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The dielectric constant of alkali-metal vapor or of hydrogen is found for frequencies corresponding to
transitions between the ground state and doublet levels under conditions when pair collisions with res-
onant energy transfer make the largest contributions. The effect of Doppler broadening is taken into
account. The variation of the dielectric constant on going from heavy alkali metals to lithium and hy-
drogen is considered. The line wings are investigated. Allowance is made for the effect of population
of the excited levels. The case when transitions occur between one of the doublet levels and an excited

level is also considered.

1. IN this paper we determine the dielectric constant of
alkali-metal vapors and of hydrogen at frequencies cor-
responding to the resonant transition from the ground-
state level S,,, to the doublet levels P,,, and P,/,. We
consider also transitions between doublet levels and
some excited level. The study is made in the pressure
region in which the dielectric constant is determined by
pair collisions of the excited and unexcited atoms with
resonant energy transfer. Since the excited states Pj

G = Y%, 3,) are connected with the ground state by opti-
cally allowed dipole transitions, a resonant dipole-di-
pole interaction is realized between the excited and un-
excited atoms and leads to a large effective collision
cross section. These collisions play an important role
provided nA®>> 1, where n is the density of the atoms
in the ground state and X is the wavelength correspond-
ing to the considered resonant transition, X = c/c wj
The influence of collisions of this type on the shape of
the spectral line was first considered by Vlasov and
Fursov.t!!

As is well known, ¥’ 2} an important role is played
in collisions with resonant excitation transfer by the
impact parameters p ~ p,, where p, is the Weisskopf
radius

po=g;/Vv. (1)

By v we denote the relative velocity of the colliding
particles, and g? = d]?/(Zj + 1), where d]- is the reduced

matrix element of the dipole transition between the
states S/, and P; (G = Y% or %,). Here and throughout

we use the atomic system of units: i = m =e = 1. The
condition for the pairing of the collisions, which is as-
sumed satisfied, is given by

np® << 1. (2)

To determine the dielectric constant € we shall
make use of a procedure developed for transitions of
the 0 =1 type in a paper by one of the authors and
Galitskii.'®? A somewhat different calculation method
was proposed by Kazantsev.!4! The method of tempera-
ture Green’s functions!5! is used for the calculations.
The dielectric constant €(w) is expressed in terms of
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the polarization operator II,, or, which is the same, in
terms of the two-particle Green’s function K “0 :
g(o)=1—
4-1"155

S (tjovis|im) (Liavotto|ima) (—1)k—vkv, § dpKom (B, k, ©)

Bho

3)

Vo

where the terms of the type (1j,vu|jm) denote the
Clebsch—-Gordan coefficients, k = 1/x = w/c, and jg, u,
Wo, and j, m, m, denote the total angular momentum of
the atom and its projections in the ground and in the ex-
cited states. The equation for the function K“m‘xlﬁ’o is of

the form®31

Bio

Koo (9, K, ©) = 2 K (0, K, 0) {a,,,m Srmrms

o (4)
- Z Sdp Re F e (4~ -( at- ) Knitme 0,k 0) },
where
Ko (|p,k 0) = —

1 nQ (P) dupOmm: (5)
2]0+ 1 O—W; _Zm( |P| )_pkz/M ‘

We have written formula (5) in a coordinate system in
which the z axis is directed along the vector p. An ex-
pression for the functions K° in an arbitrary system
can be obtained with the aid of the usual rotation ma-
trices. The expression for K° was obtained under the
assumption that the population of the excited levels

can be neglected. A generalization of the results to the
case when the densities of the excited and unexcited at-
oms are of the same order will be presented below. The
self-energy part Em is given by

2 (ape(e) Dmfmm(ga),  (6)

n

Sm(|p])Omm = - P _|_1 M

S dpe(p)=1,

where ¢(p) is the Maxwell distribution function, M is
the mass of the atom, and q = Y. —-p")

By f“ K ,(q, k) we denote the scattermg amplitude

(this deflmtlon differs from the usual one by a factor
—1/47):
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frmi(@0) =M %) | dRe-am Vi R) W, R),  (7)
o
where Vﬁl’:n,(R) is the matrix element of the dipole—
dipole interaction operator, taken over the atomic wave
’
functions. The wave function \Ilr‘;,‘:x‘; (%, R) is a solution
0
of the Schridinger equation for relative motion with po-
!
tential Vﬁl '}Ln ,(R), corresponding to a momentum k and
polarizations m, and p, prior to scattering. The am-
-~ ’ '
plitude fﬁ% differs from the amplitude f;‘:n, in that
the self-consistent field is subtracted:
> i’ k k - Hu ik
T ( ?, q—‘—E) S dRmer(R)e R,
(8)
This subtraction corresponds to allowance for only the
irreducible diagrams in the calculation of the polariza-
tion operator.

