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OF AN INCOMPRESSIBLE FLUID AT

We consider the statistical theory of the turbulent motion of a viscous incompressible fluid, using an

analysis of the probability for a velocity distribution

in the fluid at several points at the same time.

We give the extra conditions which these functions satisfy. Assuming the independence of large and

small scale motions for large Reynolds numbers we

study the structure of the expansion of the distri-

bution function in terms of the small parameter R™*/*

1. EQUATIONS FOR THE MANY-POINT VELOCITY
DISTRIBUTION FUNCTIONS

THE complete statistical description of turbulence can
be accomplished by giving the set of functions

Fp(vi, X1, ..., vy, Xp; t) such that the probability that at
time t the velocities of the fluid in the points

X1, Xz, ..., Xp lie in the ranges dv,, ..., dvy is equal to
Fpdv, ... dvy.
One sees easily that in the case of laminar motion

Fo=1[68(v
=t
where v(x, t) is a solution of the Navier-Stokes equation.
In the case of fully developed turbulence Fj will be the
superposition

i—v(x;,t)

),

F,= 2 Cv(x,t ]H 8(v

=1

i — v(xy,t)),

where the sum is taken over all velocity fields which
are realized with a probability C[v(x, t)]. This super-
position will give a complicated picture for the distribu-
tion of n velocities which is far from laminar. A study
of strong turbulence using directly the Navier -Stokes
equation and its moments is therefore practically hope-
less. Indeed, when R/R¢p ~ 10° it is necessary to give
107 parameters (for instance, velocity Fourier compon -
ents) in order to a.pproxxmate the velocity field satisfac-
torily. It is, for instance, clear that it is difficult to
achieve success when solving the problem of statistics
for normal mechanical systems with a large number of
degrees of freedom without introducing distribution
functions and operating directly upon the equations of
motion for many particles and the moments of these
equations.

By virtue of the evident statistical nature of the prob-
lem it is apparent that only a description using distribu-
tion functions will enable us to introduce hypotheses
directly using the fact that the Reynolds number, which
is a measure of the number of degrees of freedom, is
large.

Let us derive the equations for the functions Fy,.

The Navier-Stokes equations to describe the motion
of a viscous incompressible fluid have the form
av>

—=0.
ox*

op
0zx>

R R oo | (1.1)
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We can eliminate the pressure from these equations in
the usual way

1 V™ Quab  dxo

p(x,t) = —TRS e a Trr ] PO, (1.2)
the function y(x1, t) is a harmonic function:
A (xy, £) = 0. (1.3)

Although we shall assume in what follows that the veloc-
ity field is random we can show that the function ¢ is not
a random quantity. We shall indicate by a bar over a
quantity ensemble averaging and we introduce a new
random function

Pi(x18) =y (x0. t) — ¥ (x1, 1)

and its two-point second moment

F(xq4, 1, 8) = Py (xy, 1) Py (X 1, 2). (1.4)

When x; is fixed the function f is a harmonic one. More-
over, it satisfies the following physically obvious re-
quirement: it has no singularities and must tend to zero
for large r. A harmonic function with those properties
vanishes. Taking the limit r — 0 in Eq. (1.4) we get

Pr2(xq, ) = 0,

which means that the random function y is exactly the
same as its average value:

P(xy, t) == P(xy, 1)

We can thus assume in our equations that y is not a
random quantity.

After integrating by parts in Eq. (1.2) the equations
take the following form:

duvy® dvy™ 1
~£ v Er% - I S VoPvyY TV (X — Xo) dxXy
o (x,t
TR LG L (1.5)

611“

where
a3 1

Taby — Xp) = .
(xt 2) 0x1% 0x1P 017 | X; — x|

We introduce a chain of equations which the functions
Fp, satisfy. To do this we consider an arbitrary function
vz, t) ., v(xy, t)) of the velocities in the points
X1, Xz, .. xn at time t. It is clear that

