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The diagram method proposed for a ferromagnetlll is extended to include the case of an antiferromag
net, for arbitrary values of the magnetic field and of the temperature. The corrections to the magne
tization, susceptibility, and the spin -wave spectrum at low temperature are obtained. It is shown that 
the correction to the spin-wave spectrum is proportional in first approximation to a(T/IoS) 4 , where 
a~ 1 is a parameter. The corrections to the ground-state energy are calculated. 

INTRODUCTION 

ANTIFERROMAGNETS at sufficiently low tempera
tures exhibit a magnetic ordering whereby the spins of 
the neighboring atoms are antiparallel. Such an orienta
tion is due to the exchange interaction between the elec
trons (direct or indirect), and the exchange integral 
should be negative. The exchange interaction causes the 
spins of the electrons to exchange places. This is of no 
significance in the case when the spins are oriented in 
parallel (lJ , but for the antiferromagnetic order it causes 
the nonstationary character of the state in which the 
magnetic moments of the neighboring atoms are oppo
site in direction and their magnitude is equal to S. 
Therefore an exact solution, describing the ground state 
of the antiferromagnet, was obtained only for the one
dimensional case£2 l. In the three-dimensional case, the 
energy of the ground state and the thermodynamic quan
tities were calculated predominantly by perturbation
theory methods. However, the application of ordinary 
perturbation theory to spin systems encounters anum
ber of difficulties, since the spin operators satisfy 
neither the Fermi nor the Bose commutation relations. 
The commutators of the spin operators are not c -num
bers, and therefore the usual Wick method£3 J cannot be 
applied to these operators. 

To get around these difficulties, some workers change 
over from spin operators to Bose operators with the aid 
of the Holstein-Primakoff transformationc4 J, and then 
employ ordinary perturbation theoryc5 ' 6 l. However, 
such an approach can lead to unphysical states. Another 
method, frequently used in the theory of antiferromag
netism C?J , is the method of time -dependent Green's 
functions. But the de coupling of the equations for the 
Green's functions is not sufficiently well founded, and 
therefore the results obtained by this method are only 
qualitative in character. 

In a number of papers u,s-l4 J an attempt was made to 
extend the ordinary perturbation theory to the spin 
operators. The perturbation theofl was applied either 
directly to the spin operators c1 ' 9 ' 1 'l2J or else fermions 
or coupled boson pairsc8 ' 10' 13 ' 14 l were fntroduced, auto
matically taking into account the kinematic interaction. 
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These methods yielded corrections to the energy of the 
ground state and the spin-wave spectrum of the anti
ferromagnets at a temperature T = 0. 

In the present paper, by generalizing the method pro
posed inllJ (see also£15 l), we investigate the thermo
dynamic properties and the correlation functions of 
antiferromagnets. We note that such calculations were 
carried out in the molecular-field approximation inllSJ, 
where the authors confined themselves to temperature 
corrections of first approximation to the thermodynamic 
quantities (magnetic moment, specific heat, etc.). 

In the present paper we develop a diagram technique 
for the calculation of the higher-order corrections to 
the spin-wave spectrum and to the thermodynamic quan
tities. We find that at T = 0 the second-order correction 
to the sublattice magnetization vanishes, and the region 
of applicability of the obtained results is indicated. 

1. FORMULATION OF PROBLEM AND GENERAL 
ANALYSIS 

We consider an antiferromagnet whose anisotropy is 
equal to zero and in which exchange interaction I exists 
only between two sublattices. The Hamiltonian of the 
system under consideration is given by 

:JC = ~/(r-r')S~rS2r•- ~H~(S~r'+ Sor'), (1.1) 
rr' · 

where Sj is the spin operator of the j -th sublattice, 1J. is 
the Bohr magneton, and His the constant external mag
netic field. 

