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We investigate the recently observed!!] phenomenon of pseudo-intersection of terms in the ZeZz’
system. The WKB method is used to obtain formulas for the level splitting 6E at the pseudo-inter-
section point, the distance R, between the charges Z and Z’ at which the pseudo-intersection takes
place, the values of the energy E, at this point, and also the function that determines the total num-
ber of such pseudo-intersections in the ZeZ’ system at specified values of the charges Z and Z'
and quantum numbers n and n’ of the interacting terms. The obtained formulas are compared with

the numerical calculations.

l. Recently[” there were observed in the ZeZ’' system
pseudo-intersections of the terms, i.e., of the energy
levels of the electron e in the field of two fixed
charges Z and Z’' separated by a distance R. This
unique phenomenon (configuration interaction of the
terms) is an internal property of the ZeZ’ system,
and is not connected with an external dynamic pertur-
bations (there is one electron in the system, and the
nuclei are fixed). Pseudo-intersections appear at
large but finite distances R between the nuclei, and
have the form shown schematically in Fig. 1),

FIG. 1. Diagram of pseudo-inter-
sections: at the point R, the terms E
and E’ are symmetrical with respect

In many problems of atomic physics (for example,
in the problem of asymmetrical charge exchange of the
type pu” + Z — Zp~ +p'™?)), it is just these pseudo-
intersections which determine the course of the pro-
cesses. To calculate the crosssections of such pro-
cesses it is necessary to know the distance R, between
the nuclei Z and Z’, at which the pseudo-intersection
of the terms E and E’ takes place, and the magnitude
OE of their splitting at this point. It is remarkable
that the quantities Ry, and 0E can be expressed ana-
lytically in terms of the quantum numbers of the levels
E and E’, although the entire problem as a whole, as
is well known, can be solved only numerically. We ob-
tain these quantities in this paper with the aid of the
WKB method, and therefore all subsequent calculations
are also of independent interest, being a nontrivial
example of the use of the quasiclassical approach ],

2. In the WKB method, the two-center problem of
quantum mechanics reduces to a problem of quantiza-
tion in a double well of the type shown in Fig. 2a. The
quasi-classical conditions for quantization in such a

T ’ to the value Eq = (%) [(Z' - Z)/(n’ -
. n)] 2. The magnitude of the splitting
¢ 71 OEis determined by the formula (21).
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well were found in{*), and are given by (2’ > Z)

ctg waclg 02’ = tg? (e7¥/2),
0y = a(ny + Y2), (1)
where

Nz L n

or= Y Qmydn, o= {Qmyan, K= \[Q(m)|dn,
m s n:
5

or=\ R(z)az,
T (e R P SR
o= ]
W [CRE—DFERL
Re= | 21 @2—1)2} '
PP = —1LRE, b=R(Z —Z), ¥ =R(Z +2),

p = YoR%, »=}—2E, (2)

E and A are the energy and the separation constant of
the two-center problem, and 7§ and £ are the corre-
sponding roots of the equations Q(n) =0 and R(£)

= 0'*), When R > 1, the following expansions[‘” (all

in atomic units A = m = e = 1) hold true for the eZ
terms (i.e., for the terms which go over into the levels
of the isolated atom eZ as R — «):

3 z

i) TRty Ty

A+ b= —4pv 1—-—11-7«(\'+a)—§:)?(2\'3+2a2+3\'a)]. 3)
Here n, n;, np, and m are the parabolic quantum num-
bers of the eZ level and the following notation is intro-
duced

v=na41p a=0b/2p (4)
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The formulas for the eZ’ terms are obtained from (3)

following the substitutions Z ~— Z’, n; — nj, ny — ng,
and n — n’ and—as a consequence—of the substitutions
v—v',b— -b, and @ — - a. We shall designate all

the quantities in the right-hand well by primes:

ZV_Z, 3 0 Z
TRt T g

1

n’
2 — b= —hpy [1 ——1(\"—a)—iA(Zv’z-i—Zaz—?w'a)]. 3')
2p 8p?

