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We obtain the scattering amplitude of electrons in superconductors with paramagnetic impurities. We
consider the influence of paramagnetic impurities on the temperature of the transition of the metal into
the superconducting state and on the gap at zero temperature. We show that the transition temperature
and the gap at zero temperature increase when the impurities are introduced if the exchange part of the
interaction is negative and the temperature of the transition into the superconducting state is low com-

pared with the characteristic Kondo temperature.

WE consider in this paper the influence of paramag-
netic impurities on the change of the temperature of
transition of a metal into the superconducting state and
on the change of the gap at zero temperature. This
question was first considered by Abrikosov and
Gor’kov!*?, In!*?) the cross section for the scattering of

an electron by an impurity, which must be known to solve

the problem, was calculated in first order of perturba-
tion theory. Recently, however, it became clear that
perturbation theory is not applicable to the case of the
scattering of a conduction electron®?. In the present
paper the problem is solved with the aid of a dispersion
method. It is shown that the transition temperature and
the gap at zero temperature increase when the impuri-
ties are introduced if the exchange part of the interac-
tion is negative, and the temperature of the transition
into the superconducting state is small compared with a
certain characteristic temperature first introduced by
Kondo®). On the other hand, when the exchange part of
the interaction is positive or the exchange part of the
interaction is negative but the transition temperature is
large compared with the characteristic Kondo tempera-

ture, the results of!*? are obtained, namely that the tran-

sition temperature and the gap at zero temperature de-
creases.

Maleev®™! has shown that in the case of negative ex-
change part of an interaction, the non-exchange ampli-
tude for the scattering of electrons in the normal metal
on the Fermi surface is close to its maximum possible
value ip;' (po— Fermi momentum). It is essentially this
circumstance which leads to an increase of the transi-
tion temperature and of the gap in the superconductor.

The amplitude of scattering of a conduction electron
by a paramagnetic impurity in a superconductor was cal-
culated by Maki!*!. However, the formulas by him are
complicated and difficult to visualize. Furthermore, the
equations obtained by Maki have incorrect analytic
properties (energy pole on the physical sheet). In the
present paper we use a different solution method, sim-
ilar to that used by the author to calculate the scattering
amplitude in a normal metal®). The problem will be
solved for the case of zero non-exchange part of the
interaction, and for integer spins. The generalization
to the case of half-integer spins can be readily per-
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formed in the manner used by the author!®! for the
normal metal, but the formulas obtained thereby are
very cumbersome and difficult to use for concrete cal-
culations, and will therefore not be written out here.

Maki has shown!*! that when a = 0 (a and b—non-
exchange and exchange Born scattering amplitudes)
there are four independent scattering amplitudes t, and
7., for which there exist unitarity conditions

Imty ={|t+|24 s(s + 1) |t=|*} Re g4,

Im 1. ={ 1472 4 12"t — |12 |2th % }Be g4

(1)
Here
g+ = po(0 = A) /T2 — A%

w—energy reckoned from the Fermi surface, A—gap,
and T—temperature. We shall henceforth consider only
the case when |pob| < 1.

We introduce the functions

ur = (1 + 2igats) / ta (2)
From (1) we readily get
(3)

Uz (0 + i0) — us (0 — i6) = 2iRegI~th%.

Formula (3) determines u, accurate to a rational func-
tion P(w):

(4)

n(w) = (1/2)[1 — tanh(w/2T)]—Fermi distribution func-
tion. From (4) and from the definition of g, in (1) we see
that u, are analytic functions with a cut on the real axis
at w| > A.

Let us assume that near the Fermi surface, P(w) is
constant, and we choose it from the condition that when
A — 0 the functions u, go over into the known expres-
sions for the normal metal. When [psb| < 1 we get!®*
P(w) = b, and then

n(o’)Re g (0');

do’

o — o

uh=i+igi—3 S ~n(w’)Re g (0’). (5)
b o

When T = 0, the integral can be readily calculated
and we have
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b=y T g, Te T

o+Yer—Ar
—“A—"f"l}. (6)

In the derivation of (6) we took into account the fact that
Er > A. 1t is convenient to introduce in lieu of u, the
dimensionless functions &, :

Oy = us/ 2iga. (7
From (6) and (7) at T = 0 we get

, . il
PP RSN 4 L
nh g hat 2
b 2 b A\t
j 2P0 (g 2Pby —) : (8)
T \ T

We now proceed to calculate the amplitudes. We in-
troduce new functions

Q1 = 2ig.Ta. 9)

From (2), (7), and (9) we readily obtain

. 1 _ - Q= 10
ti_il_;i:(oicpi D, =g (10)
The unitarity conditions for Q. are obtained from form-
ula (1):

1
| @2 +s(s+1)

Formula (11) defines Q. accurate to a factor with unity
modulus on the cut.

