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It is shown that impurity quasiparticles of a dilute solution of He3 in superfluid He 4 interact effectively 
with the quantized vortices, becoming attracted to the latter. An analysis is presented of the interaction 
of one impurity quasi-particle with a linear vortex within the framework of the Landau superfluidity 
theory, and a general thermodynamic analysis is presented of the behavior of the solution as a whole in 
the presence of a superfluid linear vortex in the solution. The adsorption of the impurities on the vortex 
is appreciable at low temperatures, leading to the formation of a linear Fermi liquid of the subsystem 
along the vortex axis. The limits of applicability of the thermodynamic approach to the problem of ad
sorption of impurities on a vortex are discussed. 

1. INTRODUCTION 

A dilute solution of He3 in He 4 is superfluid below the 
~ curve, and quantized vortex lines can be produced in 
it. It will be shown below that the quasiparticles belong
ing to the normal component, which correspond to im
purity atoms, interact effectively with the vortex lines, 
and the sign of this interaction corresponds to attraction 
forces. Therefore, under equilibrium conditions, the 
impurity atoms will be adsorbed on the vortex lines. 
The adsorption efficiency depends on the temperature 
of the solution. If the temperature is sufficiently low, 
then appreciable saturation of the regions near the vor
tex lines by the impurity atoms may occur. 

The drawing of the atomic impurities into the region 
adjacent to the vortex axis is not an exclusive phenom
enon specifically connected with the properties of the 
given impurity. It is known that ions interact with vortex 
lines in helium II, that the vortices capture ionsP•2 l, 

and that analogous phenomena are known for colloidal 
particles[3 J. The possibility of capture into a bound 
state of a roton by a linear vortex was noted in [4 J • The 
increase of the phonon and roton densities near the vor
tex axis, which follows inevitably from the Landau 
superfluidity model, can also be interpreted in a certain 
sense as the result of interaction of the same type be
tween helium excitations and the quantized vortex. 
Therefore the drawing of all the possible impurities and 
excitations into the superfluid vortex is apparently a 
universal phenomenon, although the mechanisms of 
attraction and capture (if the latter is possible) will be 
different in each case. It is easy to indicate the common 
cause of all these phenomena-inasmuch as the density 
of the kinetic energy of the superffuid vortex is maximal 
near the vortex axis and decreases with increasing dis
tance from the axis, the crowding out or the extinction 
of the superfluidity in this region is energetically fav
ored. 

The purpose of the present paper is to estimate the 
interaction of the atomic impurities with the quantized 
linear vortex in helium II. Two different methods will 
be used to prove the existence of an interaction of the 
type 

U(r) ~ -a(T) I r' (1) 

For distances r that are not too close to the vortex axis. 
We also discuss the problem of adsorption of impurities 
from the solution by the vortex. 

2. INTERACTION OF AN IMPURITY QUASIPARTICLE 
WITH A QUANTIZED VORTEX 

Let us consider one He3 atom in superfluid He 4• Let 

e(p) = eo(p) + p2 I 2m3 (2) 

be the energy of the impurity quasiparticle in the coor
dinate system in which Vs = 0. Then in a coordinate 
system in which Vs "' 0 we have 

E(p) = e(p) + pv,. (3) 

The term p · Vs can be regarded here as the "kinematic 
part" of the interaction of the impurity quasiparticle 
with the field Vs· However, a term of the same type 
would arise also for a perfectly free particle. There
fore, the real interaction of the impurity atom with the 
field Vs will be obtained by subtracting from p · Vs a 
similar expression for the free particle, which would 
move with the same velocity as the quasiparticle: 

ms m•a-ms 
(M) kin = pv,- -. pv, = . pv,. 

ms ma 
(4) 

It is necessary to add to this the "dynamic part" of the 
interaction due to the change of the binding energy Eo(p) 
in the field Vs· Let Po and p(vs) be the density of helium 
II in the absence and in the presence of the superfluid 
motion, and let op = p (vs) - Po· Then 

iJeo 1 028o 
(M)dyn = eo(p(v,) )- eo(po) = ap-6p +zapz (llp) 2 +... (5) 

Not too close to the vortex axis we have op ~ v~, and 
we put in lieu of (5) 

(6) 

where {3 is a dimensionless coefficient, the magnitude 
and sign of which are to be determined. If we put 

(rna· - ma) I m4 = a, (7) 

then we obtain, after changing over to the operators 
from (4) and (6), 
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(8) 

Here Vs is regarded as the classical external field. In 
connection with the employed series expansions, the 
interaction in the form (8) should be valid starting with 
distances exceeding several atomic dimensions in hel
ium II. For simplicity we assume Vn = 0 throughout. 