’
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op __ 3 0 6v> V characterizes the motion of that volume of the fluid

ot Cove o as a whole while the w; describe in some approximation
) . the relative motion. Changing to the new variables
and, using Eq. (1.5) we can write means that we consider instead of the functions
P " o v o Fn(vy, X1, ..., Vp, Xp; t) the new functions
ot T > Eny [_”fﬂ dnb o TVAY®
1i=1 ! t g Fa(V,X; 02,82,..., @5, Enj t) = SFn(Vi,Xi,.-.,Vn,Xn; t)-
+ I g Unﬂ+i Uit TV (Xg — Xp14) dXnit ] (1.6)

X8(V —vi)8(X — xy) ﬂs (@i — Vi + V1) 8 (& — Xi + x1)dvidx . .. dv, dx,.
We average Eq. (1.6). We have

In the new varlables the equations for the functions

Fl oF, Fp look as follows:
_a_(fzgW(F(V,,...,vn)dvi...dvn, n
- OFn OFa  OF, oy(X [
99 v Sapn , ; TV % T v ox= +Z O ea
@Vi e = b;i_ﬁu,i P(Viy .oy Vn)dVy...dVy.
3F'n( (X+§i)_3¢( ))
The other terms in Eq. (1.6) transform analogously. o0\ 0X® . C

Using the fact that ¢ is an arbitrary function, we get the

1 0 S 02F n41
following set of equations for the functions Fp:

—_ 8
4 0w;® —W( % (En1—8i) — T'*(En+1) ) Onts (D:_H dont A&y
n+1 T nt
/]
aF,, Z"; [ Fn an oy +v § AEr+1d0n+1 (8 (Bnt1— §i) — 8 (Bn+1)) Antt F'n+1wn+1}
a pal A TR T 2
n 1 [/] S 02F 1y « (g +1)L0 o1 do it
—0 d bvy 4 0V¢ agﬁ atv " n+ On+1 COn+ CEn+1
+ i 90 ﬂ F oty Unett Ut TOBY (X; — Xpt) AVt A%y S

; +vo 2§ @8ttt 8 (Bntr) At Pt 00 = 0. (2.1)
+v e S 8 (X — Xpt1) AXptt A et Frptd Vg an+1] =0 (1.7

It is necessary also to rewrite in the new coordinates

For the case of homogeneous turbulence without addi- all additional conditions which the velocity distribution
tional conditions Egs. (1.7) were derived in'*’. functions satisfy.
We give the conditions which the functions F; must 1. Continuity condition:
satisfy. lim Fop= Fud (0;— o), lim Fry = F,8 (a0).
1. Normalization condition: 8% B0
2. Normalization condition:
SFH+1an+{=an SFnth~~-an=1-
2. Continuity condition: S FrdVdo:...don =1,
llm Fra = Fud (Vi — vi) SF‘IL—Hdﬁ)'n-Hzpn-, ﬂ Frdo...do, = F(V,X,t).
k, L 3. The consistency condition, which reflects the fact
8. Symmetry condition: that in the Euler variables the variables x; are not ran-
Fu(e v Vis Ky ooy Vi Xpy oo 3 8) = Fri(ev oy Vi Xiy + oy Viy Xgy o013 ). dom variables but are the discrete indices of the ran-
. - dom variables v;, has now the form
4. Incompressibility condition:
- oF, a aFn-H 8
OFn =— 8 (En+1 — §i) On+1d@n+1 dEnt1,
S 9z;* vi*dvi = 0. 05‘:“ T \ 0&% !
5. Consistency condition: oFn _ 9 dp"“
y X = Vb “aga 6(§n+l U)n+1 d(ﬂn+ld§n+t
oF, 0 ¢ O0Fp4 g
= T ———Un+1.0 (x'n+1 - xz)dvn+i dxn -H. oF.
oz i Vom et ~ 5 ! om"*‘(é(gm)— (8t — &) 0bri donsidr.  (2.2)
=2 St
Only when all conditions are satisfied can we assume
that' tl;;z functions Fj are functions with independent 4. The symmetry condition is written in the form of
variables.

two relations as was the consistency condition:
a) symmetry with respect to permutation of any
2. INTRODUCTION OF RELATIVE COORDINATES AND velocities and coordinates except v, and x; means that
VELOCITIES the function is not changed when the pairs wj, £; and

