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We calculate the polarization operator in a constant crossed field, and also the radiative corrections
to the Green’s function of the photon in this field. It is shown that two waves with different dispersion
laws can propagate in a constant crossed field. The refractive indices are determined and the question
of the direction of propagation and polarization of the two waves is studied.

1. INTRODUCTION

A. number of recent papers!~*! are devoted to an inves-
tigation of the influence of the effects of polarization of
vacuum on the propagation of photons in a constant and
homogeneous electromagnetic field. In particular,
Klein and Nigam!"! and Baier and Breitenlohner !
considered the phenomenon of birefringence in vacuum.
The propagation of electromagnetic waves in an external
field was described with the aid of the dielectric and
magnetic-permeability tensors of vacuum. It turned out
here that the refractive index depends on the polariza-
tion of the wave. However, the vacuum was regarded
inf*?1 as a medium without dispersion or absorption,
making it possible to obtain only a limited number of
results. In addition, the results of!? are valid only in
the weak field approximation, B <« Bo, where B, = m®/e
= 1.3 x 10" absolute Heaviside units.

In this paper we calculate the polarization operator
in a constant and homogeneous electromagnetic field
with E L H, E = H = B (crossed field) and the radiative
corrections to the photon Green’s function in this field.

We furthermore investigate the propagation of plane
electromagnetic waves in a crossed field with the aid of
Maxwell’s classical equations. The external field is re-
garded as a homogeneous anisotropic medium with dis-
persion and absorption, whose dielectric tensor is de-
termined in terms of the polarization operator. It is
shown that in a crossed field there can propagate two
waves with different dispersion laws and with different
refractive indices. The sign of the correction to the
real part of the refractive indices depends on the mag-
nitude of the invariance « = e\/(k“ F# V)z/mg, where Fuu
is the tensor of the external electromagnetic field, k;,
= {k, iwo}, k—wave vector of the wave, and wo = |K|.

Re n;; > 1 when k <« 1 and Re n;,» < 1 when « >> 1.
The imaginary part of the refractive indices determines
the probability of pair production by a photon in the
crossed field. We calculate the magnitude and direction
of the group-velocity vectors of the two waves, and con-
sider the question of the wave polarization. It is shown
that perturbation theory is applicable to the calculation
of the radiative corrections to the quantities under
consideration in the case when « >> 1, provided the
following conditions are simultaneously satisfied
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The presented calculations are valid if the field

371

dimensions L > m/eB, where m/eB is the distance
over which the photon interacts effectively with the field,
i.e., the distance in which the field changes the momen-
tum of the virtual pair by an amount ~m. The results
are applicable also for weakly-inhomogeneous and
slowly-varying fields, if the characteristic dimension
of the inhomogeneity is I >> m/eB, I >> A, where A is
the photon wavelength and the external-field frequency
is w <« eB/m, w < wo.

The results obtained a good approximation for con-
stant electric and magnetic fields if the following condi-
tions are satisfied

[fl << o(%),

where f = °F};,,/2m", and (k) equals k* when k < 1
and k%" when k 3> 1[°7, The first condition is satisfied
for all real fields, and satisfaction of the second condi-
tion can be obtained by making the photon energy high.
Thus, for example, at a magnetic field intensity B ~ 107
absolute Heaviside units and a photon energy wo ~ 10°m,
we get for the invariant k ~ Bwo/Bom ~ 1, whereas the
invariant f = B?/B2 ~ 107'2. We note however, that under
the foregoing conditions the effects under consideration
are small (for example, the angle between the directions
of propagation of the two waves 6 ~ a(m/wo)? ~ 10" %a).
The optimal magnitude of the effect is reached when the
conditions B 2> Bo, wo < m are satisfied (for example,

0 ~ a).