Replacement of the effective four-poles by the real
and imaginary parts of the scattering amplitude in the
integral equation (4) is valid, as shown in '®}, in the
frequency region |w — wj | = gi*'/pg, where g]?/pg has the

k k\
aq+?/—fmm’<q_

meaning of the reciprocal effective collision time. The
wings of the line, i.e., the region |w — wj | > g§/p5, will
be considered later.

2. We assume first that the Doppler line width can
be neglected compared with the impact width. Then we
can omit the term pk,/M from the denominator of for-
mula (5). In this case an approximate solution of (4),
consisting of replacing the scattering amplitude by its
value averaged over the direction of the vector q, leads
to the following expression for &(w):

2j +1 4n

e =1 —
(@) 2o+1 3

n
—ngj {w—m-+~——~————‘, —
’ TUM(2041) (2 +1)
(2 +1)? , o ) L, o
X 9 ——4ngtM — Z (1jovn’| jm) (Ljovie|jm’) Re frmm: (2, )

muv
m

— i 3 T £ (%) ]}_i . (9

wm

As shown in '3 %! this approximation is accurate to 1-
2%. Thus, the dielectric constant € is determined by
the zero-angle scattering amplitude. However, the real
part of the scattering amplitude is not an analytic func-
tion of the scattering angle,t3] Therefore on going

over to the limiting value of Re f‘JL ,(lc K) from the

value Re fﬁl‘:n,(x +Kk, k) (the phonon momentum k is

much smaller than the thermal momentum k& of the
atom) an additional term 41rgJ?n/(2j0 +1)(2j + 1) appears

in the denominator of (9). This term takes into account
exactly the frequency shift obtained in accordance with
the classical Lorentz-Lorenz formula (see in this con-
nection also "% 7! where the classical field is averaged
in a system of stationary dipole centers).

To find the amplitudes, we use the method proposed
by Vainshtein and Galitskii.'®! The wave function

wﬁl ‘I‘Igo (K, R) (see (7)) is sought in the form

Wiih, (6, R) = "R SEES (x, R). (10)

Substituting (10) in the Schrédinger equation and neg-
lecting the second derivatives of the function S (see,
for example, '°1), we get

;% Mio g ‘o
21—M VS"WM = m/% me’S::z‘l:nu-
As noted in 31, the developed approximation is valid if
1> v> 1/M? which in practice is always satisfied.
We note that for all the alkali metals, except the
lightest Li, the condition AE > g?/p3 is usually satis-
fied, where AE = E;/, — E,, is the difference of the
energy levels of the doublet. Under these conditions,
when finding the dielectric constant, it is possible to
neglect collisions with a transition between the doublet
components, i.e., to consider each level of the fine
structure independently. This is precisely the case to
which Egs. (11) and (20) pertain. The imaginary part
of the scattering amplitude Im f k) is the am-

(11)

mm, (%
plitude of the non-exchange scattering, i.e., scattering
without excitation transfer, while the real part is the
amplitude of the exchange scattering, i.e., scattering
with excitation transfer.t®! It is easy to show, using the
general unitarity properties of the scattering, that the
following relation is satisfied

1

1
~ i I fom = 3 (om* + o), (12)
where o’ﬁl and oﬁl denote the total collision cross

sections without and with excitation transfer. The
dices m and p in the cross sections denote the initial
states of the colliding atoms, and summation is carried
out over the final states. The cross sections for ex-
change and non-exchange scattering can be expressed
directly in terms of the integrals of the function F,
taken at z — « (R? = p? + z%, p—impact distance):
Ot = Eﬂ Z S du(lm S;l:‘::LnV, (13)

wm' 0
ng?
()'mlu = Z g Re Sm rm — Om méu M) y
v m 0

where u = vp?/g?.
Averaging relation (12) over the initial state, we get

—(Mv)=*(2jo + 1) (2j + 1)~ ‘Z Im /o (, x)—v(cﬁ-a (14)

where o and ¢’ are the average values of the corre-
sponding cross section.

The system (11) was solved with a computer. The
following results were obtained:

a) For the transitions S,/, = P,,,

c=120ng/’ _113“5’"‘, (15)
Ay, = —0,148ngy, M, (16)

where
Aj= 2 (ljov’[jm) (tfovu|im') Re fis (). (17)

muv
We note that the system of equations (11) for the transi-
tions S,;, = P,,, reduces in fact to the system of equa-
tions considered in '3 for the transitions S, == P,. The
excitation-transfer cross section for such transitions
was determined in 8, 207121,
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b) For the transitions S/, + P/,

2
g,
—

1.66 (18)
12

(19)

2
o =206 o=
v
Ay, = 07682 M.