Wy, £k are interchanged:
To formulate the basic assumptions we change to

. P; aFn = F'n;
another set of coordinates: k
b mmetry when Vi, X). are interchan
X =, B .. & — e x, . ) symmetry whe leland. ks Xk erchanged
is now expressed by the equation
random velociti
and of rando cities PioF o = Fp(V+ op, X+ & 02— 0p, & — &y . .., — Ok, —Eny - -
V=v, @=Ve—Vy...,0n=V,— Vq.

ey O — O, B — B3 ) = Fa(V, X, @2, 82, ..., On, En).
If we assume that xi, x2z, ..., Xp lie in some volume, 5) The incompressibility condition is written in the
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form

S oF,

0;%*do; = 0.
631

We shall in the following denote the relative velocity
distribution functions Fj by Fy.

3. BASIC ASSUMPTIONS. ESTIMATE OF THE ORDER
OF MAGNITUDE OF THE DIFFERENT TERMS IN
THE EQUATIONS FOR THE DISTRIBUTION FUNC-
TIONS. ZEROTH APPROXIMATION

We have already mentioned that we shall try to use
in solving the chain of equations the fact that the
Reynolds number is large. We assume without proof
that in that case our hydrodynamic motion has a statis-
tical character and possesses necessarily (due to R >> 1)
a large number of degrees of freedom. Moreover, it is
very clear that such a motion will be characterized by
local velocity gradients which are much larger than the
average gradients. If v, is a characteristic difference
in velocities over a distance A, this means that v)/x
> U/L, where U is a characteristic change in velocity
over the dimensions L given by the problem. In terms
of the distribution functions this means, for instance,
that

oF, oF

V= X < 0% {)(_a

if |&] < L.

We see thus that the largest terms in the equations
in the chain will be of order (w/£)Fy,. The other terms
will be small with extra factors Ut/Lw. The term con-
taining the harmonic function y and the derivative with
respect to wj will, for instance, be of second order:

OFy 1oy (X + &) O‘P(X)) ~F g(ﬁ\z
ama\ 9Xa  ax= )T " \Le

since y ~ UZ. Dropping all small terms, we get the
following equations

an

+ Lo Fats =0, (3.1)
where
Lon n-H Z{(ﬂl ,,; %
i=2
10 [ P -
T n Ka S Jdgb dt To(§ntt — &) — IT*(Ent1) ] 0ntt (’)\nﬂ douts A&ty

8 (En+1)] Angt Fut (0:+1 }
(3.2)

We have purposefully not given very exact estimates
for the remaining and the dropped terms in the chain of
equations for the distribution functions, which are more
complicated than we have just written down. At the mo-
ment it is only important for us that the terms dropped
are much smaller than those retained. It is thus clear
that the evolution of the distribution function Fy is des-
cribed by equations which contain only operators of the
relative velocities and coordinates. The velocity V in a
given spot and the coordinate X ‘‘of the spot’’ enter in
this equation merely as parameters and the equations
themselves are the same as the equations for the dis-
tribution functions ¢ = [FpdV in the uniform case. We
note that this is true only if we neglect the terms

+vo S st Aot [6 (Bt — Br) —
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dropped and is a consequence from the fact that the
Reynolds number is large which makes the dropped
terms small.

If we now assume (as a consequence, not proved by
us, of the fact that the number of degrees of freedom
is large) that the equation written down by us for the
relative velocities distribution functions contains at
small distances a relaxation to some stationary distri-
bution which is independent of the initial distribution,
this stationary state will be independent of the origin
of the turbulence, i.e., the geometry, the method of ex-
citation, and other ‘‘“macroscopic’’ properties of the
problem considered. These stationary functions must
thus be universal, uniform and isotropic ones. This as-
sumption about the relaxation was just the one we had in
mind when we said that our hydrodynamic motion was
statistical in character.