Ifl <1,

2. POLARIZATION OPERATOR AND GREEN’S FUNC-
TION OF A PHOTON IN A CROSSED FIELD

The polarization operator in an external field, in the
lowest order of perturbation theory, is given by

1)

where G€(x, x')—Green’s function of the electron in the
external field. In a constant and homogeneous field'®

My (z, 2') = €2 Sp {yuGe(z, 2')nwGe(z', z)},

@)

where &(x, x') = ®'(x, x’) and S€(x — x’), which depends
only on the difference of the coordinates, has in a
crossed field the form
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G¢(z,2') = D (z,2)S(x — a’),

Se(x) =

e2s2
]

(i | ; 7o i & e,
X I_Z’Yu \6u}. + (’SFW 4 - Fuol'on | xp + 2ms 1— L—:—)— Opelipr (s (3)

S

where 057 = (- 1/2)i[7p, y;]. After substituting (2) in
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(1) we see that the polarization operator in the homo-
geneous field depends, as it should, only on the coordin-
ate difference

Mo (2, 2') = Tz — &) =e25p {nuS* (& — )W’ —2)}. (1)

Calculating the trace and going over to a momentum
space, we obtain the tensor le(k), which contains
diverging terms. To eliminate these divergences, we
separate from I1, , (k) the zeroth term I })(k) of the ex-
pansion in the field:

I () = T (k) + I’ (k)

which coincides with the self-energy photon part of
second order in the absence of the field. The divergen-
ces inII® ,’)(k) are eliminated in the usual manner, while
the tensor H’ v(K) is free of divergences. We finally ob-
tain

Uy (k) = Fy (K% %) ( Sw — %) € (ol o) (kak'av)
kkoy . ey
- >e2ﬁgplfm(éw— = ). (4)

Pty = i S ani—my{ w14 a—m)

+ Fs (k2 %) ( Spo —

—OS: dv exp[ —imit — ik—(i —nZ)T}
X [L;(exp{—i e (1 —n?)? 1:3}— 1)
%2mb 2 +(1—n2)]exp{—z (1__,]2)21:3}]}, (5)

)_‘E'S dn(1—np)?
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Fo (k2%

c k2 _nZmS
x drrexp[—im"’r —i )T (1 nZ)er}, 6)
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Fy(k, )= 2_,%5 dn(1—m)2+(1— )]
X _‘-ldrrexp [—imzr— i% 1—n )1:—1772:567 (1— T]Z)ZTS] )
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In the limiting case of a weak field « < 1, formulas
(5)—(7) give a result that coincides with the correspond-
ing formula of'®). We note that the series in powers of
k, which represents the polarization operator, is asymp-
totic. In the limiting case of a strong field x >> 1, the
functions F,, F», and F; are given

2 3Y3 2 )
Fi(k?n) ~ _(}% (31‘):/3:;/_1‘1:(_%_) ei7/6,
! % %), 2 e Fy (k2
FZ(A'Z,V-):——W—EFI(IC %),  F3(k% % )—_T 1 (K2, %) (8)

Knowing the polarization operator in the external
field, we can solve the Dyson equation

G (k) — Dy (k) T (k) Gow (k) = Diuv ().
1 Feuky
Div() = — [ (= 1) 22,

and find the photon Green s function in this field. In our
case this solution is given by

1 kukv
Guv(k zk2~F1(k2 x) (6 k2 )
T Fo(k? %) e?(koFop) (kaFav)
[ik? — Fy (k2 %) [ik% — Fy (k2 %) — %2mSFy (k2 %))
F3(k% %)
+
[ik? — Fy(k2, «) ] {ik? — Fi (K2, %) — (x2m8/ k%) Fy(k2, %))
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Tk > ik k2 ©)
We note that formula (4) gives the most general form of
the gauge-invariant tensor of second rank, which can be
constructed from ¥, ,,, and k;,. Therefore formula
(9) also gives the general form of the exact Green’s
function in the crossed field with all the radiative cor-
rections. On the other hand, the functions F,, F;, and F;
are calculated by perturbation theory.

