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A quantum-mechanical investigation of the features of elastic potential scattering is carried out for
energies of the order of the effective barrier. In classical scattering theory this phenomenon is known
as orbiting (spiral scattering). It is found that for energies of the incident particle equal to the height
of the effective barrier, a resonance appears in the scattering cross section which corresponds to a
quasi-stationary state. The height of the effective barrier is a function of the angular momentum of
the incident particle; thus a resonance trajectory is obtained which determines a family of resonance

energies for different angular momenta.
INTRODUCTION

IT is known in the classical theory of scattering on a
certain class of spherically-symmetric I[Jotentials that
there exists the phenomenon of orbiting.""™*!*) The es-
sence of this effect is that the scattered particle inter-
acts with the scattering center in such a way that, in
approaching this center, it makes a number of turns
around it, after which it flies off to infinity under some
observed scattering angle. Thus the particles are in
interaction for a length of time, which must correspond
to some resonance state with a definite lifetime.

In general, orbiting occurs when the effective poten-
tial energy

(1)

[U(r) is the interaction potential, M is the angular mo-
mentum of the incident particle, and m is the reduced
mass] has at least one maximum (barrier) and the en-
ergy of the incident particle is close to the height of
this barrier.®*

The condition for the existence of a maximum of the
effective potential energy at the point rg is

Uy Uy
dr ’ dr?

Uess(r) = U(r) + M? / 2mr?
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If conditions (2) are satisfied, the effective potential en-
ergy can be expanded in powers of r —rg around the
point rg where the maximum Eg occurs. Keeping terms
of second order, we have
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we investigate the phenomenon at energies close to the
barrier height ER with the approximation (3) for Uggf(r).
First we convince ourselves that in the classical
case a particle with energy E ~ Eg revolves around the
scattering center. According to the known formula of
classical mechanics for the full polar angle
M/r2

o= 2 —_—_—
? S V2m{E — Ueys (r)]

Tmin

dr

DThe most detailed analysis is that of Yakovlev [*]and Faingol'd. [*].

FIG. 1. Classical trajectory of the scattered
particle in the potential—a/r? , which completes
two revolutions around the scattering center and
goes off at zero scattering angle.
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we find, using approximation (3),
0o = Mpl3 + sign_(E—— EB)]IH Es -+ const. (4)
2rg2Y2mEp |E — Eg|

It is seen from (4) that 6, — * for E — Ep, and the par-
ticle ‘“sits on the barrier,’”’ where it revolves practic-
ally for an infinite time with the angular velocity

o =M/ mrg.

For an illustration we show in Fig. 1 the form of the
trajectory of a particle which completes two turns
around the center and goes off under zero scattering
angle.

Orbiting gives a contribution to the classical differ-
ential scattering cross section, which contains a sum
over revolutions since particles completing different
numbers of revolutions around the scattering center
depending on their angular momentum can be scattered
into one and the same angle.

In the numerous treatises on scattering, orbiting is
mentioned very rarely, and the question of a quantum-
mechanical treatment of orbiting is not posed at all. In
the present paper we consider the behavior of the quan-
tum-mechanical features of the scattering at energies
of the order of the height of the effective barrier Eg.
We shall find that for a sufficiently high and broad
barrier a resonance appears at the incident energy
E = Eg which corresponds to a quasi-stationary state.
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Using
(5)

where rp is a function of the angular momentum M and
the parameters of the potential, we have thus an equa-
tion for the trajectory of the resonances which deter-
mines a family of resonance energies E L) for physical

Egp = U(rg) + M?/2mrg?,

values of the angular momentum M? = A2L(L + 1),
L=0,1, ..., Lpax-

Problems connected with the radiation from orbiting
particles are also of interest."®’

MODEL CALCULATION OF THE SCATTERING MATRIX

We find an expression for the S matrix in the case
where the effective potential energy (1) has an effective
barrier of height Eg at the point rg inside of which
there is a potential well of depth Ey; at the point r,. In
order to obtain analytic formulas, we assume that this
effective energy can be approximated by

RL(L+1
— )2
Ues ()= EB[i—(_r?rB)—}, ry <r<]rp, (6)

LI 1

Lz rm2l”

o<r<n

" 2m

as shown in Fig. 2.%

The solution of the Schrodinger equation for the
radial wave function (multiplied by r) having at infinity
the form exp[i(kr — 7L/2)], is

f(@) r>r
RGP ={18@) +0h(z) rn<rlr, (7)
ak(r)+Bler) 0<r<n

where ¢, B, v, 6 are constants which are determined
from the matching conditions on the wave functions in
the points r, and r2,

F(r) = i(ukr/2)RHP (kr),
g(2) = k" (2) =T (3s — sickpo) ¥ (/s — sieksp, )2; iz),
(8)