It is useful to repeat our discussion from a somewhat
different point of view based directly upon experimental
data. Experiments show that for large Reynolds num-
bers turbulent motion occurs in incompressible fluids
which 1) has large velocity gradients at small distances;
2) depends only on the ‘‘macroscopic’’ conditions of the
problem, i.e., the conditions which are imposed in the
usual laminar case and which are independent of the
character and form of the initial fluctuations.

Starting from these very general experimental facts
and dealing with the chain of equations for the distribu-
tion functions we can conclude that apart from small
quant1t1es we have for the distribution functions

=F,(V, X, t)e m’(wg, £2, ...) where the functions

(0>

¢, are independent of the problem and are universal,
uniform, and stationary functions. Kolmogorovm formu-
lated in 1941 this character of the functions (pn) as a
self-consistent hypothesis.
We shall consider stationary problems, and in non-
stationary problems we shall assume that
oF, U

~—F,.
ot L

We get thus for the zeroth approximation Fr(lo’ F (p(o’
the zeroth approximation stationary equations (3.1).
These equations do not contain the time t and the coor-
dinate X explicitly, as we have already noted.

The zeroth approximation functions depend on the
time t and the coordinate X only through the variables
F.(V, X, t) and €(X, t). To track the slow dependence of
the distribution functions on X and t we shall look for
the general solution in the form of a series of approxi-
mations

Fo=F"4+F" 4.,
where

FP =FP(V,008,...,008|F1(V,X,1),e(X1)

depend on X and t only through the functional dependence
on F; and €. As scales for the velocities and the coor-
dinates we can introduce the Kolmogorov scales

vo = (ve)”* and xo = (v%/€)¥* after which the equations
become dimensionless with v = 1. The required solution
will be a symmetric, isotropic, now already neces-
sarily, and universal solution. This solution, i.e., the
function ¢’ must satisfy all additional conditions, apart
from first order corrections.
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To estimate the order of magnitude we shall use the
Kolmogorov relations w ~ vo&/Ao when £ < 2o and

~ (e£)*® when £ > ). The basis for the first rela-
tlon is the continuity condition. As to the second rela-
tion (in the so-called inertial range) it follows from the
zeroth approximation solution for |£j| > Xo and will be
justified in a following paper. At the moment we shall
use them without proof.

Before we turn to a study of the first approximation
equations, we verify that the zeroth approximation func-
tions satisfy in the necessary accuracy the additional
conditions 1—5 and make clear to what conditions on the
functions (pg) these lead.

From the continuity condition it follows that

lim @ = ¢ 6 (0; —ws), lim (p(”)l = o8 (0;).
B e g~

The normalization condition changes to the following
conditions:

©) ©) (0)
S Cnt+i1 dop+ = Pn S Pn dez...do, = 1.

The consistency conditions take the form

O¢n 0 a(pm—i i
’()*EITL = - m S 0;;(1 (§n+1 Ez) Ont+1 GO+t d'§n+h
n o~ (0 .
a 0y
AN o¢n 7 Pn+1 B o
2 02,-“_{ 3 S o (§nt1) Ont+t doon+1 A8yt = 0.

n+1

We have dropped small terms in the second consis-
tency condition. We note that for n = 1 the consistency
condition in zeroth approximation will look as follows:

©

7/
§ ég%onﬁG(Eﬁdmzdgz——O

This condition is trivial for an isotropic function.
The symmetry conditions a) will be simple:

) ©)
" Pn = Qn .

We obtain the symmetry condition b) for the (pg’
zeroth approximation by integrating the complete sym-
metry condition over V:

©
= ¢n .

0)
Py (p()

Using this equation the complete symmetry condition
for the zeroth approximation function is reduced to the
equation

Fy(V, X, t) = Fi(V+or, X4, 1).

One sees easily that in the approximation required by us
(apart from first order terms) this equation is valid, as

Fi(V+ on, X+ 8 t) = F(V, X, t) + OR™).
The incompressibility condition is in zeroth approxima-
tion obtained at once from the total conditions:

s 6(pn(0)
J 9g

Considering the additional conditions in zeroth approxi-
mation, we note a very important fact: they all contain
solely the functions ¢, are independent of F., and are
universal ones.