In order to calculate the spin -wave spectrum and the 
thermodynamic quantities, we investigate the free en
ergy of the system F: 

1 
-~F=NlnSpexp(-~:JC), (1.2) 

where {3 = 1/T, N is the number of cells in the crystal, 
and the correlation functions Kik(k, iwn) £lJ are given by: 

p 

= i~ :3 eik(r,-r,) ~ dteiwnt (T (S;,r, (t)- (S;,) )(S;,r, (0)- (S;,))), (1. 3) 
r! -~ 

where iwn = 2i1TnT are the imaginary frequencies of the 
temperature techniquellSJ, hand ja are the indices of the 
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sublattices, S(t) = ei.7tl:se-i.1Ct, and T is the T-ordering 
symbol. 

To calculate these quantities, we generalize the 
method proposed in llJ . We represent the spin operator 
of the j -th sublattice in the form 

where the unit vectors are chosen as follows: 

e,,1 =cos tley + ( -1)i sin tie,, 

e;t = ( -1) H 1 sin tiey + cos tie,. 

(1.4) 

(1. 5) 

Here the angle J is a parameter yet to be determined. 
We separate the Hamiltonian of the system into two 

parts: 

(1.6) 

where 

:Jt0 = - N (S~)• / 0 cos 2tl + ~ (/0cos 2tl <S'>- f.'H cos tl)( S',.' + S,.::) 

is the single-particle Hamiltonian, corresponding to the 
molecular-field approximation, and 

Jf1 = ~l(r-r')(Su-<S1 ))(S2r·-(S2 )) (1.8) 
rr' 

is a small perturbation to the system. Here (S~), like 
the angle J, is a still undetermined parameter. It is 
convenient to determine (S0 and J from the minimum 
of the free energy, and then (S0 denotes the average 
spin, and J-the angle between the vector of the average 
spin of the j -th sub lattice (Sj) and the magnetic field H. 

We can determine here the values of (St) and J 
J 

either in the molecular-field approximation and fix 
their values, or else find these parameters from the 
considered free-energy approximation. We shall hence
forth employ the first variant. The free energy in the 
molecular-field approximation is given byl151 

where 

b(y) 
+ ~ --sin2 tl (2/0(8') cos tl- 1-1H) 2, 

y 

y = ~(-Io(St)cos2tt+ f.1Hcostl). 

(1.9) 

(1.10) 

In formula (1.9) we retain terms that are quadratic in 
the quantity {3 sin J(2Io(S~) cos J- !lH). From the con
dition (1.10) for the minimum of the free energy we can 
obtain the average spin (S~) and the angle J l 15 1 : 

(Sb) = _Y- ~1-1H costl = b(y), 
~10 cos 2ti 

cos tt = 1-1H I 2lob (y), 

(1.11) 

(1.12) 

where b(y) = (S + Yz) coth(S + Yz)y- (Yz)coth(y/2) is the 
Brillouin function. 

The correlation function Kj J (k, iwnl satisfies the 
Dyson equation: 2 

K;, ,(k. iC!ln) = ~;,;,(k, iC!ln)- Lj,;,(k, iwn)(~/k);,;,K;,;,(k, irun) (1.13) 

(repeated indices mean summation). If we represent the 

function Kjd 2 (k, iwnl in the form of a sum of all possi

ble diagrams, starting with the sub lattice line j 1 and 
ending with the line j2, then :Ejd2(k, iwn) denotes the 
sum of all the irreducible diagrams with initial line j 1 
and final line h. From the system (1.13) we can deter
mine the correlation functions 

K (k . ) _ ~u(k, iwn) 
U , lWn - ----·------

1 +~II<(~.,+ ~21) + (~h) 2 (2:,,:L,,- LUL22) 

K 12 (k iC!l )= :L,,+~!k(2:,,~21-LHL22) ____ (1. 14) 
' n 1 ~- Bik(Lt2 + L21)-i- (~/k) 2 (2:,2~21- L1tL22) 