For one quantized vortex located along the z axis 
and having positive circulation, we have 

li fi2 
v,=--(-y,x,O), v.Z=-z::;, r=l'x2 +y2• (9) 

m4r2 m4 r-

Expression (8) reduces to 

fjint = ~ M,- ~/i2 = - ___!!___ r 2ia /X!_- y!_) + ~ J (10) 
m3r2 2m3r2 2m3r2 L I iJy iJx ' 

where Mz is the operator of the z-projection of the angu
lar momentum of the quasi-particle. If we denote by lti 
the eigenvalues of the operator Mz (l = 0, ± 1, ± 2, ... ) , 
then we obtain for the states with specified l: 

- . /i2 (lJ umt II)=-- (2al- ~). (11) 
2m3•r2 

We see therefore that when l = 0 the sign of the interac
tion is determined by the sign of {3. When l i-' 0 and 
a » lf31 (see below) we obtain an interaction of the at
traction type if l < 0 and of the repulsion type if l > 0. 
This property of the interaction of the quasiparticles 
with the quantized vortex, as applied to rotons, was first 
noted by E. Lifshitz and Pitaevskil:' [41 . 

Let us proceed to estimate and discuss the coeffi
cients a and {3. At very low temperatures we have mt 
= 2.4m3[51 and from (7) we get a = 1.05. With increasing 
temperature, a increases slowly and at T ~ 1 °K we have 
approximately a =' 1.3. In a solution, mj and a increase 
sli.ghtly with increasing impurity concentration [51 . 

It is impossible to estimate f3 in (8) accurately, owing 
to the lack of reliable data on the derivative 8E0/ap. 
Ptukha [BJ obtained an indirect estimate of this quantity, 
starting from the experimental data on the thermal con
ductivity of weak solutions of He3 in He4. A value 8E 0/8p 
R: -4.5 x 10-15 cm5/sec2 was obtained. However, the 
strong difference between this quantity and the corre
sponding estimate for rotons[7 ' 61 , obtained from more 
direct neutron-diffraction investigations, namely aajap 
R: ·- 5.2 x 10-13 cm5 /sec2 , is strange. Taking the estimate 
from[61 and expressing the p = p(v~) in terms of its 
value in thermodynamic equilibrium [91 , we get from (5) 
and (6) 

(12) 

where P is the pressure. The last factor in (12) can be 
calculated by representing it in the form of a sum of 
phonon and rotan contributions and by using the experi
mental values of the dependence of the speed of sound 
and the rotan-spectrum parameter on the pres
sure[7'8'101. The final formulas and the entire calcula
tions are very cumbersome and lead to the following 
pic:ture: when T = 0 we also have a(pnfp)/ap = 0. With 
increasing temperature, this quantity is negative and at 
T = 0.5°K a shallow minimum is reached, amounting to 
-1.7 x 10-13 cgs units. The rotan contributions then be
gin to predominate and a(pn/p)jap increases rapidly. 

At T = 0.064°K a zero value is reached, and with further 
increase of the temperature this quantity is positive. 
For example, a value 2.4 x 10-11 cgs units is reached at 
T = 1°K. 

We therefore obtain from (12) f3 = 0 at T = 0 and then 
f3 = 0 at T = 0.4°K. In the interval between these tem
peratures, an extremal value is reached, namely 

~~6-1D--" at T=0,5°K. (13) 

In the region T > 0.64°K, f3 reverses sign and in
creases rapidly in absolute magnitude, but still remains 
very small. For example, we get f3 R: -0.8 x 10-3 at 
T = 1°K and f3 R: -3.6 X 10-3 at T = 1.2°K. 