Using the results (3) and (11)-(15) we obtain expres-
sions for the dielectric constant at the resonant fre-
quencies of the transitions ¥, = Y, (€,/,) and ¥, =%,
(e5/2):

en(0) = 1 — */sng i [0 — oy -+ (0.48 + 1,160) nngii]™,

, (20)
e, (0) = 1 — 8/smng’, [0 — oy, +(0.79 + 1,868 g’y 1.

The matrix elements g§ are connected with the oscilla-
tor strengths fj of the transition from the ground state
to the given excited state by the relation

3 f
2j+1 w; (21)

The numerical values of g,,, and g;,, are very close
to each other.

We now consider the case when ng? < AE < g%p}.
This means that the components of the doublet are opti-
cally resolved, but the distance between the levels is
small compared with the reciprocal effective collision
time. This condition, at definite densities (n S 10®cm™3),
is valid for lithium and hydrogen. In this case the mul-
tiple structure of the terms plays no role in the analy-
sis of the collision problem. The expression for ¢
takes the form

nf 2i+1 1 .,
o= 51l %o+ 1 gl s

2j+1 4n
+ D Re frum (2, %) >+§Z Im fram (2, %) ]}—1 :

gJZ —

gilw)=1—

—ngi 1(1’

2o+1 3

(22)
The index m (projection of orbital angular momentum
of the excited state) runs here through the values +1
and 0, while f,,,,’ denotes the amplitudes that reduce
to those introduced in 3} when the vector index a is
replaced by m. Substituting the corresponding numeri-
cal values, we get

4 2
o (0)=1— —:— ngi [0 — oy + (0.37 + 2.33) g,

(23)

8
e7,(0)=1— Tn ngsz/i [0 — oy, +(0.74 + 2.33i)nng‘/22]“.

We note that in this case the widths of the doublet
components coincide, and the shifts differ by a factor
of 2.

3. We now consider the more general case, when the
Doppler line width cannot be neglected. Replacement of
the true amplitudes by their average is possible in this
case, too, but the accuracy of the calculation decreases.
The most unfavorable is the case when the Doppler
width is of the same order as the impact width. As
shown by estimates, the error in this case is of the or-
der of 10%. On the other hand, if the Doppler width is
small or large compared with the impact width, then the
accuracy of such an approximation increases, reaching,
as already noted, 1-2%. The expression for €, as fol-
lows from (3)—(5) and (17), is
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n @y, 1A
‘{H' z/+1)(2/0+1)[ g et AJ]’I’
(24)
where
! pk n !
1= dpo(p) o — o= —i TS TIETS Elmfmm x] .
' (25)

Using the results (15)—(19) and (23), and expressing
the integral (25) in terms of the tabulated functions 13!

Z(, n):

1
Z(En)=—=

§° e~xdr
Yu o x—E—iy

i
=21 dteww, =g+, (26)

—c0

we get
e,(m)_1+—(2]+1) ”g’ :
-1
XZ(&,m) {1——-6—’-ﬁjZ<§j,nj)} : (27)
where
Ejzm—ém,-, J_nng;a; —kV 2T

6 is the Doppler width, T the gas temperature, and @
and [3]- are numerical constants with the following val-

ues:
a) for Na, K, Rb, and Cs

an =116, By = 048,
w, =186, By, — 0.79;

b) for Li and H
ay = 233,  Bu = 0.37,
oy, = 2.33, = 0.74.

We note that the absorption line contour, which is deter-
mined by the imaginary part of the dielectric constant
(27), differs from the customarily employed Voigt pro-
file (see in this connection the review article by Rau-
tian and Sobel’mant®4l),

The obtained expression for the dielectric constant
can be readily generalized also to the case when the
population of the excited levels cannot be neglected. The
collision widths of the line is then determined not only
by the width of the excited level, but also by the width
of the ground state. A contribution to the broadening of
the ground state is made by collisions with excited at-
oms, which are at any one of two states (P,,, or P,/,).
The expression for € has the form (27), as before, pro-
vided that

i1 2 s
Ny = —{1,16 (n 4 ny,) gy, - 1,86n,g%.],
5 ( %) 8 77.8%.] (28)

n
W), = S 1.86(n 4 1) ¢ + 1,06
and the density n, which enters not in the parameter 7,
is replaced by n —2n;/(2j + 1). By n;j we denote the
density of the atoms in the state Pj. Our generalization
of formula (27) is not valid for lithium or hydrogen.