Let us calculate now the quantities :Ehh(k, iwnl· In our 
case the diagrams for the mass operators :Ejd2 (k, iwnl 
are made up of individual single-term blocks inter
connected by the effective interaction. The Fourier 
component of an n-th order block of this type, i.e., one 
having n interaction lines, can be written in the form [11 

where the mean value ( ... ) o is taken with the density 
matrix po = exp (-{3 3t'o)/Sp exp (-{3 3t'o). To calculate the 
single-cell blocks we can use the diagram technique 
described in [11 . Here the blocks are expressed in terms 
of the Green's functions, which are determined in the 
following manner: 

1 -
G (It-t,)=- (TS+(t,)S-(t,) >o, 

b 

G(wn)== Gn = 1/(y-iB<•l,), 

1 
S±= ---::.(S,.± iSu). 

)'2 
(1.16) 

We shall represent the block of n-th order by a point 
with n outgoing lines, each of which is set in corre
spondence to a definite frequency and momentum, with 
the momenta and the frequencies conserved in each 
block. The blocks of the first and second sublattices 
are shown respectively by solid and dashed lines. The 
junction point of the solid and dashed lines (Fig. 1a) is 

-·---- .. 
b 

FIG. I 

set in correspondence with the effective interaction 
tensor A12q(w1, -w1 ): 

A12q(w1.-w1}= . -Blq , . (1.17) 
1- (Blq)' r, (w,.- w1 ) r, (w,, - w1) 

The point joining two solid lines (Fig. 1b) corresponds 
to the effective interaction A11q(w1, -w1): 

A11q (<•lJ, -w,) = -A,,q (w~. -w,) Blql\(w, -w,). (1.18) 

The tensors A21q(w1, -w1l andA 22q(w1, -w1) are defined 
analogously. Since the minus sign is introduced in the 
definition of the tensor A 12q(w1, -w1l, all the diagrams 
are taken with a plus sign. Summation is carried out 
over all internal frequencies and momenta. 

Since one summation over the momentum results in 
an expression proportional to 1/d, where ro is the 
average interaction radius, it follows that the m-th 
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order correction in the expansion in 1/d is represented 
by the aggregate of all possible connected diagrams 
containing m closed loops. 

Thus, the operators :6u and :612 can be represented, 
accurate to 1/d, by the following diagrams: 

!:= -
" (1.19) 

(1.20) 

From the diagram (1.20) we see that :612 is propor
tional to 1/rg. Therefore the product :612:621 in formulas 
(1.14) should be left out in the first approximation in the 
parameter 1/d. 

The foregoing diagram technique is valid for all 
values of the temperature and of the magnetic field. For 
simplicity we shall henceforth consider an antiferro
magnet in the absence of a magnetic field at low tern
peratures. We note that the operators :6j1j2 can be 
written in this case with the aid of the diagrams pro
posed inl10J for absolute zero temperature. It turns out 
that this method is a particular case of the method de
veloped here for the low-temperature interval. 

2. SPECTRUM OF HEISENBERG ANTIFERROMAGNET 

At low temperatures we can put in the expressions 
for the single-cell blocks b{y) = S and b'{y) = 0. Then 
the nonzero components of the blocks of second, third 
and fourth order are given by 

r+-(w,. W2) == SG(w,)o(w, + w,), 

r+-'(w, w,,w,) = -SG(w,)G(-w,)o(w, + (J)z + Ws), 

r++--(w,, w2, w3, w,) = -SG(w1)G(w 2) (G(-w3) 

+ G ( -(J)d ) ll ( ''' 1 + w2 + wa + w,), 

r+-"(w,, w,, '"'· w,) = SG(w,)G(-wz) (G(w, + Ws) 

+G(w1 +w4))6(w1 +w2 +w3 +w,). {2.1) 

In the absence of an external magnetic field H, the 
effective-interaction tensors (1.17) and (1.18) can be 
written in the form 

· [ e,+ e1+ + ez- e,- J ( ) A,,.(w!,-w,)=-~lq ---------e26e1', 2.2 
1- (S~I.) 2 G(w1) G( -w1 ) 

- . S (~I • ) 2 
Auq (w,, -w,) = -----. ---------

1- (S~I.) 2 G(<•J1)G(-w1 ) 