We first find the amplitudes at zero temperature.
We note first of all that the unitarity condition (1) is
very similar to the corresponding unitarity condition
for the normal metal in™®?. Therefore the solution is
also very similar to the solution obtained for the normal
metal. We shall not duplicate here the derivation given
in®?, and write out the answer immediately. We con-
sider only the case of integer spin.

Then for T = 0 we have

[Qs]*= (11)

fPt| |

2 =
D, + s [Ds(s)] 1,

Qs(s) = ————-Dx(s),

— st (=)t + e =]
1/2_(_1)11 1[s+1/2 ]

gete)= 11 2= (12)

n=1

D.(s) is a unimodular function.
It is easy to verify by direct substitution that the Q.
determined in this manner satisfy the unitarity condi-

tion (11). We write out ¢, for the cases s = 1 and 2:
_ O _ 0L 12a
=g =7 w@=g-o— 12

We now proceed to determine D,(s). In®®? we deter-
mined D from the conditions of analyticity with respect
to energy and spin. It was shown there that in order for
the amplitudes to satisfy the necessary spectral repre-
sentations and to be analytic in the spin, D, must be
constructed in such a way that Q. have no zeroes or
poles at complex values of the energy. The poles of the
amplitudes for real w, when |w| < A, do not contradict
the spectral representations and the unitarity conditions,
and therefore in general it is not necessary to exclude
them.

Let the function ¢, have a pole at the point wo. In the
cases which we shall consider, w, turns out to be pure
imaginary: wo = i€,. It is easy to show that the point
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w = wg is also a pole of the amplitude. In this case,
obviously, the expression
Yo — B — ied I &°
Pt ———— ——
Vo2 — A2+ i Ve 4 A
has no poles and satisfies the unitarity condition and
all the analyticity properties. It is possible to exclude
in the same manner also the zeroes of ¢, lying on the
imaginary axis.
From (12) we see that in order to find the zeroes and
the poles of ¢,(s) we must find the roots of the equation

(13)

where n is an integer. The solution of (13) is in general
difficult, so that we shall consider several particular
cases.

Let |h| <« 1, and we get from (8) and (13)

2 — A2
R N W

O +n=0,

i Do i

T an gy -+ ;z—ln A
when |h| « 1, the first term is much smaller than unity
everywhere except in a small region near the Fermi
surface |w — A| < A, where g;' can vanish. But in this
region the logarithm is much smaller than unity, and

(14) yields

(14)

__l_ll_o_+ +n=20.

. (15)

Taking into account the definition of g.(1), we can readily
show that (15) has a solution only at real values of w in
the interval —A < w < A. On the other hand, the zeroes
of (13) at such values of w are of no interest to us. Thus,
in the region where the logarithm is on the order of
unity, Eq. (14) has no solution in the region of interest
to us.

Let us consider now the region |w| > A. In this
region we get from (14), taking (1) and (8) into account,

i i
— 5o +;ln%+%i—n=0. (16)

It is easy to see that this equation has when b < 0 a root
only if n = 0. This root equals

(7)

©=cie, &=Er exp(— EF:F}T )
When b > 0 we obtain a root at |w| > Eg, and in this
energy region all our formulas are not valid in general.
In the energy region of interest to us (|w| ~ €) at b > 0
Eq. (16) has no solutions. All the arguments presented
above are true, naturally, only if 2wo > A. If 2wo < A
then, as seen above, Eq. (13) has no solution in the
region w ~ € K A.

Let us see now in what cases do we get |h| < 1. It is
seen from (8) that when b > 0 we always have |h| < 1,
since |pob| < 1. When b < 0, the formula for h from (8)
can be rewritten in the form

= _(IDT) 1.

€0

(18)

1t is clear that when |A|>> 2 €, and |A]| < 2 €0 we have
hl < 1.

Thus, we have obtained the following result: Eq. (13)
has no solution when b > 0, and also when b < 0 but
A > 2¢€; Eq. (13) has a solution at n = 0 and w = +i€
when b < 0 and A < 2 €o.