It is seen from (9) that the interaction of the photons
with the external electron magnetic field leads to the
appearance of two different poles in the Green’s function
GY (k) which do not coincide with the pole of the free
Green s functions. (The quantity ik® — F;(k%, k)

— k*m®k2F4(k%, k), which enters in the denominator of
the third term in (9), contains a factor k® which cancels
out a light factor in Fy4(k?, ). The remaining factor
never vanishes and thus does not lead to the appearance
of a third pole in GVV(k). This corresponds to two possi-
ble states of the photon with different polarizations,
which interact in different manners with the external
field. The effects to which this leads will be considered
in the next section. We note that, just as in the free
case, the radiative corrections make no contribution to
the longitudinal part of the Green’s function (9).

kuk
X <6u5 — l;c: )’ezFuprr<§tv -

3. PROPAGATION OF PLANE ELECTROMAGNETIC
WAVES IN A CROSSED FIELD

The propagation of plane electromagnetic waves in an
external field will be described with the aid of the
classical Maxwell equations

kh =0, [kh] = —we — i4nj,
(10)*
ke = —i4np, [ke] = wh,

where e and h are respectively the vectors of the elec-
tric and magnetic field of the wave, k is the wave vec-
tor, and j, = {j, ip} is the Fourier component of the
four-vector of the current in vacuum, induced by the
joint action of the external field and tye type of the wave,
which can be written in the form

= — ] 11
Ju in Huv(k)av(k), ( )
where ay(k) is the Fourier component of the four-poten-
tial of the wave field and II,; (k) is the polarization
operator, which for the case of a crossed field is given
by formula (4). Using the simple relations

killij (k) = -—iolLj(k), killi(k) = —iollu(k),

which follow directly from the condition of gauge invari-
ance of the polarization operator, we can rewrite (11) in

the form .

Ju= = —Tj(k)e;. (11')
Substituting (11’) in (10), we rewrite the system of
Maxwell’s equations in the form
kh =0, [kh] = —ad, kd=0, [ke]= oh, (12)
where
d; = &;;(k, Q))ej,
(13)

81] k (D)—ﬁ_' H(J(k)
Thus, the propagation of plane electromagnetic waves in

*[kh] =k x h.
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an external field is described by a system of equations
(12), which coincides with Maxwell’s equations for plane
waves in a homogeneous anisotropic medium with dis-
persion and absorption, whose dielectric tensor is de-
termined by formulas (13) and (4).

The connection between w and k is established by the
equation

| o2 (k, ©) — K2%8i; + kik;| = 0, (14)
and after substituting in it formulas (13) and (4) we get
[ik? — Fy (k2 %) ] [ik® — Fy(K2, %) — %2mOFs (K, )] = 0. (15)

As expected, Egs. (15) are obtained by equating to zero
the expressions in the denominator of the Green’s func-
tion (9).

Equations (14) and (15) have two solutions corre-
sponding to two different waves:

o1(k) & oo+ é‘jf[p‘ (0, %) + #2m8F5(0, %)), (16)

i
EEF 1(0, %),
in formulas (16) and (17) and further, wo = |k| and in the
invariant « the vector ku = {k, iwo}.
The 1mag1nary parts of the frequencies wi,z(k)

w2 (k) & w0+ 17)

= wl 2(K) + iw1,2(k) can be represented in the form
’ em ¢ 8p 4+ 1F3
ot 2(k dy-— iy (18)
orl3(k) = 128#0,(,8 oD W= T,

where p = (1/4) Ky %, v(y)—Airy function, and F L
probabilities of pair productlon in the crossed field by a
photon polarized respectively parallel and perpendicular
to the electric-field vector!"?.

The wave propagation direction is determined by the
direction of the group-velocity vector, which is defined,
by virtue of satisfaction of the condition |wi,.| < w1,2,
by the relation

VA28 = day’ (k) / Ok,

Formulas (16) and (17) take in the limiting case
kK < 1 the form
a m? a m?
B w0y 901 oo

In a system in which the electric-field intensity vec-
tor E is directed along the axis 1 and the magnetic-field
intensity vector H is directed along the axis 2 (hence-
forth, the ‘‘special system’’), we have « = By/Bom,
where y = wo — k3. If the wave vector has components
k; = k; = 0 and k; = —w,, the direction of the group-
velocity vectors for both waves coincides with the direc-
tion of the wave vector, and their moduli are equal to

O & 1 — 8h, (20)

where A = (a/457)(B/Bo)°. At any other direction of the
wave vector, the group-velocity vectors are directed at
a certain angle to the vector k. For example, in the
case k; = wo and k, = k; = 0 we have

(1)2~(1)o—7

W ~ Wy—

(19)

VA8 x~ 1 — 14A,

1)gr 1), 1 -
W 1—d, =0, ¥4,

(21)

2 2 2
vﬁ)y% 1—T7h, v(g)y::(), U:(A)grz 7M.

