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A method is proposed for determining allowed multiplets of many-electron polyatomic systems (mol
ecules or complexes of impurity paramagnetic ions in a crystal) encountered in the Heitler-London 
scheme on the basis of the states of separate atoms (ions) of the system. Underlying the method is 
the relation between the total spin of the system and the type of interchange symmetry of the coordi
nate wave functions (Young pattern) and also the allowance for the transformation properties of the 
coordinate wave functions of the system with respect to space (point) and interchange permutative 
transformations of the electron coordinates. Tables of the point group characters and permutation 
groups are used in the method. The C~ molecule is considered as an example. 

1. INTRODUCTION 

THE method of determining allowed electronic terms 
from the specified states ai wi Si Li of the atoms mak
ing up the molecule (Li and Si are the quantum num
bers of tne total orbital angular momentum and of the 
total spin of the i-th atom, Wi is the parity, and ai are 
additionalquantum numbers) was proposed by Kotani,Cll 
for polyatomic molecules, and by Wigner and Witmerl 2 J 
for diatomic molecules. This method was generalized 
in l 3 J for impurity pairs and complexes in a crystal 
matrix. 

The Kotani method, however, calls for rather labor
ious calculations of the spin factor Ts(g). This short
coming can be overcome by taking into account (besides 
the spatial symmetry of the system) also the symmetry 
with respect to permutation of the electron coordinates. 
Some work was done in this direction by Kaplan.l 4 , 5 J In 
the latest of his paperslsJ he proposed a method of de
termming the allowed multiplets of polyatomic mole
cules, based on the use of the representations of the 
permutation group, but Kaplan's method is applicable 
only to certain particular cases (for example, when the 
atoms of the molecule are only in the 2S+ and 1S+ 
states). 

The purpose of the present paper is to propose a 
general method of determining allowed multiplets of 
multielectron polyatomic systems (molecules or com
plexes of impurity ions in crystals) from the states that 
make up the system of multielectron atoms (ions).U 
This method, like the Kaplan method, lsJ is based on the 
use of the well known connection between the permuta
tion symmetry of the coordinate wave functions and the 
values of the total spin of the electron system (see in 
this respect, for example, lsJ, page 265). 

2. SYMMETRY OF SYSTEM 

We denote the point symmetry group of a free mole
cule by G~ (C-center of the point transformations of 

1 lAs in [5 ] in this article we deal with the determination of the sym
metry of the electronic states of a system at fixed nuclei. 
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the molecule2 >), and the permutation group of its elec
trons by SD. (where D.= n1 + n2 + ... + nN, ni is the 
number of electrons in the i-th atom, and N is the num
ber of atoms in the molecule). Then the total symmetry 
group of the molecule is SD. x G~ . 

The point symmetry group of the impurity complex 
in a crystal matrix can be determinedl 3 J as the meet 
of two point groups 

(2.1) 

where G~ is the point symmetry group of the "impur

ity molecule," taken from the crystal, and Gc is the 
local symmetry group for the position C in an impurity
free crystal (with "holes" on the sites, where impurity 
atoms (ions) of the substitution type are located). The 
total symmetry group of the impurity complex is SD. 
X G~.3 > 

In the case of a free molecule, our problem consists 
of determining the allowed electronic terms 2s + 1 r of 
the molecule from the specified states O!iWiSiLi of its 
atoms (S-quantum number of the total electron spin and 
r-irreducible representation of the group G~, char
acterizing the orbital state of the molecule). In the case 
of an impurity ion, the problem consists in determining 
the terms 2S +tr of the complex from the specified 
states of the individual impurity ions in the crystal en
vironment (S has the same meaning, and r is the irre
ducible representation of the group G~). In the former 

case, the orbital degeneracy of each i-th ion is charac
terized by an irreducible representation D<w· L· > of the 

- 1 1 
group of rotations with inversion Ri. In the latter case, 
the orbital state of each i-th impurity ion is character
ized by an irreducible representation ri of a local sym
metry group Gi of the given ion in the impurity-free 
crystal environment. 

2 lIn some cases the choice of the center is arbitrary to a certain deg
ree (for example, for C00 11 at any point of the symmetry axis, for Cs at 
any point of the symmetry plane). 

3 >we do not include in the considered system the electrons of the 
main atoms (ions) of the crystal, a procedure that can be justified if 
only the impurity ions have unfilled shells, and the covalency is weak. 
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We note that in this case the initial states are indeed 
the states of the impurity ion in an impurity-free crys
tal environment. A preliminary analysis of the influence 
of other impurity ions on the states of each given ion 
(with appropriately altered local symmetry Gi of each 
ion) leads to the same results (for details see [ sc l ). 
Obviously, the conclusion drawn for the impurity com
plex is more general and includes the case of a free 
molecule as a particular case, when all the Gi; Ri 

and Gc; Rc, i.e., from (2.1) we get G~ = G~. We 

shall therefore consider from now on directly the more 
general case of an impurity complex. 