We now consider the case b < 0, A = 2¢€,. It is seen



382

from (18) that in this case h = © and Eq. (13) assumes
the form

i 2 A2
_l_lnm-}—}/(o A+

1
1
by A 2 (9)

+n=0.

1t has a solution only at n = 0 and w = 0, and such a solu-
tion is of no interest to us.
As a result we get for D

V A‘“’—}—LV&&—}—AZ

Di(w,s)= (20a)
Yor — A2 — i Veg + A2
or b<<0, A<<2e s=2k-+1;
AZ——: S Ar
Do, 5) = YO B —iVe = X (20b)
Yo? — A2+ 17802 + A?
or b <0, A<<2 s=2k;
Di(w,s) =1 oOr b>0; (20c)
D:t(mv S) =1
Or b<<0, A>2, Orb<0, A=2e,. (20d)

It is easy to see that with such a choice of D,(w) the
quantities Q.(w) have no zeroes and poles at complex
values of the energy in the particular cases under con-
sideration.

Let us write out also expressions for the amplitudes
in the considered particular cases at s = 1. From (10),
(12), (12a) and (20c), (20d), we get for b > 0, or for b< 0
and A > 2¢€q:

1 1 1 O

ly = Te == .
2igy O2—1

5 ST’ (21a)

When b < 0 and A <« 2 €y we have

1ﬁ { D2 Yo — A2

AZ-{—IV&) + A2 1}
D2 — 1 Yo — A? ’

P—iYed +
1 @ Yor—A24ifel+ Az
2ige B2 — 1f@ — A2—ifedt A2

(21b)

Finally, when b < 0 and A = 2 ¢, we get

,z,lg:{(_l&ﬂ‘:;f oy

[t )

2ig. Ln A

+%>z_l}—1

Formulas (21) and (21b) are valid when |h| < 1.
From the definition (8) of &, we see that we can expand
in terms of h everywhere in the region |w| ~ A, with the
exception of the region |w — A| <« A (where g;' can

{/7,‘1 u)—f—V(;){:Az
A

(1c)

vanish). We then get from (21) and (21b) when jw| ~ A
in the case b > 0, or in the case b < 0 and A > 2¢,,
ke nh
ty = 1—2%; g, Tx= 20 ; (22a)
and in the case b < 0 and A « 2 €o we get
i nzh? nh
t:_g— Sp & = (22b)

In the derivation of (22b) we took into account the fact
that (21b) is true only when A < 2 €o.

We shall also write out the asymptotic form of the
amplitudes for arbitrary integer s. From (10), (12), and
(20a)—(20d) we can readily obtain, by expanding the am-
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plitudes in powers of h for b > 0 or for b < 0 and
A > 2 €, in the energy region |w| ~ A:

R _ Tk (23a)
ti_L/i—pozfgis(s—f-l), Ti_Zpu H
for b< 0 and A <« 2 €, we have
7 252 ]
ti:i——i—?hzfgis(s—i—i), Ti=—_)n—L. (23b)
g+ 4po =P

It follows from (12) that the amplitudes have poles on
the real axis inside the gap (Jw| < A). Obviously, these
poles correspond to bound states of the electron on the
impurity. Let us consider these poles in greater detail
for s = 1. When w is real and |w| < A, it is convenient
to rewrite &, in the form

1 }’A-'— * 1 ®

O, =————+ —aresin-
ah o+ A a

(24)

From (21a) and (21b) we see that the equations for
the bound state have the form &, + 1 = 0. These equa-
tions have when |h| <« 1 the following approximate solu-
tions:

01,2 = =A(1 — x*h* [ 2). (25)

However, within the framework of the dispersion
method, it is impossible to ascertain whether such
bound states actually exist. Indeed, in our case Q. was
determined accurate to the unimodular functions D,. We
have chosen D, such as to exclude the complex poles,
but it is also possible to exclude the poles lying in the
gap. For example, when we multiply the expression for
Q. by the factor

Yo — A2 — i YA — o2

D= —-
Yol — A2 4 iJA2 — o2 ’

(26)

we exclude the pole at the point w;, and then Q. satisfies
as before the necessary unitarity conditions. Therefore
the question of the existence of bound states cannot be
solved within the framework of the dispersion method.