®*dw; = 0.
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4. FIRST APPROXIMATION

Before we turn to a consideration of the first approxi-
mation we note that the general solution of the zeroth
approximation equations can be looked for in the form

F(V, X, t)(Pn(Vy ®2, &,..., @, Eanh €)

Our approximations are valid when |§;| < L but then the
¢n are completely independent of V in zeroth approxi-
mation. It is thus natural to assume that at small dis-
tances this function depends weakly on V and that we can
expand it in a series and look for the solution of the
zeroth approximation equations &y in the form

©, = Fy(V,X,1) [rpf?) +—vo<p(7:31+ }

since the dependence of ¢, on V is slow compared with
the dependence of F,(V, X, t) on this variable. Here
u®=vae -va,

We now consider the first approximation. First of all
we write down the set of equations for the first approxi-
mation functions:

LoFd 1 OF, Py Ta B dE
on Frnty - 4——'—V;S 5—@—‘0@, (Bn+1) On+1 Ontt G0n+1 AEn+1
n+t
oF
+V . Sd§n+1dwn+i0(§n+t)An+1(p(f.))+1 onr1=0. (4.1)

We shall look for the solution of the inhomogeneous Eq.
(4.1) in the form

W _ OF &
F?) an a'ﬂ.'
We get the following equations for the functions x:;;l
1 Iz (&75‘3—1 B
HS ] T%(§n+1) Ontt Ot d0nt1 At

a4t
. .
9 § Aot @81 6 (Bnsa) Auts ¢t st + Lon xSt = 0.

We shall not write out all additional conditions in view
of their unwieldiness. One can verify that as in the
zeroth approximation all additional conditions reduce,
after second order terms have been dropped, to rela-
tions which contain only the functions x“& and ¢ ) and
which are 1ndependent of the variables V, X, t. The
functions x|}, and (p“) are thus umversal uniform, and

isotropic vector functions depending on w:z, &2, ..., Wy,
¢,- However, the symmetry conditions b) enable us, as
we shall see below, by using the tensor properties of

the first approximation corrections, to determine it in
explicit form for n = 2. The symmetry conditions reduce
in the necessary accuracy for the first approximation to
the relations .

) ) O]

Ph Cno = Gna, Pkbxil‘;_ Ana + Wp* (Pn =0. (4-2)

Solving these equations one finds easily that

1
a __ (0) a P,b @)
Xan—_(‘ —2)' 122(01 +2 ko Xan 1)|7
1
=2 Py os
(Pna—‘_: 3 ‘Pna (n—1)! .

) (1)

Bearing in mind that the functions ¢, and x; are iso-

tropic vectors it follows from these relatlons forn =2
that x ) = Jows's” and ¢ ) = 0. We find thus that
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o _ 1 o OF;
Fz ——20) @2 0V“ (4.3)

One can check that this function satisfies identically all
additional conditions (it is impossible to check the con-
sistency condition directly since the functions with n = 3
enter into it).

From the fact that the operators PP commute with
the chain operators L, it follows that w01<p‘°’ oF ,/8VQ

must be a solution of the inhomogeneous problem with
an inhomogeneous term which is antisymmetrized with
respect to the interchange P;). It turns out that this is
indeed the case if we take into account that <p(°) satisfies
the zeroth approximation equations. Indeed,

. oF; oF, ~
Liyp wp® Ve (F::]-)i—i == Wp%* 6—Vi Loy, (P(no}i-i
1 oF, Pty B
e (T (En+1 — &) — T*(&n nH @n+ Q0+t
Pl 535%951,4.5 (Bn+1— &) (En+1) ) On+1 @n+t A@n+1 AEn+y
0F,
Ve Y doyy+1 A€ n+1 [0 (Entt — &) — 8 (Ent1)] Ant (L‘S)-)H Ot

The first term in this equation is obtained if we do not
differentiate wl‘g‘, and vanishes. The second term is the
same, as can easily be seen by a change in the integra-
tion variable, as the inhomogeneous part of the first
approximation equations antisymmetrized with respect
to the interchange PB.