Thus, the angles between the vectors v"8T and v®'8%
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and the axis 1 are respectively
91 =~ 47\., 92 ~ T\
and the angle between v*8T and v®8T ig
0= 0; — 6 &~ 3h.
In the opposite limiting case k >> 1 we have
wm? 9
01(0k) & 00+~ (31) Y3 I* (3)(1—%) (22)

oa(k) & oo+ (3x)7:373 T+ L)u—;vs

am?
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We note that the second terms in (22) are radiative cor-
rections to wo, and consequently the formulas in (22)
are valid only if the following conditions are simultane-
ously satisfied:

s q
1<u<<°’°) .
o

(23)

In the opposite case, perturbation theory cannot be used
to calculate the radiative corrections to wo or €jj (k, w).

In the case k; = k; = 0 and k; = —wp in the spec1a1 sys-
tem, the directions of the vectors v*8T and v®8TF coin-
cide with the direction of the wave vector k, and their
moduli are equal to

POBE 2 | — 2 ‘/6£>>” (i".-\)“ ! I‘ﬂ(z), 4
thsz v Bo/ Nao! VY3 \3 (24)
a B\"( m / 2
o8~ 1 — (6— ( ) 3T )
v 28n2 By ) o v
In the case k; = wo and k; = k; = 0, we have
s s
b8 @ (3B ) (2) Lr(2)
14n2 Bo o ]’3 3 (25)

1
v =0,

B s s 4 2
Ugngz——-a—<3—— (ﬁ) - )
72\ B Vo) 730 V3

The corrections for the group velocity of the second
wave differ from the corrections in formula (25) by the
factor 3/2. The angles between the vectors vV’€T and
v® 8T and the axis 1 are respectively

(1)gr gr (1)gr
=3/av3

0, = vy 0 =~ v3
and the angle between v 8T and v®8T ig
0= 0 — 0; =& !fovstrp,
The refractive index is determined by the relation
k k
> k]

_ 26
[k| 012 (k) (26)

ny2 (wo,

Hence, using formulas (16) and (17), we get

k i
—_— - 2mbF. 7
nl(mo, )R 1 1O + e Fa0,5)]

(oo ) =1- 35,
n , — )l ——F
2 | Wo |k| 20)02

In the limiting case Kk < 1

(27)

Fi(0, %).

a m*?

/ k
— ) =14+ 22—,
na | 0o, |k|) + P —
a  m¥?

k
maon [ ) = A T g Sl
In the special system at k; = k, = 0 and k; = —w, we have
ny & 1+87\, n2=1+14h,
which coincides with the result of®?, Inthe case k « 1

(28)
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(O, m>z1—#’:;)02(3”)/’ 131'“(—5)(1—1'}/3)’
k am? \ — 2\ =
ﬂz((oo, m)z 1~ o (3;4)/31/31“‘(?) (1—i¥3). (29)

From a comparison of formulas (28) and (29) we see
that the sign of the correction to the real part of the re-
fractive indices depends on the magnitude of the invar-
iant k. Ren,; > 1 when k <« 1 and Re n;,» < 1 when
K> 1.

The question of the polarization of the two waves is
resolved in the standard manner (see, for example,®?).
It turns out here that for a specified direction of the
wave vector, the electric-induction vectors d of the two
waves are polarized in two mutually perpendicular
planes. The same can be said concerning the polariza-
tion of the vector e of two waves with identical direction
of the group-velocity vector. There exists one direction
of the wave vector (in the special system k; = k, = 0,
ks = —wy), for which the directions of the vectors e and d
coincide. For the first wave in this case e Il E, and for
the second wave e L E.
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