However, the main result (the dependence of the tem-
perature of the transition and of the gap on the impurity
concentration) is not affected by the presence or absence
of bound states. Indeed, it is seen from (25) and (26)
that D’ differs from unity in a very narrow region
lw — A] ~ A7%h®%. On the other hand, as will be shown
later, the change of the transition temperature depends
on the behavior of the amplitude in a much broader reg-
ion |w — A| ~ A. In this region, by virtue of the state-
ments made above, the influence of the pole of the am-
plitude is negligibly small.

Let us consider now the amplitudes at finite tempera-
tures. In this case the Q. defined in (12) do not satisfy
the unitarity condition. We proceed in exactly the same
manner as in®®). We write for Q, :

0 () == Mo (5) Do),
where ¢, is defined in (12). The functions &, in (27)
were calculated already at finite temperatures. From
(11) and (27) we get

| D)2 =1, (27)

| Do + 5|2
|Ds|24s(s+1)
We now choose, in analogy with the procedure used
in® | M, in the form

| M. |2 = [ o (s) |2 (28)

My = e2ids, (29)
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where

’

—In|M. (o) ]2 (30)

=
g,._.S do
\ Ex

ey (m') (0" — o)

At arbitrary values of the parameters, M, is a very
complicated function. It is easy to show, however, as
was done in'®?, that in the case when the quantity
2peb. O

= (1—-—1 —-)—1, 8 — max (T, A)

o g (31)

is small then |M| ~ 1 + O(f%). Therefore when |f| < 1
wegetats=1landb> 0,orb< Obut A, T > €; (ie;—
root of the equation &, = 0 at finite T):

f— 1 1 _. __1 D ' (32)
- 2ig, d2—1 2ig. d2—1
When b < 0 and A, T >> €, we have
ot JI?;_,MWLA’ )
T g @2 — 1 Jo? — A2 — el 1 A? J
02 — A2 2
= 1 [ ‘V() A,—if le, + A (33)

2ig, @2 —1 Jor — A?— ifes? + A?

We shall need subsequently expressions for the am-

plitudes near the transition point. Let us calculate them.

At the transition A — 0, and then we get from (1) (T.—
transition point)

ge~p(l+Alw), T-—>T. (34)

From (5) we get

us = Re g+ ipo(1 = A/ ) th (o / 2T). (35)

In the derivation of (35) we have neglected the real part
of the correction, since it is small compared with the
real part of uo = u(A = 0) (it contains a small quantity of
the type f « 1).

At w < T, taking into account the form of Re u, in the
normal metal®?,

1 2po nT
=———In —— T
Reug = 2-———In By lo|<T,
Iny = C =~ 0,577, (36)
we get
i po 1 @
P =——
= e T2 W
A
-%’+—Po('1i—\,
\ /
2pob 2pob T\
k1=—@——<1- LI (37)
m T 2vEy

On the basis of all the foregoing we have near the
transition point, from (32), (33), and (37),

by == | —— whe g+, 1+=n_hi
N 2pg® T 2p
Wwhenb > 0 or b << 0, nT/2y> e, (38a)
e
T8 2p2 77 - 2po
whenb < 0, al/2x<< e (38b)
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At arbitrary integer s we obtain from (27) in the case
when b > 0 or b < 0 and 7T/2y > €o:

k2 ;
b= i T (s ), =T (392)
Ape® 2po
and in the case b < 0 and 7T/2y < €o:
i . m2hy? mthy
e T ety e (39D)
* g ! 4py? =s(s+1) e 2po

We now proceed to calculate the Green’s functions.
As is well known, the Green’s functions equall'’*

G==2rf  po_ A
o — Az 2 o — A2
@ and A are determined from the equations (n—impurity
concentration)

(40)

o =u0-+u(0,d), A=A—xua A), (41)
where
=1t +t), w="1h(s—1t), x=2mn/m.
From (23) and (39) we readily get
0}:\ o+ ivm:/j(;Z — 52)1‘,
A=A+ iyA/ (02 — A2)', (42)

Let us write out v, and yz, as wellas I' = y; — vy,
for the different particular cases. For zero tempera-
ture at b> O or b < 0 and A > 2¢,, we have

n2h?
y1=I/L— xs(s 1), ya=—vyy, I =2y (43)
Do
at b< 0 and A <« 2 €0 we have
(1R
Vi Uy iy (s+1) | %
(1, = n)
V= 1[Ju 4po, S(bJI_l)J%’
?h?
I'=— ope (s+1)x (44)

Near the transition point we obtain for b > 0 or b < 0,
TC >> €p .