3, COORDINATE WAVE FUNCTIONS OF A 
COMPLEX 

As is well known, for particles with spin 1/ 2 there 
exists a one-to-one correspondence between the total 
spin S of the system of particles and the Young pattern, 
which characterizes the permutation symmetry of the 
coordinate wave function of the system. [61 Therefore, 
instead of specifying S, it is possible to indicate the 
Young pattern [ i\] of the coordinate wave function of the 
system. If the number of rows in the coordinate pattern 
[i\ ], containing only one cell, is equal to k, then the to
tal spin of the system of electrons in this state equals 
S = k/2. [61 This pertains not only to the complex as a 
whole, but also to the states of the individual ions (which 
generally speaking, are multielectronic), which can also 
be characterized in place of Si by the coordinates of 
the Young patterns [i\.i] of the permutation groups Sni· 

The coordinate wave functions of impurity ions will 
be denoted by 

<D (A,t;a;f;M; [t.d r, It .. . n;), 

where Ai indicates the location of the nucleus of the 
ion, ti is the type of ion (with allowance not only of the 
species of the ion, but also of its crystal environment, 
i.e., ti distinguishes equivalent ions from the nonequiv
alent ones), Mi is the "row" of the representation ri 
of the group Gi, q is the "row" of the representation 
[ i\.i ] , and the numbers 1, 2, ... , ni following the bar de
note the coordinates of the electrons. For a free atom, 
Mi is the projection of the angular momentum Li on 
the quantization axis. For ions in a crystal, Mi can be 
understood as the projection of a certain "quasimo
mentum[71 on the principal symmetry axis of the group 
Gi· 

If we write the coordinate wave functions of the com
plex in the form of all possible products 

<D (Ait,x,M,r,; ... ; ANt.vxNM N~'N 11 2 ... ~) 

= !D(A1t1x1J1I1rd 1 2 ... n1) ... <D(ANLNXNill,,rN I~- nN + 1 ... !'>), (3.1) 

where Ki = ai ri( i\.d, then they still do not form a ba-
sis for the representation of the permutation group SD. 
(they form the basis of the representation [ i\ 1] x [ i\.2 ] 

x ... x [ AN ] of the subgroup S0 "' Sn1 x ... X SnN of the 
"internal" permutations of the electrons and ions). 
Nor do the functions (3.1) form in the general case a 
basis for the representation of the group GK since GK 

C' C 
is generally speaking not a subgroup of the group G1 

X G2 X .•. JX GN. 
Let us expand the group SD. into left-side co-sets in 

the subgroup S0: 

(3.2) 

The chosen permutations 1, QH Q2 , ••• will be called 
the Q-set.4 l The number of co-sets (i.e., the number of 
permutations in the Q-set, including the identical per
mutation), as is well known, is equal to the order of the 
group SD,, divided by the order of the group S0 , i.e., NQ 
= D.!/n1 ! .•• nN!. From each function (3.1) it is possible 
to form NQ new independent functions 

<D(Q)r, ... ,.N (A,ttx!Mi; ... ; ANlNxNMN 11 2 ... !'>) 

= Q<D (A 1t1;{ 1M1r 1; ... ; ANtN;{NMNrN 11 2 ... !'>). 
(3.3) 

Account must also be taken of the degeneracy with re
spect to the exchange of unlike states between equiva
lent ions, which can take place for excited states. Thus, 
the set (3.3) contains functions that differ from one an
other in all possible permutations of the unlike Ki be
tween equivalent ions, and also in the different Mi q 
and different Q. 

The basis (3.3) specifies a certain representation Ts 
of the group SD, and a certain representation Tc of the 

group G~. The first statement is obvious, and the sec

ond can be proved by using the fact that the permutations 
QPQ-1 differ from P in the permutation of Q over all 
the cycles of the permutation P. The representation Ts 
is the so-called "external product" of the representa
tions [ i\.i] (see [ 81, page 297): 

(3.4) 

The representation Ts can be expanded in terms of 
irreducible representations [ i\] of the group SD.: 

Ts = ~ a,_[t.]. (3.5) 

" This expansion can actually be performed on the basis 
of the Littlewood theorem [gJ as applied to permutation 
groups. [4 , 81 Thus, it is possible to construct out of the 
functions (3.3) new linear combinations that transform 
in accordance with the irreducible representations of 
the group SD. - [ .\ ]: 

t!Ju>-Jr(A!tlx!M!; ... ; ANtNxNM N 112 .... ~) 

= ~ ~ (£[/.] rl (Q) r1 ... I'N)<D(Q)r, .. r N(A,t,x,M,; ... 112 ... ~), (3. 6) 

where ~ "numbers" the repeated [ i\] in the expansion 
(3.5), and <H i\.]ri(Q1)r1 ••• rN) is a unitary matrix 
that realizes the reduction of the representation Ts. 