3. The expansions (3) and (3') were obtained from
the equations

oa(p, ) = qwv, @ (p, 1) = (5)

i.e., under the assumption that the influence of the
second well can be neglected in the quantization condi-
tion (1). When R — «, we simultaneously have
K — <, and this neglect is perfectly legitimate so long
as the levels E and E’ differ greatly from each other.
However, if at a certain point R, (but under the
barrier!) these levels come closer together, then they
can no longer be quantized independently in each of the
wells. In this case it is necessary to solve the trans-
cendental equation (1), for which it is necessary to
find one more condition relating the phase integrals
wz and ws.

In order to find this condition, let us consider the
complex plane of the quasimomentum Q(n ) (see Fig.
2b). Fixing the signs on the cuts, we obtain directly

202 = S) Q(z)dz, 2w = (g) Q(z)dz. (6)
c c

Deforming the contour C’ as shown in Fig. 2b, we ob-
tain the relation®!

202 = 20z + 2ni[Res(—1) + Res(+1) — Res(o0)]. (7

The residues at the points z =+ cancel each other,
and Res(«) = ib/2p. We finally obtain an equation that
is valid for all values of p and A:

@2’ (p, &) — w2(p, A) == ab/2p. (8)
We find the values of p, and A, from the conditions

2(po, ho) = mv, 2 (po, Ao) = v/, 9)

which determine the fictitious point of intersection of
the levels E and E’ (actually there is no such point,
since the conditions (9) contradict Eq. (1) at all finite
values of R). Substituting them in (8), we obtain

b/2pp =V —v=mn —np= a.

(10)

In addition, it follows from the conditions (9) that
the ‘‘radial’’ phase integrals w, and wi should coin-
cide at the point (po,Ao), for in this case the potential
of the ‘‘radial’’ equation has the form of a simple os-
cil[laitor well, which is the same for both levels E and
E'"%:

o1(po, ko) = 1k = @1’ (po, ko) = nk’,

k=ny4 "2 K =n'+ " (11)
From this we conclude immediately that pseudo-inter-
sections are possible for only those levels, in which
the radial quantum numbers are equal: n; = nj, in
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agreement with the previously established empirical
rulel*),

Taking this condition into account, and also the
definitions (2) and the equalities n=n; +n, +n +1 and
n’ =ni +n; +m +1 from relation (10), we obtain the
energy E, at the pseudointersection point
27—z —1Z

’

Ao = = — , oa=n"—mn,
a n —n
(A 2
Eoz_i(.z/ Z). (12)
2\n"—n

It is curious that the set of energy values E, at the
pseudo-intersection points forms the Coulomb series
of a hydrogen-like atom with charge Z’ - Z and
principal quantum number n’ — n.

4. At the point of pseudo-intersection Ry, all three
energies E, E’, and E, are close to each other and
therefore the following relations are valid:

w2 (P/, 7"/) = v + AEJ&
o2 (p, M) = 7’ + Awy,

w2(p, A) = v + Awz,

w2 (p, V) = v’ + Aoy, (13)

where all the increments of the phase integrals Aw,,
Aws, etc. are much smaller than unity. From (1) and
(8) we can easily establish that

- a 3
—2A0; = 2A 02 = B0z = 2 8P + ——2 6,
ap a%
- oy 90/
2002 = —2A 0 = 802’ = % §p + B (14)
op o

In relations (14), 6p =p’ - p, 6A = X’ — X are the total
increments of the parameters on going from the term
E to the term E’, and all the quantities are taken at
the point (po,Ao).