2h,2
w="phs6 ok On w=—w T=2v (45)
P

when b < 0, T < €

(1 mthE 1
= T s ) e
_ n hl ]
= {* 4[)0 G+D)
n2hy?
P=— St e (46)

We now proceed to calculate the transition tempera-
ture. Int*! the transition temperature was calculated by
summing a definite aggregate of diagrams. Instead of
summing diagrams, we shall use a simpler method,
which is perfectly equivalent to that used in"*1. We ex-
pand the function F in terms of A. From (42), recogniz-
ing that

A—0,

Yo? — A2 — o sign Im o),

we get

@ = o 4 iy, sign Im o,

A

A=A+tipp—"—
o sign Im
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Solving these equations, we get
0= -+ iy sign Im o,

® + iy sign Im o

A=A— .
A o + i sign Im ©

(47)

We substitute (47) in (40) and expand G and F in terms
of A:

(48)

02— g '
The equation for the gap is
A = |A|F(+0).
Representing F in the form Fo + F — Fo, going over to
imaginary frequencies, integrating with respect to &,
and summing over iw,, we get after straightforward
calculations the well known formula!"?
Teo 0 1 1 T
myt=v(g+g)-vls) e=rg

2 al,

(49)

(¥—logarithmic derivative of the I'-function).

We note that if I' < 0, our formulas become inappli-
cable when p ~ —1, since it turns out that @ and A cannot
be expanded in terms of A in this case. We shall there-
fore consider only the case [p| <« 1 and [I'| <« 7T,.

Then (49) yields

Te=To—al/4. (50)

When b > 0, or b< 0 and T, > €0, we get I" > 0 and
consequently T < Teo. When T >> €0, as seen from
(37), hy = 2pob/7 and we get from (44)

T = 2pob%s(s - 1), (51)

Substituting (51) in (50), we obtain the same result as
in™1 (we recall that we are considering the case when
the non-exchange coupling constant vanishes).
When b > 0, or b< 0 and T > €0, we have from (37)
and (44)
T, ] 2%‘

In the case b < 0 and T¢ < €, as seen from (45), we
get I < 0, and consequently T, > T.,. Then I' equals

2pob nl, 12
= —2peb?s (s + 1) [1 —%’7 mZYEJ %, (53)

We now consider the change of A at T = 0. Again we
confine ourselves to small concentrations (|T'| < A).
Duplicating verbatim the derivation given in*!, we get
(54)

We see from (44) that ' < 0 when b < 0 and A « 2 €,
and the gap increases in the presence of impurities. We

T — 2pebs (s + 1) b — (52)

A= Ay—al'/4
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shall not write out the formulas for I" in different limit-
ing cases, since they are perfectly analogous to form-
ulas (51)—(53), if we replace in them 7T./y¥ by A.

Thus we see that at a negative coupling constant and
a low transition temperature (compared with the Kondo
energy), the transition temperature and the value of A
at T = 0 increase when paramagnetic impurities are
introduced.

From the derivation of the formula for the change of
the transition temperature we see that the increase of
the transition temperature is connected with the asymp-
totic form of t. given in (38) and (39), namely with the
fact that the term proportional to g. has at b < 0 and
T <« €0 a sign opposite to that in the case b < 0 and
T > €, or else when b > 0. Let A =0, and then (38)
and (39) take on the form

2h,?
4po
when b >0 or b <0, T > &,

l=1_=i

s(s+1)

t [2 Tkt
= = ——
* Po 4[70

whens <0, 7 < «.

s(s+1)
(55)

The second term in the second formula of (55) must
be negative, since ps* is the maximum possible value of
the negative part of t,, at A = 0, compatible with the
unitarity condition (as is customarily said, t = ipo!
saturates the unitarity condition). On the other hand, it
is precisely the negativity of this term which leads in
final analysis to the change of T obtained above.

It is shown in®®! that the solution (54) for a normal
metal leads to the maximum resistance that is experi-
mentally observed in many cases. We see therefore that
the dependence of T, and A on the concentration of the
paramagnetic impurities derived in the present paper is
very closely related with the maximum of the resistance
of the normal metal.

In conclusion, the author is grateful to S. V. Maleev
for a large number of interesting discussions.
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