We shall call all the possible linear combinations of 
the functions of the set (3.3) L-space. This space is in
variant against transformations of the group G~. Using 

this invariance, we can prove that the functions (3.6), 
which have different admissible permutations of the 
states Ki and all possible values of ~M1 ••• MN (with 
fixed [ i\] r), form a basis of a certain representation 
ri\. of the group G~, whereas the functions (3.6) with 
different r (but fixed Ki Mi and ~ [ i\ ] ) form the basis 
of the irreducible representation [ i\.] of the group SD.. 

4 lThe choice of the permutation Q1 is not unique, but the "content" 
of the co-sets does not depend on this choice. We shall assume the set 
Q1 to be chosen once and for all. 
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This statement is a generalization of the corresponding 
statement that holds for the construction of coordinate 
wave functions of a many-particle system from prod
ucts of single-particle functions ([ 101 , page 137). The 
regular coordinate wave functions of the complex (3.6), 
pertaining to a definite representation [A] x rA of the 
group 8.1, x G~, pertain to a definite value of the total 

spin S, corresponding to the coordinate Young pattern 
[A] - S. 

4. METHOD OF DETERMINING THE ALLOWED 
MULTIPLETS 

Our purpose will be reached if we derive a formula 
for determining the characters of the representation 
rA. Knowing these characters, we can expand rA in 
terms of the irreducible representations of the group 
GK. 
c· 

r~=~ brD<!'J. 
I' 

(4.1) 

The irreducible representations obtained by such an ex
pansion determine the allowed terms of the complex 
with multiplicity 2S + 1, where S corresponds to the 
coordinate Young pattern [A]. 

We divide the L-space into two parts: 

L= L~+L', (4.2) 

where LA is a linear space "stretched" over the basis 
unit vectors (3.6), with fixed [A], and L' is orthogonal 
to LA. The characters of the representation of the 
group S .1. x G~, constructed on the basis (3.6) of L-
space (or the equivalent basis (3.3)) are equal to 

X<Ll(Pg) = X<L>l(Pg) + XCL'l(Pg). (4.3) 

Multiplying by (1/.1. !) X[ Al (P), summing over all the 
permutations P, and taking into account the orthogonal
ity of the spaces LA and L', we get 

X<r>l(g) =.!., :3 X[AJ (P)X<Ll (Pg). (4.4) 
1'1.. p 

Inasmuch as the character x<L > of the representation 
constructed on the complete set of basis functions does 
not depend on the choice of the basis in the form (3. 6) 
or (3.3), ~ shall use the basis (3.3) for the determina
tion of x< >(pg). 

To each element g of the group G~ there corre-

sponds a certain permutation P g(A1 ••• AN ) of the ions 
of the complex, which can always be represented in the 
form of a product of ion cycles: 5 > 

Pg(At ... AN) -->-Pg(At ... A.)Pg(BtB2 ... Bb) . .. (4.5) 

Obviously, one cycle can contain only equivalent ions 
(i.e., ions with identical Ki ti and ni ). The breakdown 
of the ions of the complex into ion cycles is determined 
by the element g. For a unit element (and possibly for 
a number of others) Pg = 1, i.e., each ion forms a sep
arate cycle. 

It is always possible to choose local coordinate sys-

5 >starting with (4.5), the ions entering in different cycles will be 
denoted by different letters Ai, Bi, etc. The numbers of the ions in the 
cycles will be denoted by a, b, etc., respectively. 

tems in which the ion functions are determined in such 
a way that the following chain of equations is satisfied 
for the ions of each cycle:[sl 

g<l>(A,xpVtrtiRt) = <I>(Azx1M1rt/R1),. 
••••• 0 ••••• 0 •••• 

g<l>(Aa-tXa-tilfa-tTa-t/Ra-t) = <l>(AaXa-tl}fa-lra-!IJla_;),. 
g<l>(Aaxallfara/Ra) = g•<I>(Atxa111ara/R0 ). (4.6) 