It is possible to show by the same method that at the
point R, the energy E, = (E + E’)/2, apart from ex-
ponentially small corrections, i.e., the splitting of the
terms E and E’ is symmetrical with respect to the
value E,. When relations (10), (13) and (14) are taken
into account, the conditions (1) and (8) are equivalent
to the following system of equations (we shall hence-
forth omit the zero subscript)

Swe’ 8wz = €-2K,  §w2’ — Bwg = — 2 6p, a=n"—n, (15)
P

from which we can easily see that dw, and dw; are
the roots of a quadratic equation, and following the
substitutions
= ek, o=1T (16)
o 2p
they take the form

dwy = (a — Va2 + ¢?)8p, (17)
8wy’ = (—a — ya2+ 0%)dp. (179
In addition, from (11) we get
ZJon ZIon
St = % 6P+5_),5}‘ =0. (18)
Using (14), (17), and (18), we obtain an equation for o:
0 (w1, w2) l =T dwq N
a(p, 1) Fla—yat+ o) =0. (19)

The calculations given in the appendix yield for the
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case of the ¢ terms (m = 0)Y

80 = - P__

ayn'n

Using the relation 6E = —4p€5p/R2 and calculating K,
we obtain ultimately

e K, (20)

2x2  (4p)s

yr'n ny'l no!

O — o2, (21)

Here s =v' +v=nz +n; +1, ¥k =v-2E, and all the
quantities are taken at the point of the pseudo-inter-
section.

In the symmetrical case Z' =Z,n’ =n, nz = n;, and
formula (21) goes over into formula (13) of®1 for the
splitting of the symmetrical and antisymmetrical terms
of the molecular hydrogen ion H; as R — «.

5. Let us compare the obtained formulas with the
results of numerical calculations!*] for the terms
5¢0 (n=1, ny=n,=m =0) and 4foc (n’ =4, n} =0, n;
=3, m=0) of the system Z =1 and Z’ = 5. Numeri-
cal calculations yield!!]

OF = 4.246-10-  (22)

The value of R, is determined here at the point where
the term splitting 6 E is minimal, this being purely
arbitrary. Indeed, inasmuch as the point R, is ficti-
tious, other definitions are also possible, and only the
magnitude of the splitting 6E has a real meaning.

So far we have determined R, from relations (9)
under the condition that dw. and dw; are calculated at
the value a =n’ - n, and simultaneously

Ry = 12.960; E, = —0.888254;

Eo = E(Ro) = E'(Ry). (23)
The first of these equalities leads to the result
L7 Z'—Z \2 Z \2-1
mow2z [0V = (2] @9

Numerically (in this case ko, = % and 2p = 17.16) we
get

Ro— 1287, E,= —0.8889; O6F = 147-103.  (25)

It is easy to see that the conditions (23) are con-
tradictory; by equating (3) with (5) we get from the
second equality in (23) that R, =13.26. This circum-
stance is connected with the general indeterminacy of
the point R¢. It is more consistent® although less
lucid, to determine the values of Ry and « from the
relations (23), rewritten in the form

1 /2 —Z7Z\2
_E( . ") = E(R) = E'(Ry). (26)
In this case a = 3.020, k, = 1.325, and 2p = 17.56, and
in lieu of (25) we obtain

Ry = 13.26; E,= —0.8771; 0E = 10.4-10. 27)

When account is taken of the corrections proportional

D The derivation of (20) actually does not depend on the concrete
form of the potential of the type shown in Fig. 2a. It is therefore applic-
able not only to the two-center problem, but to all problems of quantum
mechanics in which systems consisting of two weakly coupled subsystems
are investigated (for example, in the collision of complex atoms).

2)This circumstance was pointed out to the author by A. V.
Matveenko.
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to 1/p (A.3) we obtain in place of (25) and (27), re-
spectively,

O0E = 11.4-107%, OE = 8.0-10=.

The values in (25) and (27) differ insignificantly
from each other, but they coincide with the exact value
(22) only in order of magnitude. The cause of this
difference is apparently not the approximate character
of the WKB method, but the asymptotic nature of
formula (21): its region of applicability has not yet
been reached at the given values of n, n’, Z, and Z'.