H,"(x) is the Hankel function, I'(x) is the Gamma func-
tion, and ¥ (@, y; x) is the confluent hypergeometric func-
tion; we have further used the notation

k(r)=I"(r) = i (aksr/2) LH" (Rar),

n2ke h2k g2 RL(L+1) ke
- - E—FE 42T T
2m B 2m nt 2mry? 2m
1 E kg
=L4—, e=1——", z=-—2(r—rp
h=Lt—g, e=tl—g F=-2(—75) (9)

The general solution RkL(r), having at infinity the form
Rir(r) | roe0 ~ sin(kr — YouL + 61 (k)),

is written as

)

Rii(r) =[RS (r)— Su (k) B (1)), (10

where Rl({'f_‘(r) = [ngI)J(r)] *_ From the condition of regu-
2)This approximation for U, ¢f(r) requires that the interaction po-

tential U(r) have a finite range and its singularity in the origin be
weaker than 2.
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FIG. 2. Approximation for the effective potential energy.

larity of the wave function Rg(r) in the origin we find
that

o 4B
at+p
Using the explicit expressions for the coefficients «a
and j3,

S (k)= expl2i6r (k)] = (11)

W) W (s, 1)

= _ W )Wish)
W (g2, ho) W (k1 ly) '

 W(ge, ko)W (ks ls)

where W(¢, n) = £on/or = ndt/or are the Wron-
skians of the corresponding functions in the correspond-
ing points and

i(r) = k(r) —U(r) = 2i(akr/2)"](kir),

we obtain®) for the S matrix
_ W (fo, k) W* (1, 81) — W* (f2, 82) W* (j1, bu)

S ) = 5 o o) W (s 80) W (i 2) W (7 ) (12)

RESONANCE STATES

The poles of the S matrix are determined by the
zeros of the expression

F = W (fo, ho) W (j1, 21) — W (f2, &2) W (j1, 1)

or
dlnf, a )/alnh 0

J— 3 2 —_— — J—
F = hitks {( [ = W T A k36r1)}(gihz g”h(’i’s)

where the partial derivatives with respect to r; and rz
act on the functions with index 1 and 2, respectively.

For the following we must write the function gihz
— gzh; in explicit form. Here we must take account of
the fact that the point z = 0 is a branch point for the
functions g and h, so that g, = g(z,e*™) = hY, where
arg z: = 0. It follows from the theory of confluent hyper-
geometric functions'”? that

F'(a—vy+ 1)¥(a, y; ize2™)
— [1+ =207 — e2rin] D (a — y+ 1) ¥ (q, ; iz)

+ e~ 2miv[ g2t _4]T(1 — a) e ¥ (y — a, y; — iz). (14)
Using (14), we find
g1hy — gohy = h(z1)h(22) — g(21) g (22)
— iexp(fenkspe) [8(21) — h(z1) 118 (22) — R (25)]. (15)

We are interested in the value of (15) for energies E
of the order of Ep, i.e., for small €, and we therefore

3 For more details cf. [¢].
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expand it in powers of €, keeping terms of second order.
Since we cannot write down an explicit expression for
the derivative of the confluent hypergeometric function
with respect to a parameter, we use the asymptotic ex-
pressions of these functions for large values of kBp,
since

kg kg

2y = —(rg—ry)% ~ kgp, zz=—p("B

Thus we are in fact expanding (15) under the condition
(16)

Writing the functions g, h and their derivatives dg/d¢,
8h /€ for large z in explicit form,

— )2 ~ kgp.

s<1/k3p<1.

2|25 = h"| 700 = ['(¥y — Ysiekpp)z=" exp [ —i(}sm
+ ez — Yfsekpp In z) — Ysmeknp],

0¢ [ 08| 1200 = OR" | 0¢| s = Y4 (ko) T (%4 — uiekpp) 2~

X[Yot — i(ln 2 — P (3s — Yaieksp))] exp [—i(Yemw + Yoz

—1/4ekpp In z) — 1/snekpp], (17)

we find that
(8h2 — gohs) |k yorvos; a0 = /2iT*(%/4)[G (21, 22) — eknpH (21, 22)], (18)

where ¥(x) is the logarithmic derivative of the Gamma
function and G and H are given by the following expres-
sions:

H (24, 22) = (2422) ' {In 2 [Vicos 242 sn A% ]
2 2
+Inz [Vicos “ —; 2 + sin-2 —2_ 2z } meos A ; 2y

V(1) + 9 (/)] V2 cos ——= 1+ 2 } (19)

The action of the operator in (13) on the expression (18)
leads to an equation for the determination of €; from
this we find that the scattering matrix has a pole at the
energy

E =Ep —E.— ]/2iEv, (20)

where

__ 0lnH )/B
/L'Bar,

dlnH \/
A— ) B —
X {[( kgdry /1

?*InG / dln H
—_ 2 — —_
+ k326r16r2:|+c kA k gory )<A
ZCEB[(?(H/G)] [( OlnH
kpp L kgor, { (4 kpory ><B
dlnH aIn(H/G)
2 —_——
T4 kpory )} {[A kpors
" *In(H/G) )"2_ 1 /G )2[
kg¥rior, /1 4\ H