Here 

Rt = (1, 2, ... , nA), Rz = (nA + 1, n.4 + 2, ... , 2nA), ... , 
Ra = ((a- 1)nA + 1, ... , anA), 

n1 = n2 = • • • = na = nA is the number of electrons in 
each ion of the cycle, and the indices ti have been omit
ted since they are the same for all the ions of the cycle. 
The presence of ~ in the last equation is connected 
with the fact that an a-fold application of the coordinate 
transformation g to the local system of coordinates of 
the ion A1 may not lead to the initial local system, for 
example, s: =f. E. For free molecules, the atomic func
tions can be determined in the same coordinate system 
(and then each equation of (4.6) will contain on the right 
side the operator g in front of the function, but the sub
sequent results are not affected by this). For an impur
ity complex, each function <I>(Ai) is defined with respect 
to the crystal axis of the local system of coordinates 
(point group Gi). The elements g E G~ may be missing 
from the group Gi· (Fo!. free molecules this may not 
occur, since the group Ri contains all the point trans
formations.) However, the element ga leaves in place 
all the ions of the cycle, and therefore must be present 
in each local point group Gi• Inasmuch as the "nota
tion" of the element ga can be different for different 
ion cycles, we shall mark ~ with the index of the cycle, 
g~, etc. Taking (4.6) into account, we get 

Pg<l>(Q)r, ... N (AtltXtMt; ••. ; ANtNXNMN/12 ... 1'1.) 

= PQ{[ ~D~t!' Ma (gA•)P8 (AtAz ... A.)<I>(AtXtMtrt/Rt) ... 
M' 

... <l>(AaxaMa' Ta /Ra)] .. . } , (4, 7) 

where the dots following the square bracket will hence
forth denote analogous expressions for the other ion 
cycles. Representing Pg(A1A2 ••• Aa) in the form 
Pg1(R1 ••• Ra)Pg(R1 ••• Ra)Pg(A1 ••• Aa) and taking into 
account the fact that the action of the operator Pg(R1R2 

• •• Ra)Pg(A1A2 ••• Aa) on the function in (4. 7) is equiv
alent to the action of the operator of the inverse permu
tation of the states, we obtain 

Pg(At Az · · · Aa) = I'g-1(R, ... Ra)Pg-1 (xt.lf1r1; ... ; XaMa'ra). 

According to (3.2), any permutat_!9n can be repre
sented in the form of the product QP, where Q is the 
permutation from the Q-set, and P is the permutation 
of the subgroup 80, having the form of the product of 
the permutations i\ of the electrons within each of the 
ions. In particular, we represent in this form the per
mutation 
PQ{P8-t(R1R2 .. . R.)] ... } = PQPg-1 (R, ... Rs) = QP,P, ... P.'· 

(4.8) 
We then get from (4. 7) 

Pg<I>(Q)r, ... r.\· ( A,t,x,M ,; ... ; .lsl.v><N:l[ s /1:2 ... ,1) 
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The representation (4.8) depends on Q and g. It is 
clear from (4.9) that a nonzero contribution to a charac
ter can be made only by functions with K1 M1 = K2 M2 

= ••• «a Ma (and analogously for other cycles), and with 
Q satisfying the operator equation 

PQPg-1 (R,R •... RN) = QJldi2 ... PN 

or the equivalent equation 

Q-'PQ = P1 P2 ... PN·Pg(R,R2 .. . R.v). 

(4.10) 

(4.11) 

If at least in one ion cycle the specified states of the 
ions Ki do not coincide with one another, then, as fol
lows from (4.9), the contribution to the character will 
vanish, i.e., X'L>(Pg) = 0. Therefore the subsequent 
deduction will pertain to the case when the states of 
the ions in each ion cycle are the same. In this case 
the character will equal 

X(T)(Pg) = ~·~· {[x<rA)(gA") ~pg-1 (r,r2 .. ,r 0 ) 

Q r{ 
P·Al - P·Al - [XAl - 1 

XD,.,.,., (P 1)D,,-,., (P 2) ••• D,.,.., .• (P.)] ... f. (4.12) 

where :0' denotes the sum over all the sets of the 
states (taking into account the degeneracy with respect 
to exchange of unlike states between equivalent ion 
cycles) under the condition that the states of the ions in 
each cycle are identical: 

rtJl'J[i,J] = ... = a.r.[t.a] = a,,r_,[t.A] 

etc., and the sum :0' denotes the sum over the Q-set 
Q 

under the condition (4.11) or 

(4.13) 

In view of the equality of the number of electrons in 
the equivalent ions of one ion cycle, the permutation 
groups Snu Sm, ... , Sa ~e ~omorph_!c. Therefore 
each of the permutations P1, P2, ••• , Pa can be "re
duced" to one center (say the first), and we then obtain 