X[G(w,)e,-e,++ G(-w1)e2+e.-]. 

where the cyclic unit vectors are given by the expres
sions 

1 . 
e"±=-(e•+ie")· " 12 .. - J 

(2 .3) 

Here the index j " 1, 2 is the number of the sub lattice. 
Using diagrams (1.19) and (1.20), we can obtain 

analytic expressions for the operators :6jd2 (k, iwn): 

_ f ~ ~ ~ nq + 1/2 , 1 J '\ 2:11 = e, e1+1_ SGn + CrnLJ ----(~2eq-Gn- y)---;-(YGn -1) f 
,1 Be,1 2 

Here Eq = S(I~- 1~) 112 is the frequency of the spin waves 
in the zeroth approximation usJ, and nq = (ei3Eq - 1)-1 is 
the Bose distribution function. In formulas (2.4) and 
(2.5) we have left out the terms containing the exponen
tially small quantity ny = (eY - 1t1, and did not write 
out the explicit expressions for the components :6~?:. , 

J1J2 
which give an exponentially small contribution to the 
spin-wave spectrum. By analytic continuation iwn- w 
from the solution of the equation 

det {1 + pld2:12 (k, w) + 2;,,(k, w) ]- ( ~lk) 2 2: 11 (k, w) 2:22 (k, w)} = 0, 

we obtain the spin-wave spectrum 
(2.6) 

Wk = Bk + Wk 1
, 

ulk' = S2 ~ ~· + '/z [lo(h2 + lq2) -lklqlk-q -/03] + ~. {2. 7) 
q Ekfq 2S 

Recognizing that in the case of the interaction with the 
nearest neighbors l10J we have 

"' ~ lklq 
LJ /k-q /(q) = LJ -~-f(q), 
q q 0 

if f{q) depends only on the modulus lql, we obtain for the 
spin-wave spectrum 

(2 .8) 

where 

t.. = ~ [ 1- (1- ( ~: rrJ-zL; n(eq) ( 1- ( ~: )")"'. (2.9) 
q q 

Expanding D. in powers of the temperature, we get 

1'1 = ~[ 1 _( 1 _( !__<!___)')'/,] _6s(4L,( !____'' , 
q . lo n21']3 loS 

(2 .10) 

where 71 = 3-112 2-113 for a primitive cubic lattice and 
71 = 1/2 for a body centered lattice. From (2.8) and (2.9) 
it follows that the temperature correction to the spec
trum of the spin waves is proportional in this approxi
mation to T4 • Such a dependence of wk on T agrees with 
the result obtained in [17 J by another method. 

In deriving (2.9) and (2.8) we have neglected the ex
ponentially small terms containing b'{y) and n(y), so 
that these expressions can be used at the temperatures 

T~ l 0S ~TN! S. 

It is easy to show that, just as in the case of ferro
magnets, for large spins S expressions (2 .8) and (2 .9) 
are suitable in a wider temperature interval, particu
larly when TN/S :s: T «TN (TN-Neel temperature). 
Neglecting the exponentially small terms of order 
exp(-Sy) ~ exp(-TN/T), we can put here b(y) = S- ily· 
In the limiting case laS << T << IaS2 , accurate to terms 
proportional to T/IaS2 , we get 

'''k = edi + 1 I 2S -- T I l 0S2 ). (2.11) 
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It turns out here that the renormalization factor co
incides exactly with the factor obtained for ferromag
nets. 

3. FREE ENERGY OF THE HEISENBERG ANTIFERRO
MAGNET 

To calculate the corrections to the free energy, we 
shall use the diagram technique developed in Sec. 1. 
The corrections to F 101 will correspond here to dia
grams analogous to the diagram of Fig. 1, but with 
closed ends. 

The first correction F 111 is represented by the fol
lowing diagrams (Fig. 2): 

\ 
( ' 
'•_.,../ 

FIG. 2 

Here each diagram containing 2n interaction points is 
proceeded by a factor 1/n, owing to the fact that cyclic 
permutation of the operators .o/t'1{t) under the averaging 
sign does not change the dia§ram. 