The obtained estimate for f3 corresponds, in accord
ance with (11), to a very weak attraction of the impurity 
towards the axis of the vortex at low temperatures and 
to a weak repulsion from the axis of the vortex at higher 
temperatures in the state with l = 0. At l i-' 0 we always 
have l2all » ltll, and the "dynamic" interaction serves 
as a small correction to the "kinematic" interaction. 
The sign of interaction of the impurity with the vortex is 
determined by the sign of l. 

3. EXISTENCE OF BOUND STATES AND ABSORPTION 
ON THE LOWER ENERGY LEVELS 

We consider the Schrodinger equation for a quasi
particle in the field of the vortex 

fl2 -
-2--;-~'¢ +(eo+ Uint)'¢ = E'¢, 

m3 

and are interested in the possible bound states. We 
therefore put 

(14) 

(15) 

(16) 

Using (11), we obtain for Rz(r) an equation of the Bessel 
type 

R{'(r)+~R{(r)+(-J..l+~- Zal-l• )Rz(r) = 0. (17) 
r r 2 

It is obvious that the bound states are possible if tl- 2al 
- l 2 > 0. We have seen above that at T = 0 we get 
a = 1.05 and f3 = 0. Therefore the ground state corre
sponds to l = -1, and since .../2a - 1 = 1.05, the solution 
of (17) that vanishes at infinity will be 

R(r) = AK ... 5 i(J...r), r > ro, (18) 

where Ki 7 is a modified Bessel function of imaginary 
index, A is a constant, the symbol l = -1 has been left 
out, and ro denotes approximate distance, starting with 
which the interaction in the form (11) is already valid. 
For real A (if they exist), which are still to be deter
mined, expression (18) yields a series of eigenfunctions 
of the bound states with l = -1. 

Another series of possible eigenfunctions of the 
bound states with l = - 2 is given by 

R(r) = BKo.45i(J...r), r > ro. (19) 

Account is taken here of the fact that .../4a- 4 = 0.45. At 
low temperatures, there are no solutions of (17) that 
vanish at infinity and have real A and Ill > 2. At high 
temperatures, the indices of the functions on the right 
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sides of (18) and (19) increase, and bound states with 
l = 0 can arise if f3 > 0. 

To determine the possible values of A, it is neces
sary to join together the functions (18) or (19) with the 
corresponding Rz(r) in the region r < ro, in which the 
explicit form of the interaction of the impurity atom with 
the vortex is unknown. For an approximate estimate 
of A, we put frint = const for r < r 0 , and choose the con
stant equal to (liUintll) in accordance with (11) at the 
point r = ro. For l = -1 this leads to the equation 

R"(r)+~R'(r)+ [f_3.10 -f..2 )-_:_JR(r)=0, r<ro, (20) 
r \ro2 r2 

with a solution that is regular at r = 0 

R(r)= CJ,( :, l'2.10-f..2r02 ), (21) 

where J 1-Bessel function of first order. The joining of 
the solutions (18) and (21) leads to a condition for the 
determination of A in the form 

_f..roKt.o5i (f..ro) 

K,,,,i(i.ro) 

1'2.10 - f..2ro2 l/ 0'2.10- f.. 2ro2) 

J1 (l'2.10- f.. 2r02 ) 
(22) 

This equation has infinitely many positive solutions with 
a condensation point at A = 0. The largest solution is 
Aro = 0.18, and after recalculation in accordance with 
(16) we obtain for the energy of the ground state at T = 0 

E' = -L5·1Q-17 I (ro)A2 [erg], (23) 

where ro is measured in Angstroms. The function IR(r) 12 

in accordance with (18) and (21) vanishes when r = 0 
and has a maximum at r f':j 2ro. Thus, the wave function 
of the ground state is localized in a narrow region en
compassing the axis of the vortex if ro is sufficiently 
small. 

It is possible to investigate analogously the remain
ing states of this series, and also the states of the ser
ies l = -1, for which there likewise exists an infinite 
set of negative values of the energy with a condensation 
point at E' = 0. It can also be noted that all the indicated 
properties of the bound states and their energy spectrum 
are valid qualitatively almost regardless of the manner 
in which the interaction of the impurity with the vortex 
is approximated at very small distances. Thus, for ex
ample, Eq. (22) has solutions of the type written out 
above for any right-hand side that is continuous at the 
point Aro = 0. 