~ l'g-1 (r,r2 ••• r.) D~::~\P,) . .. D,1\;1 (Pa) c~ x 1'·Al (Pa-1 ••• 1>,_11\), 
';' a a {4,14) 

where Pi_.., 1 denotes the permutation Pi "reduced" 
to the center 1 (i.e., acting on the coordinates 1, 2, .•. , 
nA in place of nA(i- 1) + 1, ... , inA respectively). 
Taking (4.14) into account, we get from (4.12) 

X<L>(Pg) = ]'~' {[X<rA>(gA•)Xl>Al (PHI ... P,)] ... }. (4.15) 
Q 

The condition (4.11) shows that (4.15) can give a non
zero result only if the cyclic structure of the permuta
tion P coincides with the cyclic structure of any per
mutation from the co-set S0 x Pg (R1 x R2 ••• RN), i.e., 
if the meet of the class of conjugate elements K, to 
which P belongs, with the co-set S0 x Pg(R1 ••• RN) is 
not empty. Substituting (4.15) in (4.4), we recognize that 
the sum over all P can be broken up into sums over in
dividual classes of the conjugate elements of the group 
S~. When P "runs through" all the permutations of one 
such class K, then (at a fixed Q) the elements Q-1 PQ 
also "run through" all the permutations of the class K 
(once each). 

_ Althou_gh the concrete form of the permutations P 1, 

P21 ••• , PN depends not only on P and g, but also on 
Q_(see (4.11)1 the £YClic structure of each permutation 
[Pa-- 1 ... P 1 ], [Pa+b--a + 1 ... Pa+ 1 ] ... is deter
mined only by the cyclic structure of the permutations 
P and g (see the appendix). Then the characters in the 
right side of (4.4), following substitution of (4.15), do 
not depend on Q and the role of the sum :0' subject to . Q 
the condition (4.11), reduces to limiting the sum :0 

PEK 
for each Q to the sum over P E K n S x P~(R1 ••• RN)· 
Denoting the number of permutations in th1s meet by 
Ng(K), we obtain after substituting (4.15) in (4.4) 

1 ' 
xrral(g)= AI~ ~NqNg(K)Xl"l(K) 

K 

(4.16) 

where NQ is the number of permutations in the Q-set, 
and the first sum is taken over the sets Ki. 

It is shown in the appendix that the cyclic structures 
KA, KB, • • . of the permutations [ Pa-- 1 • • • P 2 _..,1 P 1 ], 

[Pa+b--a+I ... Pa+2--a+ 1 Pa+ 1 ] ... are connected 
with the cyclic structure K as follows: 

(4.17) 

where Kf> is the cyclic structure KA, each cycle of 

which is ·"lengthened" by a factor a, Kif> is the cyclic 

structure KB in which each cycle is "lengthened" by a 
factor b, etc., and K is obtained by joining the struc-

tures K~·>, K:>, into one. For example, in the case Pg 

= (A1~A3)(B1B2B3B4) and nA = 3, nB = 2 for KA = { 3} 

and KB = { F} we get: K~> = { 9} and K~f = { 42 }, and 
consequently K = { 42, 9 }. The number of permutations 
Ng(K) is 

Ng(K) == Ng(K':_>,K};>, .. . ) = Ng(KA)Ng(KB) ... , (4.18) 

where Ng(KA) is the number of permutations in the a

fold product S~, having the cyclic structure KA, 

Ng(KB) is the number of permutations in the b-fold 

product S~B having the cyclic structure KB, etc. s> The 
latter, however, are obviously equal to 

Ng(KA) = (nA!)a-!JV(KA), Ng(KB) = (nB!)b-'N(KB), ... , (4,19) 

where N(KA) is the number of permutations of the 
group SnA in the class with structure KA, N(KB) is the 
number of permutations of the group SnB in the class 
with structure KB, etc. Taking into account the values 
of (4.19) and the value of NQ from (4.16), we obtain 
finally 

~ Xl"l(K~'.K~', ... ) 
I{ A.' KB, ... 

6 > g determines the distribution of the ions over the ion cycles, i.e., 
g determines the numbers a, b, .... etc. 
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The sum over the sets of the states is extended only 
over those sets, in which the states of the ions in each 
ion cycle are the same. This sum can appear only in 
the case when certain ions are in excited states. If the 
given states of the ions are not the same at least in one 
cycle, then it must be assumed that the sum over the 
sets of states in (4.20) vanishes. Further, the sum over 
KA, KB, ..• denotes the sum over all possible classes 
of the groups SnA• SnB• .•• respectively. 