The second correction F 21 corresponds to the dia
grams of Fig. 3. At low temperatures and H = 0, the 
diagrams e, e, g, and h make an exponentially small 
contribution and can be omitted. 

8 
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' I 

E~) 8 ' -·- ' j ' ' 
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K 
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FIG. 3 

The foregoing diagrams correspond to the following 
analytic expressions for the corrections to the free 
energy F: 

1 [ ( ~·s•I.' \]' ~F<21 = ---2 ~ 1 nq~Eq -----1 , 
~Sfo q' 2(y+~eq)· 

(3.2) 

A more general expression for the first correction 
to the free energy F 111 was obtained inu51 , where F 111 
should contain a factor 1/2. Using (3.1) and (3.2), we ob
tain the following value for the internal energy E = E 101 
+ E <11 + E <21 + ... : 

E<01 = -S'lo, 

E<ll = 2 ~ [nqeq + ~ (eq- Slo)], 
q 

E<21 = - ~c--{[ ~ ( nqeq- _!_(loS- Eq ))]' 
S2/ 0 • , 2 . 

-2/l ~ [n,1eq-+(I,S-eq) Jnp(np+1)ep•}. {3.3) 
\fp 

It follows therefore that 

E=-foS'[t+-1 ~f1-~)]' 
2S • \ . loS 

+2IoS 3;~~! [1- :s~(1-;,~ )JC~sY +---- (3.4) 

Since the temperature correction to the energy is pro
portional to T4 , we get for the specific heat C ~ T3 • 

The corrections to the average spin (Sb) can be cal
culated from the minimum of the free energy. For the 
first-approximation correction we get 

(Sb)<'l =- ~ [_ll<I___ y + .;_ ( _!!__ -1)] (3. 5) 
q ~eq 2 , ~eq 

or 

(S6)<'1 + (S6)<JI = S- _:1_ ~ (loS_- 1 J- ~(Z) . (_!_ )' . (3.6) 
2 q \ 8q , 2:rt21']3 loS 

Taking into account the equality loS = 3 TN/ (S + 1), we 
see from (3.6) that the temperature correction to (Sb) 
coincides with that given in l151 . 

In the calculation of the corrections to the average 
value of the spin (Sb) in the second approximation, we 
get 

(Sc)<21=-f:2;n.(n.+1) ~[n.~e.-}(/0S-ep)J. (3.7) 
q p 

We see from this that when T = 0 the second correction 
vanishes, and the correction in (3.6), which is propor
tional to T2 , is multiplied by the coefficient 
(1 - s-1~1 T=o). 

Expression (3. 5) is valid not only for the tempera
tures T « TN/S, but also for large spins in the limiting 
case TN/S « T «TN: 

(S\)- S ~ 1--1 -"' 1 _!__ \ (3 8) 
- I, 2S LJ 1-I.2/fo2 IoS2 +- .. }· . ,, 

From the experiments performed in lBJ (known to the 
authors) on the determination of the magnetization of the 
sublattices at T = 0, we cannot draw any final conclusion 
that the theoretical and experimental data agree or dis
agree. It turns out for example, that in the substances 
MnF2, KMnF3 (Jones and Jefferts, Montgomery et al.) 
they observed a smaller deviation of the average spin 
from the nominal value than that obtained in the theory 
in first approximationl51 , but in K2MnF 4 (Loopstra et al.) 
the experimental and the theoretical results [51 are in 
agreement. 

The result obtained in the present paper for the aver
age spin in second approximation does not affect the 
foregoing arguments concerning the determination of the 
sublattice magnetization at T = 0. 

It seems that a better agreement between the experi
mental and the theoretical results on the magnetization 
at T = 0 can be sought not in an improved approximation 
for the average spin, but in an analysis of other types of 
interactions, such as the dipole -dipole interaction, 
allowance for the anisotropy and interactions with more 
remote neighbors. 