(oo sz‘;’ii’,z />0

dln H / 0ln H \
= 20 A — L
ke pors )] +¢ \ kpr, ) J

2In H dlnG
— A—
+ kg?dry ory J li( k gory )

dlnG
kﬂarf>}
dlnH (218.)
kpors )

1 ¢ dln(H-G) 9In(H/G)

T2\ &pon, kgors
®InG 9(H/G) d(H/G)
kg?drydry  kgdry  kgor

0lmH )
/i;;afz

olnG )
kyory

(21b)

a1l
A(r)= Lj‘_

' A= /2
kory Vp=p

kBri

E Jai(Ksry)
kg Ja(Eiri)
LL+1)

ry?

’

e 2™ By —E
1 hE( B 7))+
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dlnf,

A—1s
kory -

h=h g kgrs

B(r;)= Re

Ja(kpra)Ja— 1(kBr2)—J—L(kBrZ)J-l«}»i(l"BrZ)
J2 (kgrz)+l_;, (/cBrz) ’
= 2 [Ja%(kpre) 4 T_a2(kepry) 17 > 0.

= kpr:
k=hg l29:14

(22)

dln
C(r)=1Im ?E‘?—

That E), > 0 can be seen by direct calculation of the
derivatives of the functions G and H with respect to r;
and rz.

Thus we may conclude that for energies of the inci-
dent particle approximately equal to the height of the
effective barrier, a quasi-stationary state (Ey > 0) oc-
curs. For sufficiently large kBp, i.e., for a sufficiently
high and broad barrier, E¢ < Eg and the quantity E,
is sufficiently small so that we obtain a resonance at
the energy E = Eg. Since the height of the effective
barrier is a function of the angular momentum M of the
incident particle, Eq. (5) determines, for a given inter-
action potential U(r), a family of resonance energies
E%L) at physical values of the angular momentum

M?=R%L(L+1),L=0,1, ..., Lyax.

A similar result is obtained when a square barrier
of height Ep is taken in the region r; < r < r.. In this
case we have the following solution in the region r; <r
<rz:

¢ = exp(rkgVe), h = exp(—rkpye) (23)

and for G and H we obtain the simple expressions
C=ua, H= - a=r—n

correspondingly, we find for E,
12CEp 3 \? 3
By = (kpa)? [<A +FBZ) +_4(k5a)2]

A+ )] el ar )t

kpa

x{le(a+

where A, B, and C are given by (22).

kBa )

SCATTERING CROSS SECTION

The elastic scattering cross section is given by

o(E)= 2 (2L + 1) |1 — SL(E) |2 (24)
The terms in (24) with angular momenta 0 = L = Ly,

have resonance character (there is a resonance for

L = 0 when the potential energy has a barrier). There-
fore (24) takes the form
Lxp )
_ A (By )2 5
*B)= mE LZ:O(ZL“L“ (E—ED)2+(ED)2 (25)

where Eg‘) is given by (5) and E(L), by (21b), where the

terms with L > Ly,5«, which in the given case have no
resonance character, are omitted. Formula (25) differs
from the usual resonance formula in that all resonance
energies E(L) lie on the same resonance trajectory de-
termined by (5). This resonance trajectory is com-
pletely determined by the parameters of the interaction
potential and is the analog of the Regge trajectory,
although these two concepts do not coincide completely.
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FIG. 3. Trajectory of the resonance energies for the potential (26).

Regge considered complex angular momenta as a func-
tion of complex energies, whereas our resonance trajec-
tories are defined as poles of the S matrix for complex
energies and real angular momenta.

EXAMPLE

For an illustration of our results we calculate the
resonance trajectory for the potential
—vl(ay /oy

U(r)_VOL\r> | ):|’

\r

(26)

a special case of which (a = 0) is the known polarization
potential. The effective potential energy for the poten-
tial (26) has a maximum at the point

"3 @ 2 e
B= E‘F( 1—g> ’
whose value is
1 b 12
EB(M2)=E7_V0<-7> (1—8)2(1+28), (27)

where

M2\ s
———> <t Mo=Zan, 2
: 3 as

0<§:(1_M 2
) Ter

For angular momenta M > My, 4% there is no effective
barrier. The resonance energies EBL are obtained for
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values of the angular momentum M2 = h2L(L + 1) with
L=1,2, ..., Lyax, where
(/M= [ 1 1
bo=[ V7~ 3]

([x] is the integer part of x). The form of the curve
Ep = Eg(M?) for the potential (26) is shown in Fig. 3.

In conclusion the authors express their gratitude to
L. G. Yakovlev and I. M. Faingol’d for communicating
published and unpublished results, and also to O. B.
Firsov for useful discussions.
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