In the particular case when the element g does not 
change the positions of the ions of the complex, i.e., 
Pg = 1 (we shall denote it in this case as g0), formula 
(4.20) can be simplified. In this case, each ion forms a 
separate cycle and all a = b = ••• = 1. Then the sum 
over the permutations in (4.20) leads to the expression 

We then get 

x<r>l(g) = ~'xr•J ({a, b, , .. } ) {[x(r Al(gA") ], .. }. (5,1) 

In this case the group of electron permutations Sa co
incides with the group of ion permutations, and since 
the cyclic structure {a, b, ... } is the cyclic structure 
of the permutation of the ions Pg, we can write (5.1) in 
the form 

X<r,l(g) = ~1Xl'l(Pg) {[X<rAl(gAa)J ... }. (5,2) 

Thus, in the case when each ion is in a state with one 
uncompensated spin (Si = %) we can use instead of the 
electron permutation group the group of permutations 
of the ions of the complex SN· 

B. Each Ion of the Complex Has a State 2A1 (for the 
-.1- '5' xr>J (P) ,.[I.,J0U,J® ... ®[>N] (P) = 
:~! f;.. _.\_ ax, (4.21) Free Molecule 2S+) 

which shows how many times7 > [A] is encountered in 
the expansion of the external product (3.4). Thus we ob
tain for g0 the simpler formula 

(4.22) 

The obtained formulas allow us to calculate in each 
concrete case (using only the tables of the characters 
of the point groups and permutations groups) the char
acters of the representation rA, and after expanding 
rA in terms of the irreducible representations of the 
group G~, to determine all the allowed terms with spec
ified multiplicity 2S + 1 (i.e., with specified [A]). 

It should be noted that an important role is played 
only by electrons with uncompensated spin (more accu
rately, single-cell columns of spin Young patterns or 
single-cell rows of coordinate Young patterns). This 
allows us to consider, in place of the groups Sm, •.. 
SnN, the groups S n1 , S n2 , ••• , SnN, where iii is the 
number of electrons with uncompensated spin, which 
equals iii = 2Si· 

5, PARTICULAR CASES 

Let us consider several particular cases of formulas 
(4.20) and (4.22). We note first that in the case of a free 
molecule these formulas retain their form, but the rep
resentations ri of the point groups Gi of local symme
try are replaced by the representations D<Wi Li > of the 

groups Ri. 

A. Spin of Each Ion of the Complex Equals % 
In this case it is possible to assume that each ion has 

only one electron (since the number of electrons with 
uncompensated spin is equal to unity), i.e., all the 
groups of electron permutations within the ions are 
transformed into S1• This group contains one identical 
element (i.e., we have one class of conjugate elements), 
having the structure { 1 }. Consequently, it is necessary 
to put in (4.20) 

K, = KB = ... = {1}, {K;:'>, K~) •.. . } ={a, b, .. . }, 

~'1=nB= ... =J, N(KA)=S(Ks)= ... =1. 

7 >The same number a;~_ is equal to the number of the repeated values 
of the total spin s in the addition of the spin momenta sl + s2 + ... + 
SN (where Sis the value of the total spin corresponding to the coordinate 
Young pattern [A]. 

A more particular case is obtained if we assume in 
the preceding case that the orbital state of each ion is 
fully symmetrical, i.e., is characterized by a single 
representation A1 of the local-symmetry group Gi. For 
the atoms of the free molecules this denotes an S-state 
with positive parity (S+) of the group Ri. In this case 
we obtain from (5.2) 

(5.3) 

The sum in (5.3) gives the number of sets of states 
aiA1 that remain invariant under the action of the ele
ments g. (Although the type of the state 2A1 is the 
same for all ions, the additional quantum numbers may 
be different.) 

If any of the ions of the complex have no uncompen
sated spins at all, i.e., are in the state 1 A1 (ls+), and the 
remaining ions are in the states 2A1 (or 2S+), then for
mula (5.3) remains valid, but the sum in (5.3), generally 
speaking, breaks up into several separate sums over the 
types of sets having the same character X[ Al (Pg), so 
that each of these sums gives the number of sets of the 
given type, which remain invariant under the action of g. 

In this particular case, as seen from (5.3), we arrive 
at the method proposed in [ sJ • 

6. THE MOLECULE Cl4 

By way of an example, let us consider the determina
tion of the multiplets of the molecule CH4 • 

The molecule CH4 has a symmetry Td (see the fig
ure). The comparison g- Pg is of the form 

E 8C:, 
1 (123) (4) (!i) 

We have chosen here one element out of each class, and 
have written down in the lower line the corresponding 

Model of the molecule 
CH4 . 0 - C atom, e -
Hatom. 
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permutation of the atoms, each permutation being rep
resented in the form of cycles. 