5. DERIVATION OF THE EQUATION FOR THE FIRST
DISTRIBUTION FUNCTION

In this section we shall derive an approximate equa-
tion for the first distribution function F;(V, X, t). This
is an important problem since by using this function one
can construct the average velocity field, evaluate all
single-point velocity moments and solve such problems
as the calculation of the resistive force in turbulent
flow and other non-uniform problems.

We shall see in what follows that the set of equations
for the two functions F,(V, X, t) and €(X, t) is a closed
one. In particular, a well-defined damping law for
strong uniform turbulence will follow from this set of
equations. When deriving the equation we need not know
in detail the relative velocities distribution functions;
in our equations only a finite number of averages of
these enter. We need therefore only some properties
ar(lg the general nature, for instance, of the functions

n The form of the zeroth approximation distribution
functions at once suggests that such an equation exists
at all. Indeed, the first equation of the chain has the
form

oF, F 1 o F
R a ——\ - Ta(E, B o?
s TV aXa T aVaS G gy | () erd vl dan 0
oF, 0ll,
+Vav J dondns@mRon e =0 (5.1)

If we substitute into this equation F> = F],(Pz)(wz, £2) we
get apparently an equation containing only F; and some
averages. One sees, however, easily that these averages
vanish:

62(p§0)

S 8(E2)d&: da» Azsz(o) 2% == S Geh 5

Te0oPwo¥ doyy dEs = 0,

LYUBIMOV

since the function ¢¥’ is isotropic. We shall see in what
follows that the contribution to the ‘‘kinetic’’ equation
comes only from the first approximation corrections to
the distribution function.

Let us consider the contribution made by the first
approximation corrections. First of all we consider the
‘‘viscous’’ term. In first approximation we have

oFs"
v S dos dE; 8(E2) A2 Iz o

@R
=V aveave s

Sdﬂ)z %3 8 (E2) Asghy wo%enP = —% eOAF,

€ is the zeroth order dissipated energy. For the sec-
ond term which contains the pair function we get the
following expression:

1 02F 4 ‘ 02(;;2(0)

hn GVe oV Y gD OEY
which turns out to be equal to zero by virtue of the
incompressibility condition.

In the preceding considerations we have always im-
plicitly used the assumption that the non-local terms in
the chain which contain an integration over all distances
converge fast and that the integration in fact takes place
over a region with linear dimensions of the order
A < L. We can verify this directly for (5.2). A detailed
proof of the correctness of the construction of a series
of approximations for the correlation functions goes
beyond the framework of the present paper. However,
the non-local term in the first equation of the chain
gives, as we check now, a contribution of order (U/L)F,;
to calculate it we must briefly dwell upon the analysis
of the structure of non-local terms.

One sees easily that the integral term can be written
in the form

(5.2)

—— T%(%) 028 w2 02° dey d%o,

]
Ve

b, — D0 Ovib

ot ()r o«

§ Fo(V,X, bo, x2) b2T%(X — x5) dx, dbs, (5.3)
where Fz(V, X, bz, x2) is the joint probability for the
quantities bz and V. The quantity b is essentially deter-
mined by the slow scale. While the reduction of the
correlation of two velocities in different points occurs
at distances of the order of the main scale L, the reduc-
tion of the correlation between the velocity and its
derivative in another point will happen fast.

The function F2(V, X, bz, Xxz) will split into the prod-
uct F1(V, X, t) - F(bz, X2) at distances ~x,. If we write
(5.3) in the form

)
—5 § 1P2(V, X, b2, x0) — Fi(V, X) F (b, %) T (X — x2) by db d,

0F1

OVGS bg(‘(z) T* (X — xz)dxa,

the first of the integrals written down will thus be fast
converging and will as far as order of magnitude is con-
cerned be the same as the complete integral (of order
(U/L)R**). The second integral can completely be ex-
pressed in terms of the function F,(V, X, t) and will be
of order U/L. We can similarly consider non-local
terms for n > 2. In fact, in the first integral we can
substitute the zeroth and first approximation functions
which we have found. As a result of the substitution it
was elucidated that the contribution from the first
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integral vanishes in the zeroth and first approximations.
Up to terms of order (U/L)R™** we need therefore re-
tain in the equation for F, only the second integral.