4, We have considered so far ¢ at frequencies cor-
responding to a resonant transition, i.e., a transition
between the ground state 2S,,, and excited states (®P,,,,
2Pa/z)-

We now consider the dielectric constant at frequen~
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cies corresponding to a transition between one of the
levels of a doublet and some excited level (with angular
momentum j’). We assume that the population of the ex-
cited levels is small. In this case we can neglect the
integral term in (4), since it is proportional to the den-
sity of the excited atoms. We assume that the upper
excited level j’ is not connected with the ground state
by a dipole transition. Then the line broadening is de-
termined by the resonant collisions of the atoms ex-
cited at one of the doublet levels with the atoms in the
ground state, and is proportional to the density of the
latter. Under these conditions we can obtain an analytic
expression for £(w) without averaging the amplitudes
over the angles. The expression for the dielectric con-
stant is (29)

4 . 2/ Ny n 1 to—ay
n(o)=1+-"—= 2/ +1)gi{ = — = A
&n (o) g @+ e 3 2/'+1')6Z\ ,m).

where w'y/, = Ejr —Ey/q, n’ is the density of the atoms

at the considered excited level j’, and g;,, is the cor-
responding matrix element of tb: transition

6,(0) = 1 — sgh (2 -+ 1)), — n )L+ L), (30)

where
’ pk 2 -1
1= Japa(e) [0 — o, + 2t imng (1744 0362(20) | (31)

L= {dpo(p) [m — o+ % + innge. (1,98 — 0,367 (z)) r (32)

The function x(x) is given by

S vy
y(z) = 1—?+z—3e §ey dy, x—l/gM—T‘
For light elements (Li and H) the number 1.16 in (28)
is replaced by 2.33, and the expression in the brackets
in the denominators of (31) and (32) is replaced respec-
tively by 2.18 + 0,44 x (x) and 2.48 — 0.44 x (x).

An approximate expression for € is obtained, as al-
ready noted, by averaging the amplitude £(q, q) over the
directions of the vector q. This averaging is equivalent
to replacing the function x(x) in (31) and (32) by its val-
ue at x = 0, x(0) = ¥;. Then expression (30) for &,,,
takes the form

,
O —wy,

o) = 1 = 1@ + 1w, — an12( E2% ) (33)
5. All the foregoing expressions were valid in the
frequency region |w — w;| << g2/p3. However, the proce-

dures developed in '3? makes it possible to consider
also the wings of the lines, i.e., the frequency region
AE > |w — wj| » g?/p3. The results obtained in this
case coincide with those obtained from the statistical
theory of the broadening of spectral lines (see, for ex-
ample, [1%1), Thus, to find the line width in this fre-
quency region it is sufficient to determine the behavior
of the electronic terms of the quasimolecule.

We present an expression for the imaginary part of
the dielectric constant:

s ., (34)

T gy, = — rcng% m Imey = En i m—
: 3 o — wy,)? ’ 37" (0— o)
since these expressions are valid in the frequency re-
gion AE >» |w — wjl >> g2/p3 | they pertain to those al-
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kali metals in which AE > g/p3, i.e., Na, K, Rb, and
Cs. Thus, the width changes on going over to the line
wings, and the character of the dependence on the fre-
quency remains the same as before. The contribution
of the Doppler broadening on the line wings, as is well
known, is negligibly small and is therefore disregarded.

6. The imaginary part of the dielectric constant, as
is well known, yields under certain conditions the form
of the absorption line. From the obtained results (see
(20) and (34)) it follows in particular that in the ap-
proximation g?,, = g2,, the widths of the doublet com-
ponents are related respectively as 1.59 and 1.52. The
approximate calculation by Foley'!®! gives for this ra-
tio the value V2. However, the accuracy of the avail-
able experimental data (see the review of ''7) is insuf-
ficient to reveal this difference. It is of interest to note
that for light elements, hydrogen and lithium, the colli-
sion widths of the doublet components are equal to each
other.

The values of the widths obtained in the later exper-
imental papers 18 20] do not agree with each other and
contradict the results obtained on the basis of the ‘“im-
pact’’ and ‘‘statistical’’ approximation. A root depend-
ence of the width on the density was observed in [ 9,203,
but the widths themselves exceeded the calculated val-
ues by approximately three orders of magnitude. It is
possible that such large widths are due to radiation-
diffusion processes. Attempts to explain the results of
t18] theoretically, undertaken in ‘231 pertain only to
the case of immobile atoms and can hardly serve as a
basis for the interpretation of the indicated experi-
ments.

The authors thank V. M. Galitskii for useful discus-
sions of this work.
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