The investigated properties suffice for a qualitative 
description of the absorption of the impurities on the 
vortex from a solution with very low concentration at 
low temperatures. However, to construct a quantitative 
theory of adsorption, more detailed information are 
necessary concerning the interaction of the impurities 
with the field of the vortex, especially at small distan
ces. 

4. THERMODYNAMIC ESTIMATE OF THE INTERAC
TION AND ADSORPTION 

Instead of studying the behavior of the individual im
purity quasi-particle, we proceed now to a study of the 
properties of a superfluid solution as a whole, in the 
presence of a quantized vortex in it. We assume that 
the entire system is in thermodynamic equilibrium. 

The region of applicability of such an approach will be 
discussed in detail below. 

Assume that in helium II there is a mixture of He3 

atoms, and a stationary isothermal superfluid motion 
takes place in it. Then the following thermodynamic 
identity is satisfied r9 l : 

pd11 = dP + Zdc- 1h.pndv,2, (24) 

where p, Pn-total density of the solution and density of 
the normal component, P-pressure, c-weight concen
tration of the impurities, and we put vn = 0 and dT = 0; 
Z and J.1. are two chemical potentials, whose definition 
and connection with the ordinary chemical potentials of 
the particles (per unit mass) are given by 

11 =(oF/op) ,=c11.+(1-c)l1•· T,c,v, 

Z=(oF/oc) ,=p(l1•-f.l•), 
T,p,'Us 

(25) 

(26) 

where F is the free energy of the solution. We get there
fore 

11•=11+(1-c)Zip, 11•=11-cZip. (27) 

The conditions for the stationary of the superfluid 
motion are obtained from general hydrodynamic equa
tions for solutions in helium II in the form r9J 

div (p,v,) = 0, V P + 1l2p, Vv,' = 0, 

d(11- cZ I p + 'l2v,') = 0. 

From (27)- (29) follow new equilibrium conditions: 

(28) 
(29) 

(30) 

When v s = 0 they go over into the ordinary conditions 
dJ.1.3=dJ.L4=0. 

We are further interested in the dependence of J.L 3 on 
v~ for relatively small motions. We then get from (24) 

- Pn 11(P,c,v.')= 11(P,c)--v,Z, 
2p 

and, in addition, 

a:;~ ,z = a:; ( ~ ) = - -1- !c ( PPn ) · 

From this we get, with the same accuracy 

Z(P, c, v.') = Z (P, c)- J?_!_ ( Pn )v.'. 
2 oc p 

From (27), (21), and (33) we get 

(31) 

(32) 

(33) 

11•(P, c, v,') = ~.(P, c)-_!_[~+ (1- c)~( Pn )] v,Z. (34) 
2 p oc p 

In (31)- (34) we did not take into account terms of order 
(v~)2 and for brevity we have omitted the argument T of 
all the functions. 

The equilibrium condition for the impurities, in ac
cordance with (30) and (34), will be 

~3 (P, c)-~ ( Pn +(1- c)_!__ (Pn )lv.z + ~v.' = const. (35) 
2 \ p oc p _ 2 

In order to determine the dependence c = c(v~) under 
stationary conditions, we need one more equation. It is 
convenient to choose the second equation of (28), which 
can be written for slow motions in the form 
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P =Po- p,v,212. 

In addition, we have from (24) 

a~. 1 a r z ) a'f.l a ( 1 ) 
ap = -;;- ap \ p = ap ac = a;; p ' 

so that it follows from (27) that 

a~. 1 a ( 1 ) -=-+(1-c)-- . aP p ac \ p 

(36) 

{37) 

(38) 

Substituting (36) in j13(P, c) and expanding in powers of 
~, we get with the aid of (38), with the same accuracy 
as before, 

~3 (P, c)= ~3 (P0, c)-_!_[~+(1- c)~,(_!. )]p,v,2. 
2 (l ac \ p 

{39) 

Fi.nally, from (35) and (39) we obtain an equation for the 
determination of the equilibrium concentration 