The main configurations of the atoms are as follows: 
C(1s22s22p2) and H(1s1). Since the closed shells do not 
play any role, we shall consider the case C(2p2}. We 
specify that the carbon atom is in the ground state 
(2p2) 3P+. For the states of the four hydrogen atoms we 
consider two cases: a) all atoms are in the ground state 
(1s1}2S+, b) one is excited to the state (2s1)2s: (the as
terisk will replace the additional quantum number 
n = 2}. The sets of states for these two cases are writ
ten out below: 8 > 

Atom: H H H H c 
Number of atom: 1 2 3 4 5 
Case a: •s. •s. :~+ •s. 'P, 

{ 
zs_~.-* 'S+ 'S+ 'P, 

Case b: •s. 2S+ * 2S: •s. 'P, 
'S+ 'S+ 2S~ 'S 'P, 
'S+ 'S+ •s. 2S:* 'P, 

The possible values of the total spin in both cases 
are the same: S = 0, 1, 2, 3, and the corresponding co
ordinate Young patterns of the group S6, and also the 
values of a.\, are as follows: 

0 
[2'] 
3 

1 
[22 , 1'] 

6 

2 
[2, 1'] 

4 

3 
[I'] 

1 

The coordinate Young patterns for the atoms H, H, H, 
H, C are [ 1], [ 1 ], [ 1 ], [ 1 ], [ 12 ], corresponding to 
spins %, % , % , % , 1. 

Let us determine, for example, the character of the 
representation r.\ for the element O"d in the case b, 
using formula (4.20}. Let us see first what sets of 

states enter in ~ '. Since the chosen element O"d per
mutes the positions of the atoms 2 and 3, their states 
should be the same, i.e., only 2S+ and 2S+. Thus, the 
sum ~' is limited to two sets having identical charac
teristics: 

CH4 atoms: H II H H c 
Number of atom: 1 2 3 4 5 
Number of states in rs·. 'S+ 'S 2S_~ sp+ 

the sum: 'S+ 'S+ 28·: 28+* •p+ 

Number of atoms in cycle: a=l b=2 c=l d=l 

Number of electrons nA =l nB=1. n0 =1 nD=2 in atom: 

Permutation groups of 
electrons of atom: s, s, s, s, 

Classes KA=(I) K 8 "'= (1} Kc = (ll K D = (1 2) R {2) 

Number of permutations 
inclass: .N(KA)=I N(K8 )==1 N(Kc)=l N(KD)=1 H 1 

According to (4.20} we get 

x<r,l(od)=2 ~ XlXl({i2,2}Kn)[Xl1l({t})X<5 +)(od)J2· 
K D={12},{2} 

x(Xlll({1})X<B+l(od2)] [ N~~n) Xl1'l(Kn)X<P+l(od) J. 
Recognizing that 

X<5 +l = 1, Xl1l({1}) = 1, X(P+l(od) = -1, 

we obtain 

8 lThe four sets in case b) denote four terms in the sum over the sets 
of states k' in formula ( 4.20). 

g 

I s [A] 
6od 

I 
Expansion I't, 

E sc, :lC, 68, I 
Case a) 

0 I [2'] I 
9 

I 

0 

1-~ I 
1 

I 
1 1'1,-f-E-f-FI-f-F, 

1 [22 , 12 ] 18 I) 2 0 A1 +E-f-2F1 -f-3F2 

2 [2, 1'] 12 0 2 0 A 1 -f-E-f-F,-f-2F2 

3 [I'] 3 0 -1 1 l-1 F, 

Case b) 

0 
I P·J I 

36 

I 

[I 

I 

0 

I 
2 

I 

0 12A1 -f- A 2 -f-3E -f- 5F2 -f-4F1 

1 [22 , 12 ] 72 0 0 4 [I 4,J, -f- 2A,+ 6E -f- I OF, -f- SF, 
2 [2, 14] 48 n 0 4 0 3A1 -f- A 2 -f- 4E -f- 7F2 -f-5F1 

3 [I'] 12 0 0 2 0 A 1 -f-E-f-2F2 -f-F1 

Using the tables of the characters of the permutation 
group S6 for[.\] = [23 ], [2 2, 12 ], [2, 14 ], [ 16 ], we ob-

tain x<r.\>(ad) = 2, 4, 4, 2. We calculate analogously 
the characters of the other elements. The results of the 
calculation of x<r.\> are listed in the table. The expan
sions of r.\, given here on the right, determine the 
types of multiplets. For the case a, the allowed multi
plets were determined also by Kotani. [ ll The multiplets 
obtained in [lJ coincide with those obtained by us, thus 
confirming the correctness of the described method. 