Finally, in first approximation the function F; satis-
fies the following equation

DF, A+ 1/;60AvFy = 0, (5.4)
where
.9 9 a5 o
D= — 4 Vu o 9
o Vot iy
_ 92 .
AP = sz § vaver, (v, X, 1yav. (5.5)

Equation (5.4) contains the unknown function € “X(X, t).
The derivation of the equation for €°(X, t) requires
higher approximations as does the derivation of the
consistency condition for F,.

6. SECOND APPROXIMATION

The set of equations for the second approximation
functions takes the following form:

. A 9 )
Lo FO, + DFM‘,(LO) +v v S A8 nt+1 0+t 6 (Ent1) Ants F o

. P
1 UzFr(H)H

4 B W
T 9V S a_gr*—ﬁ.gv— T%(&nt1) Ontt Ont1 dOnt1 T8t = 0. (6.1)
n+t n+t
In accordance with the general procedure the second ap-
proximation correction Fr(lz’ has the form
® Fy @ b v g

F(j) =bF1Xn +WXnaﬁ+Fi—§—§‘(Pnaﬂ, (62)

where x1(12) and ;I‘f‘; g depend only on the relative veloci-

ties and coordinates and satisfy each their own set of
equations obtained from (6.1), while u® = V& — V&,

Of the additional conditions we note the symmetry
condition

Pkb(F(O) +F(i) —|—F,(2) ) — F(O) +F(1) __I_F(2)
whence, in the appropriate degree of accuracy

)

12) ® @
Pkb Cnop = Pnofpy

Pkb An = Yn
@ © ) [¢)] —2)
Ynop = 0r%01P@n + /2 (0r*Prbynp + OxPPLP%Yne) + Prb%nagp.

One sees easily that the second approximation does not
contribute to the ‘‘kinetic’’ equation since the first part
of the correction y3i” is an isotropic scalar function

while Y;Eﬁ is an isotropic tensor function.

The second approximation gives, however, the first
non-vanishing contribution to the right-hand side of the
consistency condition (2.2) for n = 1:

6Fy 6
=
into which we must substitute (6.2) which gives

aF,
_—— N = £
=" S i 8 (&2) 2P dw2 dEo,

aF, 9 e o .o, f]
T = ke AVFL [kz o Fut + kaa—Vﬁ—FluauB] ;

where the universal constants ki, kz, ks are determined

by integrals of Y:;B and (p(:&ﬂ, respectively, and are

connected through the relation 3k: + k3 = 0.
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7. EQUATION FOR THE ENERGY DISSIPATION

When constructing the approximations we assumed
that the zeroth approximation function (,01‘10’ is a com-
pletely well-defined function satisfying the zeroth ap-
proximation stationary equation in which we have chosen
as the scales for the velocities w; and the distances &;
the quantities vo = (€v)'/* and xo = (b¥/€)*/*. Although the
zeroth approximation equations become dimensionless
for v = 1 when we introduce these scales, the solution of
these equations will still be ambiguous. Indeed, if
wg’)(wz, £2, ..., Wy, gn) is a solution, one checks easily
that @' Pe (awz, a 'z, ..., awy, @ '¢p) will also be a
solution satisfying all additional conditions for any
a > 0. We choose a in such a way that the dissipation
€ evaluated using the zeroth approximation is exactly
equal to the true dissipation

v
3 g 8(B2) AoF2(V, X, t, @2, E2) 022 deop dE2 AV

Denoting by (k) the contribution to the dissipation
evaluated using the functions of the corresponding ap-
proximation we get for this choice of « that € + ¢*®
+ ... = 0. This is also an insufficient equation for €.
Restricting ourselves to the second approximation (the

first one does not contribute: €'*’ = 0) we have

e® =1/pv § 8(8) MaF (V,X,1, 0, Ba) 00? doz dE2 AV = 0.