- 1 - c [ iJ ( 1 ) a ( Pn )] -
f.ts(Po,c)---2 - P•ac\ P +a;; P v,2 = f.ts(Po,co). {40) 

We now use the well known relation [91 

(41) 

and go over to the ordinary chemical potential for the 
impurity, per unit particle: J1. 1 = m3j13. We then get in 
lieu of (40) 

, 1-c,[a(ms') a(1)] f.t{c)---- -c +p,-- m3v,2 =Jl'(co), {42) 
2 . ac m, ac p 

where the argument of Po has been left out. Thus, in the 
equation for the equilibrium concentration, the chemical 
potential enters with an additive term proportional to v~, 
which in classical thermodynamics is equivalent to the 
result of action of a second effective external field, 
equal in our case to 

1 - c [ a ( m3 ) a ( 1 )] U•ff = ---- - -c +P·- - msv.'. 
2 ac m, ac p 

For a linear vortex we get from (9) 

U•ff(r)=-(1-c)[!_\(m3 c\;+P•~/~)J m:!t'. 
ac m, ac \ p 2m,2r' 

{43) 

(44) 

The expression in the square bracket is positive in this 
case, so that the effective potential {43) or (44) corre
sponds to attraction forces-the impurity particles will 
become drawn into the vortex. 

The effective potential (44) depends on the tempera
ture and concentration. For small concentrations we 
have 

eff ( m3 a ( 1 )) m/t2 
U (r)==- -+a,- - --. 

m, ac p c~o 2m,2r' 
(45) 

In the temperature region~ 1-1.5°K we have m: ~ 3m3 
and op/oc ~ -0.4 [llJ, and after substituting the constants 
we obtain the approximate estimate 

u•ff(r)~-1.5~o-•• (1+0.1sP; ). (46) 

Using the effective potential, the equation for the 
equilibrium concentration in the field of the vortex 
takes the form 

f.t'(c) + ueff (r) = f.t'(co). (47) 

In the classical region J1.' ~ kT lnC and for small con-

centrations co, we obtain the Boltzmann distribution 
for c: 

c(r) = coexp {-U•ff (r) I kT}. (48) 

The concentration increases on approaching the vortex 
axis. In the more general case, information is neces
sary on the behavior of J1. 1 = J.J.'(c); in particular, the 
interaction between the impurities may become impor
tant[121. However, inasmuch as aJ.J.'/ac > 0 in all cases, 
the positiveness of the adsorption of the impurities by 
the vortex always follows from (47). Assuming the ad
sorption to be small, we get from (47) 

c(r) - c0 = -U•ff (r) I (a~t' I Dc) 0• (49) 

We note in conclusion that the expression obtained 
for ueff(r), in the limits of its applicability, should be 
the result of the correSJ?Onding static averaging of the 
microscopic operator umt. In the approximation 
(10)-(11) we should have 

--_- fi2 

U•ff (r) = (lllJintll) = --(2al- ~). {50) 
2m3r2 

We shall show below that (44) is an asymptotically 
exact expression at r- co. Comparing (50) and (45), we 
get 

- mam3[m3 a(1)] 2al-~=--- -+p,- _ , 
m42 m4 ac p 

(51) 

from which it follows that l ~ - 1. 5 at low temperatures 
and 1 ~ -1.3 at high temperatures. 

5. REGION OF APPLICABILITY OF THERMODYNAMIC 
ESTIMATES 

We now investigate the region of applicability of the 
results obtained in the preceding section. At compara
tively high temperatures and not too large impurity 
concentrations, the latter can be regarded as an excita
tion gas. It is clear from (30) that we have actually in
vestigated the diffusion equilibrium in the impurity sub
system. Therefore, in order for the thermodynamic 
description of the excitation gas in the field of the 
superfluid vortex to be valid, it is necessary that the 
distances of interest to us exceed the diffusion length 
or the mean free path of the impurity quasiparticle: 

(52) 

where li and ti are the length and free-path time. The 
quantities D, li, and ti have been investigated in[131 • 

Using estimates from that paper, we obtain at T > 0.5°K 
the following inequality: 

