for different configura-
tions of a given set, to different permutations P,. It
is then necessary to replace 7(®) by 7p,(®) and to
sum expression (14) over the possible P.

The possible Young patterns [A.] are determined

by expanding the representation rlr] on the subgroup
M, X Ty, at fixed I‘[AI]:

T — D} [l T, (15)
Ay
The expansion (15) can be found, for example, with the
aid of the Littlewood theorem, see!71%,

By way of an example let us consider determination
of allowed triplets of the methane molecule CH, in the
case of a carbon atom in the state 2s2p® °P, i.e., with
[x.] =[21%], Ly = 1. The electrons of the H atoms are
assumed to be in the 1s state. The permutation sym-
metry of the total wave function is characterized by a
Young pattern [x] = [2%1%]. Specified [r] and [A.]
satisfy all three possible Young patterns for four elec-
trons of the atoms H, i.e., [X,] =[2%], [21%] and [1%].
Tq is the point symmetry group of methane. In this
case there is one covalent configuration, therefore
7(®) =1 for all ®. Formula (14) takes the simple
form

XIZEH(R) == 3 yl=) (P2) xO(R). (16)

A2

We take the characters x“‘z] from™). The characters
XY (R) corresponding to the operations of the group
Tq are obtained from formulas (11)—(13). We recall
that the parity of the state of the system of k electrons
with orbital angular momenta I, I,,...,lk is deter-
mined from the formula'®l:

(—1) ittty )

Consequently, a carbon atom with the considered elec-
tron configuration 2s2p® is in an odd state. From
formula (16) we find the characters of the reducible
representation:

Classes 7ty (1% {13y 2% {122} (4}
Classes| Ty E 8Cs 3C, bs4 65,
X)) 18 0 —2 —2 0

Expansion of this representation into irreducible

3) An alternate method is based on the one-two-one correspondence
between the Young patterns of an N-electron system and the value of
the total spin S. To find [A,] it is sufficient to find the possible values
of the spin S, which are compatible with the vector equation S=S, +8S_
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representations of the group Tq yields the following
set of allowed triplets: %A, °E, 3°F;, 2°F, (in full
accord with®!),

C. Diatomic Molecule

Let us consider a diatomic molecule consisting of
identical atoms. The states of the atoms are specified
by a set of quantum numbers [Xi]@jLiMj. The coordi-
nate wave function of the molecule, having permutation
symmetry of the Young pattern [A], is constructed in
the following manner from the coordinate wave func-
tions of the atoms (see (7.56) in!*!):

oM (Ar Moy Ia My, Ap[Mo] @y LoM,)
= C | Q| rirdp™ QN (Ayoy Ly My) DL (Agaaly M),

where C is a normalization factor, Q the permutations
of the electrons among the atoms retaining an increas-
ing order of numbers of the electrons of each atom.
The molecule point symmetry group is Deop. Let us
find the characters of the representation made up of
the functions (18) for the operations of the group Dowh.
The result of the action of the operation
% = PA,A,RA,RA, on the function (18) is equal to

(18)

PaaRaRaOM=C 3 ED‘L'M (R) DS, (R) <r | Q [rir)™ @

riry
MMy

X O (Agoy Ly My |12 - - - 0) DR (Ayau LMy | n 1 -+ - 20). (19)

Let P be the electron-coordinate permutation that
returns them to ‘‘their own’’ atoms with conservation
of the increasing order of the numbers of the electrons
of each atom. Then that part of (19) which is connected
with the permutations can be written in the form:

S Q | )™ QPARLT (Ayaa Loy [12 -+ - )
Q

X O Ay, LMy |0 41 -+ - 20). (20)
We put QP! = U, whence Q = UP and
FIUP )M = 3 <r| 7[Rty [Ra] 23
X< (At [XZ],.,;;AI,;)I (Al ra, [Aal radE, (21)

The matrix ( |P|) from (21) belongs to the class of
matrices considered in®), is diagonal in [Ai], and
does not depend on the Young tableaux rj:

([l [Rediz| P| [Mdrs, [22]r2)™ = 8 8er MMIPIMADEL  (22)

The double bar in the matrix element in the right side
of (22) denotes independence of the Young tableaus. A
convenient method of expressing such matrix elements
in terms of the characters is given in the Appendix
(see (37), (38) and Table II).
Substituting (20)—(22) in (19) and using the definition
of the function (18), we obtain
P aga,RaRa, 0 (Ay (Ml aiLyMy, g [Ag] 0o LoMy) = 81, <Aidy [P Mgy
x 3 DSitar, (R) DS, (R) O (4; Ml Lo My, As [M] oy Ly MyY').
My M, (23)
To find the character it is necessary to equate in (23)