6. The pseudo-intersection phenomenon is a sui-
generis form of quantum-mechanical exchange inter-
action®, which arises even in the absence of spin, and
is connected with the approximate degeneracy of the
levels of the ZeZ’ system at certain values of the
parameters in the Hamiltonian. However, the term re-
sponsible for this degeneracy cannot be separated from
the Hamiltonian, and in this lies the peculiarity of the
phenomenon, unlike the well known spin degeneracy.

It is established in'!! that in the ZeZ’ system at
Z =1 the pseudo-intersections arise only at values
Z' = 5. We derive a general condition under which
pseudo-intersections appear in the ZeZ’ system, and
also a formula for the total number of such pseudo-
intersections, if they are possible.

Just as in the problem of the molecular hydrogen
ion H3, the degeneracy of the levels E and E’ is pos-
sible only in the case when they are separated by a
potential barrier, i.e., under the condition

Umax (R) > E,, (28)

where Umax(R) = —=(VZ + vV Z’)¥R is the height of the
potential barrier separating the two wells eZ and
EZ'!). Taking into account the equalities (24) and (12),
we obtain from this a limitation on the value of a:

e>n(z—1)V1+2z, z=(Z'/Z)"% (29)

Further, the pseudo-intersection of the eZ term is
possible only with those eZ’ terms which lie deeper
than the chosen eZ term when R — «, i.e., under the
condition Z'/n’ > Z/n (n and n’ are the parabolic
quantum numbers of the isolated eZ and eZ’ atoms).
Putting

n=nZ|Z—r,

a=n(ZZ—1) —r=n(@?—1) —r, (30)

we determine from the inequality (28) the value of r,
i.e., the number of eZ’ terms that pseudo-intersect
with the chosen eZ term n (see Fig. 3):

r<<n(z—1)(z+1—7V1+ 22) = ng(z),

ro = Ent [ng(z)]. (31)

Figure 4 shows a plot of the function ng(x) at dif-
ferent values of n. It follows from it immediately that
when Z =1 the first pseudo-intersection (r = 1) for
the term n =1 (ground state of the eZ atom) in the
system ZeZ’ occurs only when Z’ = 5; this agrees
with the result of'*]. With increasing values of n and
Z', the number of such pseudo-intersections increases

3) This phenomenon has an exact classical analog: the interaction of
two resonators coupled by a narrow channel, at definite relations be-
tween their dimensions (the so-called parametric resonance).
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FIG. 3. Pseudo-intersection scheme of eZ term (n, n,, n,, m) with
eZ' terms (n) n}, ny, m): n' =nZ'/Z —r,n, =n}. When r = 0 we have
n' =nZ'/Z, and when R - o0 the eZ and eZ' terms coincide. The number
r runs through the valuesr=1,2, .. ., 1.

rapidly®, and therefore they must be taken into ac-
count in asymmetrical charge-exchange processes.

7. A few general remarks concerning the ZeZ’
system. Although there exists a developed algorithm
for the calculation of any term of this system'®), it
has been impossible so far to express analytically the
energy E=E (ng, ny, m; R) as a function of the
elliptic quantum numbers ng, ny, m, and the intercen-
ter distance R (and it is not clear whether such an
expression exists at all). These exist, however, four
characteristic values of R, at which such expressions
do occur, and in each such case a Coulomb series of
levels appears:

At R— =

—-3). p=-i(E)

At R>> 1, at the pseudo-intersection points

1 Z—zy_

Ey=—— -
’ Z(n’—n/

At R ~ 1 the wave functions of the system are
expressed in terms of polynomials at the points where
the energy of the system obeys the condition!” (N, L,
n--integers):

L 2472\ A Z—Z\ (—1)2m
p=— (T ) =5 () =D
and finally, at R = 0 the problem again becomes de-
generate

4+ z

e (PR
The foregoing regularities are too simple to be ac-
cidental, and should therefore have a common and
deeper cause.