{53) 

where Pno and Pn are the normal density in the absence 
and in the presence of impurities: 

Pn = Pno(T) + (m3 lm,)cp. (54) 

Two cases are further possible. If the concentration of 
the impurities is so small that cp « p~, only collisions 
of impurities with rotons are significant, and from (54) 
we get 

r>l; ~ 5·1Q-IDT-'I•e4/kT [c.~t). (55) 

This leads to li ~ 1.2 x 10-7 em at T = 1.5°K, but at 
T = 1 °K we already have li = 2. 7 x 10-6 • With further 
decrease of temperature, the free-path length increases 
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very rapidly. Therefore, in the case of exceedingly 
small concentrations, the thermodynamic estimate of 
the adsorption is of interest only at temperatures close 
to 1.5°K and above, where the adsorption itself is small. 

In the opposite case, cp » Pno• only collisions of 
impurity quasi-particles with one another are signifi
cant, and from (54) we get 

r ~ li ~ 0.7 ·1o-8 I cT [em]. (56) 

The estimate had no sharp temperature dependence, 
and becomes more and more favorable with increasing 
concentration. For example, at T ~ 1 oK and at a con
centration of several per cent we get li ~ 2 x 10-7 em. 

Thus, at relatively high temperatures, there exist 
regions of variation of the quantities c and T, in which 
the thermodynamic results are valid when r >> 10-7 em, 
and are in any case valid at asymptotic estimates as 
r- 00 • In the most interesting region r ~ 10-7 em, the 
thermodynamic estimates are approximately correct 
only for practically large impurity concentrations. 

In the region of very low temperatures and not too 
small impurity concentrations, the picture changes 
radically. The impurities can no longer be regarded as 
an almost classical gas of excitations, and it is neces
sary to take into account the Fermi-liquid properties of 
the impurity subsystem [l2J. The only essential require
ment which must be imposed in this region on the sta
tistical or thermodynamic solution of the problem is the 
condition that the discussed distances exceed the aver
age distance between particles: 

r~(na)-''• = - ~ · lcm ( cp )-'/a 15·10-7 ] 

ma c'/a 
(57) 

(where the concentration is measured in wt. %). Inas
much as (57) should contain the local concentration at a 
given distance r, and at low temperatures the absorption 
of the impurities by the vortex, in accordance with (47), 
it is relatively large at any initial concentration of the 
solution co, it turns out that near T = 0 the theory based 
on analysis of the chemical potential of the impurities 
is valid at all distances r :;;:: 10-7 em. The foregoing can 
be readily verified by using simple formulas for the de
generate Fermi gas. At still shorter distances, the 
terms of order (v~)2 and above, which represent the 
structure of the superfluid vortex at distances on the 
order of several atomic dimensions, and which are dis
carded in Sec. 4, become important. 

6. CONCLUSION 

It follows from the foregoing investigation that both 
an individual quasi-particle and an aggregate of all the 
impurity quasiparticles in a superfluid solution experi
ence attraction to the quantized vortex lines. The resul
tant adsorption of impurities by the vortex should be 
particularly noticeable at low temperatures. The most 
interesting consequence of this picture is the possibility 

of formation of a linear Fermi-liquid system located 
along the vortex axis, with transverse dimensions on 
the order of 10-7 em or higher, depending on the initial 
concentration of the solution. The existing attraction 
between the impurity quasiparticler121 leads to an inten
sification of the adsorption effect and to an increase of 
the stability of the produced Fermi-liquid filament. A 
quantitative description of this phenomenon calls for a 
special investigation. 

The adsorption of impurities by quantized vortices 
changes our notions concerning the structure of the vor
tices themselves in solutions of He3 in He\ especially 
at very low temperatures. Since the impurity quasipar
ticles belong to the normal component of the superfluid 
solution, the effect of impurity adsorption causes the 
relation between the normal and superfluid densities 
(Pn and Ps) to be different near the axis of the vortex in 
the case of the solution and for pure He 4• Actually this 
is the case always encountered in practice, since "pure" 
H4 is actually a mixture of isotopes. 

The authors thank I. M. Khalatnikov and L. P. 
Pitaevskit for a discussion of the problem. 
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