;= a, Ly =Ly, M3 =M,, and Mj = M;, and to sum
over M; and M,. As a result we obtain

XM (Pa,aRaRa,) = bl PllAgAg )MyE0 (R2). (24)
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In the case when the atoms have different sets
[ri]ajLj, the character (24) equals zero. For the op-
erations ® which are not connected with permutation
of the nuclei, it is not necessary to satisfy the equa-
tions a; = a, and [A,] = [A:]. The corresponding
formula for the character is

(24a)

where 71,1, =2 for L, # L, since two configurations
are possible, differing in permutations of the orbital
angular momenta; obviously 7L, L, = 1.

By way of an example, let us consider the N, mcle-
cule. We find the allowed singlets arising from the
state p® °P of the N atoms. According to Table II of
the Appendix, the permutation factor ([21][21]n P
I [21][21]%°) entering in (24) is equal to unity. The
formulas (24) and (24a) take on the simple form

— O (R2), (25)
[0 (R) ]2 (252)

Calculating the characters by means of formulas (11)-
(13), we obtain

XM (R4 Ra,) = 3" (B) " (R)TLiLs

X[ZJ] (PA,A_RA|RA2)
X1(Ra,Ra.) =

D, E c, Gy 7 iC, 13,
<02 (3, in3
129 () sin? (%/.9) sin 3¢
X 9 sin%(@/2) 1 sin @ 3

Expansion of this representation into irreducible
representations of the group Dwh yields the following
singlet states:

218+, 13,7, g, UL, 'Ag

g

D. General Case

Let us consider a molecule consisting of an arbi-
trary number of atoms. The state of each atom is
specified by a set of quantum numbers [xi] @iLiM;j.

Let us find the characters of the representation,
formed by the coordinate wave functions of the mole-
cule in the state with definite permutation symmetry
[r]. The coordinate wave functions of the molecule

are constructed from the coordinate wave functions of
the atoms in accordance with formula (21) from®], For
the sake of clarity we consider a molecule consisting
of three identical atoms. The result of the action of the
cyclic permutation PA A,A, on the wave function of
such a molecule is

Paa,a, O (Ay M) 0 LMy, Ag [As] aLoMy) [Aiz] Ag [As] aoLoli )
= Z E <rl Q l (rlrz) 7\.121‘3}“] QP‘l(D,[.:"] (A201L111[1) (I)z[j\z]

rirary Q

X (A0 LM ) D (A0, Ly M), (26)
The permutation P, just as in (20), returns the elec-
trons to ‘‘their own’’ atoms while conserving the in-
creasing order of numbers of electrons of the atom. It
can be written as P23, where the symbol Piz3 denotes
that the electrons of the atom 1 are replaced by the
electrons of the atom 2, etc. Putting QP™ = U, we
represent

rIUP | (rirg) Moyt < U [(tits) Myt

=3
interm.
state

X< (tats) Moty | P | (rira) hgrsp. (27)
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In analogy with (22)

((t1t2) Miats | P| (11T2) haars) M
= 8,r,0t.r58r (Mt ) hgaha 1Pl (Asha) Moy )M, (28)
Substituting (27) and (28) in (26) and taking into ac-
count the definition of the function ‘I’r)‘ in (26), we ob-
tain

Pasa,®HM (—)=C3) <(M7~1)7‘127"1” Pl () s

SO (A (Mgl 0oLy Mg, Ag (M) anLaMy) [Raa] Az (Mol aal o M), (29)
Fou the character of the operation
® = PA A,A.RA RARA, we obtain the expression
X0IR) = 31 (h12a) Ml Pl (2ahy) hph) W 3@ (RZ), (30)

Az
It is obvious that in the case of a cycle of n atoms we
have

XOI(R) == 3 {0t .. 2a) hinterm [PU (2. . }1) Rinterm ) P @) (R, (31)
*interm
where Ajpterm denotes the set of (n — 2) intermediate
Young patterns, necessary for a complete description
of the permutation symmetry of the state of n particles
(see Sec. 2—10 in''"). We note that for a cycle of n
atoms, on each of which v valence electrons are speci-
fied, the permutation P belongs to the class { nV}.
We introduce for the sum over Ajpterm in (31) the
special symbol

SV (. A hinterm] P (Ay .. Ag) Aintermd™) = w,, (A, 1), (32)

“interm "

Formula (31) assumes the compact form

(33)
In the general case the operation ® corresponds to

permutation with arbitrary cyclic structure. The

formula for the character,with allowance for (33), can
be written in the form

XM(R) == wn(hy, M)xP(R™).