7. CONCLUSION 

The proposed method of determining allowed multi
plets of a many-electron system from the states of the 
atoms (ions) of a system having point symmetry, has 
been developed on the basis of taking into account the 
transformation properties of the coordinate wave func
tions both under the action of coordinate transforma
tions corresponding to elements of a point symmetry 
group, and under the action of coordinate permutations 
corresponding to the permutation group of the electrons 
of the system, and also on the basis of an account of the 
known connection [6 J between the permutation symmetry 
of the coordinate wave functions with a total spin S of 
the system (i.e., the multiplicity 2S + 1). Unlike [sJ, 
this method is not limited by any conditions imposed on 
the number of electrons in the atoms (ions) of the sys
tem and on the states of these atoms (ions). Unlike 
[ 1 • sc l, this method is more convenient, since it re
quires for its application only tables of the characters 
of the point groups (rotation groups) and permutation 
groups, whereas in [ 1 • scJ the latter are not used. The 
method can also be used (in somewhat modified form) 
for many-shell configurations of nucleons in a nucleus. 

APPENDIX 

CONNECTION BETWEEN THE CYCLIC STRUCTURE 
OF THE PERMUTATION P, SATISFYING THE 
CONDITION (4.11), WITH THE CYCLIC STRUC
TURE OF THE PERMUTATION 

The condition (4.11) shows that the cyclic structure 
P coincides with the cyclic structure 

Since the Pi commute with one another and the cy
clic structure of the product of permutations does not 
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change under cyclic permutation of the co-factors, then 
I~ Pg(R1 .•• RN)~ .•• P1 (where ~ denotes coinci
dence of the cyclic structures). Putting P K = Pg(R1 ..• 
RN), w~ rewrite the pre_£eding re_!ation in the form 
I ""'P KPNPi? P K ••• PK P 2 Pj{1PK P1 Pi{1 PK. Represent
ing PK and Pi? in the form of a product of simple 
transpositions 

Px= [(i,nA(a-1) +1) ... (1,2nA+1)(1,nA+1)] 

X [ (2, nA (a- 1) + 2) ... (2, nA + 2) ]· 

... [ (nA, anA) ... (nA, 3nA) (nA, 2nA) l ... 
and taking into account the connection 

J5;~ 1 = (1, (i- 1)nA + 1) (2, (i -i)nA + 2) ... (nA, inA) 

XJ5i(1, (i -i)nA + 1) (2, (i- 1)nA + 2) ... (nA, InA) 

(analogously for other ionic cycles), we get 

I~ {P.~1 [(1, nA(a -1) + 1) ... (n.,, nAa)]· 

XPa-H[ (1, nA (a- 2) + 1) ... (nA, I! A (a- 1) ]Pa-2-+1 ... 

. . . ( (1, 2nA + 1) ... (nA, 3nA))J52~!( (1, I!A + 1) · 

... (nA, 2nA)] P,} ... = {PH, ... P.~,P,Px' (A)} ... , 

where 

Px' (A) = P1- 1J5,;:l, ... P;;~H[ (1, hA (a- 1) + 1) ... (nA, anA) ]Pa-I~I· 

... [(1,2nA + 1) ... (nA, 3nA)P._,[(1, n"' + 1) ... (nA, 2nA)].P, 

and analogously for other ionic cycles. It is easy to 
show that PI< is of the form 

Px'(A) = (I, nA + 1, ... ,--;A(a- 1)-+t) · 

where the superior bars denote that the first numbers 
in each cycle represent a certain permutation of the 
numbers 1, 2, ... , nA, the second a certain permuta
tion of the numbers nA + 1, nA + 2, ... , 2nA, etc. The 
permutatio!!_ Pk(A) has the property that when the per
mutations P1 are multiplied by it, all the cycles of the 
permutation P1 become elongated by a factor a. An 
analogous property is possessed by Pk(B), etc. 

It is clear therefore that the cyclic structure of the 
permutation I can be obtained from the cyclic structure 

[Pa-l··· P•-1P1] • [Pa+b-a+l · · · Pa+•-a+lPa+l] 
.•. by lengthening all the cycles of the permutation 
[Pa-1 .•• P 2 - 1P 1] by a factor a, all the cycles of 

the permutation Pa+b-a+ 1 ... Pa+ 1] byafactor b, 
etc. Since the cyclic structure of P, satisfying the con
dition (4.11), coincides with the cyclic structure of I, it 
is possible to obtain analogously also the cyclic struc
ture of P. 
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