This investigation was a result of stimulating dis-
cussions with I. V. Komarov and S. Yu. Slavyanov, who
con51dered this problem by a method proposed by them
earlier(®), I consider it my pleasant duty to express

4) Actually it is even larger than follows from Fig. 4: according to
condition (11), only those terms for which n; =nj interact. But when
m =0 and at a specified n, the number n, runs through the series of
valuesn; =0, 1, 2,...,n-1, and therefore the total number of the
pseudo-interactions of the level n is equal to r = nInt [ng(x)], where
Int[x] denotes the integer part of x. On the other hand, if pseudo-inter-
actions of the terms with m # 0 are also taken into account, then their
total number is rmax = n(n + 1)ry /2.
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FIG. 4. Plot of the function ng(x), which determines the maximum
number of pseudo-intersections ry at fixed values of the radial quantum
number n, =nj and different values of n — the principal quantum num-
ber of the eZ term. At fixed values of n, and m we have r, = Ent[ng(x)].
The total number of pseudo-interactions of the eZ term with the eZ’ term
is
n(n 4 1)

Tmax = —‘*2

g(z) = (z—1)(z+1—V1+ 2z),

To,

z=Y2']Z

my gratitude to them, and also to S. P. Alliluev, S. S.
Gershtein, Yu. N. Demkov, and Ya. A. Smorodinskii
for fruitful discussions.

APPENDIX

For o terms, the azimuthal quantum number m = 0,
N1=-1,m4=1,n2=-q=-1+8,m3=q" =1-5,§,

=1,and £, =1+ p, and B, 8', p <« 1 when p>> 1.
Using (2), (3), and the results of an earlier paperm

get
N YORET S N Pt
T op ( > B= P (1+ 2p )’
o= 2y sz—k) v 7z
= W= =
v=mtis VvV=n'4 k=n+l o=+ —v. (A.l)

All the integrals of the problem are calculated either
in terms of B (the Euler integrals) or in terms of
complete elliptic integrals. For example:

dw2 ¢ 1= ’
SR BB’
V=l

Ultimately we get (s = 1" +v)

0(1)1_____—_4_/1 > 6(1)1_ { (1—2]C\‘
op p ) Ton 4p

s+ [7] / s
vy 2;» —;;=——z;u+5>,
o | s e

For o we obtain from (19) the equation
2n'n — k(,i,"i‘n*:(ﬁ:l
p
Neglecting the terms ~1/p, we obtain from this

Yai ot = [ (w4 )4 (A.3)
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o="vn'n. (A.4)
p
In the symmetrical case Z’ =Z,n’ =n, a’ = 2n, and
for o we obtain the more exact expression:
nn n
0= 7‘ (1 + —;) .
The integral K can be easily calculated, after breaking
down the integration region (-q, q’) into two regions
(=g, 0) and SO, q’), in terms of complete elliptic
B-integrals'®!:

(A.5)

n/2

1 2
K~ pleB@+(@)7B@+0(—), Ba=\ —=2 .
14 o Y1 — g®sin?g
(A.6)
When (]1 — 0, the following asymptotic formula is
valid®®
~arfi— LA 4 38\ y— ot Vg e
@B (9) ~ qZ[A — klan_? E) (1—¢q?) JN 1——I —
(A7)
Using the Stirling formula
_ s nt e\t
mt =y ()
we obtain the relation
ek — 9 UP) gy (A.8)
na! no'!

which, with allowance for (16) and (A.4) leads to the
final formula (21). In the symmetrical case, the WKB
method leads to the result:
2 2n, -~
N AN

n ny! na! /

(A.9)

This example can be used to trace the usual singularity

of the quasiclassical approach: formula (A.8) has been
derived under the assumption n; > 1 and n; > 1 but
it remains valid down to values n; = 0.
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