XM (m)

- { E Ewm(;m }»(1)) X(Lx)(Rn,). . wnk(}»k’ x(k))x(Lk)(R"k )}T(m)’
(34)

where nj is the number of atoms in a cycle in which
each atom is characterized by the permutation sym-
metry [Ai] and total orbital angular momentum L,

and [2()] is the overall permutation symmetry of the
atoms of the i-th cycle. Since in the construction of
the permutation state [A] one specifies only the per-
mutation state [Aj] of the atoms, it is necessary to
sum in (34) over all possible permutation symmetries

[A (1)] of the cycles, and also over the intermediate
symmetry patterns [Xipterm) which relate [ (1)] with
[A]. The possible Young patterns [A(1)] at a fixed
overall Young pattern [r] are obtained by using the
Littlewood theorem!""! (see also footnote® ). The
cyclic structure of the expression (34) is determined
by the operation R®. We note that the permutation fac-
tors wpi(Ai, )\(1)) for each cycle are calculated
separately. In the Appendix we give a method of their

calculation in terms of the character. They also give
the values of wn(Xx,, A ) for all possible symmetries

A, A X interm

999

of the systems with a total number of electrons
N =< 8. Finally, 7( %), just as in formula (10) and (14),
denotes the number of electronic configurations of the
molecules, which remain invariant under the action of
the operation % (see, e.g., the next section).

In concrete particular cases formula (34) goes over
into formulas (10), (14), and (24) of the preceding sec-
tions.

3. DETERMINATION OF ALLOWED MULTIPLETS OF
THE MOLECULE H:0

Let us find all the multiplets that can be constructed
for the molecule H,O with account taken of four 2p-
electrons of the atom O and two ls-electrons of the
atoms H. The overall dimensionality of the secular
equation which appears in this case is, in accordance
with formula (6.54) of'*); equal to 10!/6!4! = 210. The
point symmetry group of the water molecule is C,y.
The molecular configurations include one covalent and
five different types of ionic configurations. Let us
consider them in sequence.

I (p4)o (s)g (s)yg- The characters of the repre-
sentations induced by the coordinate wave functions of
different covalent structures are given in the upper
lines of Table I. They can be readily found from
formula (14) with 7(®) =1 for all =.

II-IV. Ionic configurations (p®)o(s)H,
(p*)o(s®)H, and (p*)o(s)H(s)y. For each allowed
O atom state characterized by an orbital angular mo-
mentum L, there are two configurations of such types.
The characters are calculated by the formula
xM (2) =x@(R) 7(R), in which 7(E) = 1(0,) = 2
and 7(C:) = 7(0;) = 0.

V. (p*)o(s®) g (s°) - The formula for the charac-
ters is obtained from the general formula (34) with

Table I*

MultipIicities of

_CJ;a:actets of reduc- | engry olt2 irreducible

Coordinate functions of ible representations I tions

configurations
e Csl o4 G | Ag A B:i | B
[} QLT (e (2421 P; (57 ) [12]) 3| 1] t|—tfo 1] oy
OLPYT (e [22] 85 (s; 5) [12]) t—t|—t] 1| [ o|1]0
‘D[izﬁ (P* (221 D; (53 ) [12]) 5|—1]—=1] 1 1] 2|1
DI (pe [242] P; (55 5) [2]) 1

(D[E‘l’](pc [212] P; (s; ) [12]) } 6 0| 0|—2 . 2 1 2
O (pt [22] 55 (s ) [2]) 1t 1paf,{ofofo
O (4 [22] D; (53 5) [12]) 50 1] 1| 1 111 ]
O (pa [202] P; (55 s) [12]) 3| 4] 1=ttt ol
11 | Ol (p (2] P; s[4].S) 6| of o] 2|2 2 |1
ol¥ (p> [221] P; s [1] ) 6] ol of 2/2 | 1] 2|1
11 | ©1(pe[212] P; s2[2] 8) 6| of o|—=2|! 2 |1 2
O (pa (2] 55 52 [2] §) 20 ol o) 2[* | o]1]o
O (pa (2] D; 52[2] ) 10| ol of 23 | 2|3]:2
1v | OB (p3 18]S (2 (2] 8; ) [24]) 2] o] ol—210 | ¢ o1
DIPVT (p3[19] 85 (2[2] 85 5) [21]) 2| o] of—2| 0|t ] 0|1
DT (ps [21] P; (22185 s) [21]) 6] of of 2/2 |t |21
LT (ps [21] D; (s2{2]S; 5) [21]) 10 of of|=2{21{3|21]3
O (p3 (24] P; (2[2] 83 9) [21]) 6] o of 2/ 21|21
L1 (p3 [21] D; (2[2] S; 5) [21]) 10 of o|—2{21]3|z2]3
V| oI (g (12 Py (s2(2] 8552 [2)8) [20))] 3 |—t]—1 |—t| O | 1 | 1 |1
O (p2[2] §; (s2[2]8; (2] 8)(2%]) | 1 1| 11 ]ofolo
O (p2 [2] D; (s2[2] 85 $2[218)(2%]) | 5 tl2 |t ] 11
VI o] (p®[281S) 1 1 1 1 1 0 0 0