Finally, using the expressions for the correlation 
functions, let us calculate the statistical magnetic sus
ceptibility [15 1 

~fl' X.L = 2-[Ku+-(k = 0, (I)= O)+ K,,+-(k = 0, (I)= 0)]. (3.9) 
Vo 
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In the first approximation we have 

112 (St) 1 (3.10) 
X-L=-;; loS 1 + !l/28 ' 

where~ is determined by (2.9). Substituting (st) in 
(3.7), we get 

f.lz [ ~(2) ( T '2 1 lq2 J 
X-L=/;-; 1 - 2n2!] 3S loS} - 210 ~ ~ • 

q 

(3.10') 

Similar calculations for the static magnetic suscepti
bility X 11 yield 

or 

112 2~(2) ( T )2 
XII = Slovo :n21]3 loS 

The expressions for the magnetic susceptibility can 
be obtained also from the free energy. Allowance for 
the first correction of {:JF 12> leads to a multiplication of 
the terms in (3.11), proportional to T2 , by a coefficient 

( 1_3~1) 
2S 'T"=O 

We note that similar second-order corrections to 
x1, x11 , and (st) are obtained also in the case when the 
renormalized spe<:trum (2.8) is substituted in the ex
pression for the first order corrections. 

CONCLUSION 

The ground state of antiferromagnets and their be
havior at low temperatures was considered by many 
authors [5-8 ' 10 ' 13 ' 141 • Oguchi (sJ and Liu [61 used the 
Holstein-Primakoff formalism to calculate the correc
tions to the spin-wave spectrum, to the internal energy 
of the system, and to the static magnetic susceptibility, 
and to the sublattice magnetization at low temperatures. 
However, as is well known, an investigation of antiferro
magnets at high temperatures cannot be carried out with 
the aid of the Holstein-Primakoff method, and the limits 
of its applicability at low temperatures are unknown. 
Other authors (see, for example, £101 ) generalize Wick's 
theorem to the spin operators by various methods. 

An advantage of our method is its applicability for 
all temperatures and magnetic fields. In addition, it 
turns out that the method of Wang and Callen uo1 is a 
particular case of our method, with the theorem on the 
breakdown of the T-product of spin operators, formula
ted but not proved by Wang and Callen, being readily 
proved by our method. The region of applicability of the 
formulas obtained by us can be pointed out accurately. 
In antiferromagnets, as well as in ferromagnets, the ob
tained expression for wk and (St) are applicable also in 
the interval TN/S :s T « TN (for large values of the 
spins S). In the low-temperature region we obtain 
agreement with the results of[5 ' 61 • 

In [71 , to calculate the thermodynamic quantities and 
the spectrum of the spin waves, the method of decoupling 
the equations for the Green's functions was used. How
ever, as is well known, such a decoupling does not have 
sufficient justification and, as seen from an examination 

of these investigations, leads to internally inconsistent 
results. 

The value obtained for the magnetic susceptibility 
x 11 (Hewson and Ter Haar) coincides with the valuE! of 
x11 (see (3.11)) obtained by us in the first approximation. 
The values of the magnetic susceptibilities (x 11 and x1) 
(Lee and Liu) and also x1 (Hewson and TerHaar, Lines) 
coincide approximately with the values of x11 and x1 
(see (3.11) and (3.10)) obtained in the present paper, i.e., 
in the expansion in the parameter 1/S the first approxi
mation coincides and the second approximation does not 
coincide-the factor (1- (3~/2S)J T=o) in the term 
(T/IoS)2 differs from the factor in the corresponding 
term in the investigations listed above. 

In addition, the additional terms obtained by lines for 
x 11 , of the order of 

6=~(loS_1), 
q 8q 

are in error. The quadratic temperature correction to 
the spin-wave spectrum, calculated by Lee and Liu [71 , 

is incorrect (compare with (2.8) and (2.10)), in view of 
the fact that in the decoupling of the equation for the 
Green's function the energy of the spin waves is always 
proportional to the magnetization. 

In the diagram method proposed by us, no such diffi
culties arise. 
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