Substituting from (6.2) the expression F$& we get the
equation

k. (i . Vai) et S — 0,
pa

at 6Xe/ (7.1)

The equations (5.4), (6.3), and (7.1) form now a closed
set of equations for F;(V, X, t) and €(X, t). The con-
stants ks and ks are determined by the appropriate
integrals of x5~ and 9";23 and can be found experimen-
tally.

As an example we consider the problem of the damp-
ing of uniform isotropic turbulence. In that case the set

of equations takes the following form:

oF,

€
L L ZAVF = .
oty AVE =0, (7.2)
a a 3
9 AVF, k—zé‘[——lF,VZ—B*kFiVGVB =0, (7.3
ave k2 laye ave
de __i2k5 (7 4)
ot Ve ok,

One can easily solve Eq. (7.3) in the isotropic case; the
only solution which has no singularities corresponds to
a Gaussian distribution for F;:

/e i, 2
Fuv ﬁ:[ﬁ— 1_} exn[—(—k—zﬂ>zl_].
2k, 2nV2 - 2k 14

Using this function to evaluate V2 one can find that k2/k;
=9/2. Equations (7.2) and (7.4) lead to the fact that

(7.5)

VE(1) [ V2(0) = (1 &/ tp)-Rohi~,

which is the law for the damping of uniform isotropic
turbulence. Experiment shows that with good accuracy

ks/kq = 2.
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CONCLUSION

The advantage of the formulation given here of the
problem of turbulence using several-point distribution
functions consists in that it enables us to separate in
the problem a small parameter R4 directly connected
with the fact that the Reynolds number is large. The
immediate problem is the construction of approximate
expressions for the evolution in time of the distribution
function F; and the average dissipation velocity (X, t)
starting from the exact set of coupled equations. The
derivation is similar to the derivation of the equations
of hydrodynamics and finding the form of the kinetic
coefficients from a chain of correlation functions for
statistical systems with strong interaction (8] assuming
small deviations from equilibrium. In our case the dis-
tributions of velocity differences at small distances
(viscous, inertial range) are equilibrium ones and the
role of the slowly changing hydrodynamic quantities is
played by Fi(V, X, t) and e(X, t).

We succeeded in constructing the above-mentioned
system without explicitly solving the equations in zeroth
and subsequent approximations but studying the func-
tional dependence upon F; and € of the corrections in the
expansion in R™**. Then, as in the derivation of the
hydrodynamic equations, we choose at once a solution
in which the dependence on the variables X, t is com-
pletely coupled to the dependence of the functions F; and
€ on these variables. The proof of the correctness of the
construction of such a solution is, apparently, just as
complicated as the analogous proof for statistical
systems with a strong interaction.

The set of equations obtained contains some universal
constants and their evaluation can be realized by solving
the equations in zeroth and subsequent approximations.
Notwithstanding the similarity with the hydrodynamic
approximation in statistical mechanics it is necessary
to note the peculiar nature of the relaxation which is
connected only with functions at small distances. The
first attempt to use directly the existence of such a re-
laxation, in particular, the assumption about the station-

B. Ya. LYUBIMOV

arity at small distances is due to Kolmogorov'® who in
the equations for the third moment dropped the corre-
sponding small terms.

It is also necessary to emphasize the very important
statement that the distribution function F; must satisfy
two equations: a ‘‘kinetic’’ equation and the so-called
consistency equation. The latter reflects the fact that
in the Euler picture of turbulence the coordinate X is
not a random one and the above-mentioned dependence
vanishes, for instance, when the distribution function is
integrated over the velocities.

When we state the boundary problem the system must
satisfy boundary conditions at solid surfaces or surfaces
where one goes over into a non-turbulent fluid. It seems
to us that in zeroth approximation the boundary condi-
tion consists in the vanishing of the velocity component
along the outward normal and that it reflects a well-
defined picture about the division boundary according to
which fluid can only flow into but not out of the turbulent
region. However, a regular derivation of such a boun-
dary condition is the topic of a separate problem.

We note that for the construction of the theory we
needed only very qualitative assumptions about the
properties of the distribution functions at small distan-
ces which, apparently, are corroborated by experiment.

The authors are grateful to Academician M. A.
Leontovich for his interest in the paper, for discussions,
and for useful advice.
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