*The operation 0, denotes reflection in the plane of the molecule, and o, ref-
lection in the perpendicular plane.
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Table II.

' ]

= 4 N=6 N =38
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—1 1
—1 1 — 1

[
o——

o
-

—1 1

1
1 0 0

“ [l

7(®) =1 for all the operations ®, and has the follow-

ing simple form: X[A] (%) = x(L)(R), since, in accord-
ance with Table II, wy([2], [2?]) = 1.

VL. (p°)Q. A single configuration of this type is
possible.

The values of the characters of the reducible
representations of the group C:v, induced on the co-
ordinate functions of the configurations I--VI, are
listed in Table I. Their expansion in irreducible
representations yields the following allowed multiplets:
1°A,, 2°A,, 2°B,; 9°A,, 12°A,, 12°B,, 12°B,; 18'A,,

10'A;, 12'B,, and 10'B,. The total number of multi-
plets is 100, and the maximum order of the secular
equation is obtained for the ground state 1A1 and
equals 18, which coincides with Slater’s unpublished
data (see'®), p. 278).

APPENDIX

CALCULATION OF THE PERMUTATION FACTORS
Wn ()\ 1y A )

The matrix elements (Il P I} which enter in the
definition of wp (A,A) (see (32)) belong to a non-
standard representation of the permutation group and
can be obtained by direct calculation with the aid of the
corresponding transformation matrices ([1], Chap. II).
It is possible, however, to formulate a system of equa-
tions which relate the sought factors wn(A, A ) with

the characters x Al] and yx A .

In the general case, the permutation of n groups of
electrons can always be represented in the form
Q = PU,...U,, where P is the permutation of the
electrons among the groups and Uj is the permutation
of the electrons inside the i-th group. If the matrix

element {(r)B|PU,... Uyl (r)B)[A], where (r)B is
the symbol numbering the basis functions of the non-
standard representation reduced on n equal-number
subgroups, is represented in the form of a product of
matrix elements, then, by summing both parts of the
obtained equation over (r )B, we arrive at the follow-
ing equation:

S (ULs. .. Un)wn (A, 1) = 1 (PULU>. . Uy).

M

(35)

The electron permutation P for each operation of the
point symmetry is determined uniquely by the permu-

. KAPLAN and O. B. RODIMOVA

tation of the atoms. Each of the permutations Uj in
the right side of (35) acts on the electrons of different
atoms, whereas the permutations Uj which enter in

the character x[hl] act on the electrons of one atom.
If we put in (35) all Uj equal to unit permutations

and take into account the fact that the permutations P

belong to the class {n"}, then (35) goes over into

2 utn (e, 1) = M ({n2)). (36)
M

Equations (35) and (36) for the determination of

wn(A 1, A) are very simple and as a rule make it possi-

ble to find the required factors without particular dif-

ficulty. In the particular case of a cycle of two atoms,

the permutation factors

wa (M, &) = (Al PlIAgAg )T (37)
satisfy the equation
DA (Ul we (1, 1) = x1 (PUD). (38)

2
Let us consider by way of an example the determina-
tion of the factors w([X.], [2°]). The two possible
Young patterns are [A,] =[21] and [1°], and are com-
patible with [A] = [2%]. We choose for U,U. in (38) the
two sets of permutations:

1. U and U, = {13); 2. Uy = {38}, U= {19).

This leads to the two equations
frenwa([21], [22]) + frmwo ([27], [2°]) = x21({2%}),
x21({3}ywa([21], [2°]) + «1({3})wa([12], [2°]) = x1#1({6}), (39)
from which it follows that
we([21], [22]) = wo ([1%], [2°]) = 1.

Table II lists the values of the permutation factors
for all possible symmetries of systems of electrons
with N = 8.
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