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A theory of light scattering by the electron gas in impurity semiconductors situated in a magnetic
field is constructed on the basis of the general theory of Raman scattering in the one-electron ap-
proximation. A two-band model is used for a conductor of the InSb type—with a narrow forbidden
band. Formulas are derived for the differential scattering cross section at different possible elec-
tron excitations. The orders of magnitude of the scattering cross sections are estimated. The re-
sults are compared with the available experimental data. In the main, good agreement is observed
between theory and experiment. Certain experimental data, whose understanding calls for an allow-
ance for the interaction between the electrons, are discussed.

1. Raman scattering (RS) of light by electrons (and
holes) in semiconductors situated in a constant homo-
geneous magnetic field H (henceforth called for brevxty
RS at Landau levels) was first considered by Wolf*,
Starting from the simplest two-band model of the semi-
conductors, in which the conduction and valence bands
are degenerate in spin only, Wolff obtained a formula
for the RS for a change An = n; - n; =2 in the Landau
quantum number and a corresponding photon-frequency
shift = w2 - w1 = - 2w¢, where w¢ is the cyclotron
frequency of the electron in the conduction band. This
cross section turned out to be proportional to the square
of the magnetlc field.

Yafet (?) and Kelley and Wr1ght[3] investigated RS at
the Landau levels on the basis of the band model, which
is a good approximation of the band spectrum in semi-
conductors (of the InSb type) with narrow forbidden
band. They have shown that besides the process pre-
dicted by Wolff , in which the change of the Landau
quantum number is An =2 and Aw = - 2w, other
processes are possible with An =0, As = -1,

Aw = ~|g.| BH/H or An =2, As = -1, Aw = -2w,

- |lgel BH?H, where s is the spin quantum number,
equal to + 7a, gc is the effective g-factor for the elec-
trons in the COl’lduCthﬂ band, and B is the Bohr mag-
neton. According tol? , the cross section of RS with
An=2,As=0 should be proportional essentially to
the square of the magnetic field H, and the cross sec-
tion for an =0, As = -1 should depend weakly on H,
nevertheless decreasing with increasing H.

RS at Landau levels was recently observed with the
aid of a CO; laser by Patel and his co-workers in
InSb'*) and InAs" crystals with electron density in the
conduction band ne = 5X 10" ¢cm™. The experimental
results obtained in these papers differ fundamentally
in two respects from the predictions of the theory!'™),
First, the cross section of the scattering with An = 0,
As = -1 increases with increasing H, whereas ac-
cording to [2:3) it should decrease slightly with increas-
ing H. The quadratic dependence of the cross section
with An =2, As =1 on H, predicted in!*"*!, is not ob-
served in a large interval of variation of the magnetic
field. Moreover, an increase of H from 26 to 30 kOe
led in the case of InSb to the complete vanishing of this

hne in the spectrum of the scattered hghtm Second,
n'*°%! they observed RS with n =1, s = 0, which was
not predicted by the theory of 1731,

The reason for such an apprec1able discrepancy
between the theory 0-3) and experlment[ »*1 is the fact
that the authors of'*%} performed all their calculations
for a single solitary electron in the conduction band of
the semi-conductor. With such a formulation of the
problem, in addition to the impossibility of investigating
problems connected with the RS line width, many RS
lines at the Landau levels drop out of consideration.

It is assumed in the present paper that there are
neV electrons (V—volume of the crystal) in the conduc-
tion band of the semiconductor with narrow forbidden
band (of the InSb type). We derive formulas for the RS
cross sections at the Landau levels, corresponding to
different possible changes of An and As. We estimate
the widths of the SR lines. The obtained theoretical
results are compared with the available experimental
data!®®) and with the deductions of other theoretical
works!!™,

2. The general formula for the differential cross
section of RS in which a photon of frequency w; and
polarization e, is absorbed and a photon with fre-
quency w: and polarization e: is emitted in a solid-
angle element doz, has in the dipole approximation
the form" (see, for example,'®!)

(1)

neVdc; = rozoiz Iﬂ/_lglldeg,
Wy 2

where o0—cross section per electron in the conduction
band, ro = e% mc®—classical radius of the electron,
summation is implied over all the final states of the
crystal with energy E,= E; + h(w; — wz), with E;—-
energy of the initial state of the crystal. The com-
posite matrix element is

(e2"Py;) ( 1181)

Aoy = —
In m Z I:E1—E +f1un

i

(erPai) (Parer’) ] (2)
E —E '—fl(ﬂz

The summation extends here over all the intermediate

D]t is assumed that the values of the dielectric constant of the
crystal are the same at the frequencies w; and w,.
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states® i of the crystal with energy Ej. In the pres-
ence of a magnetic field H (see, for example, [*)), we
have

P=>p,

p= —inv +—§—A, (3)

where the sum in the first of the formulas is taken over
all the electrons of the crystal, and A is the vector
potential of the homogeneous magnetic field H, for
which we use the gauge A = H(0, x, 0).

We shall neglect the interaction between the elec-
trons in the sense that in choosing the single-particle
%#, in (7) below we shall take into account only the in-
teraction between the crystal’s own electrons, in the
self-consistent field approximation. Each single-
particle state in the magnetic field H is characterized,
as will be shown later (see (9)), by the y and z com-
ponents of the electron wave vector k. With the aid of
(3) and (9) we readily verify that

W'k k| plunkyk,> = (u'n’|plun; kDo(k)" — ky) (k) — ky), (4)
where i and n are quantum numbers, which together
with ky and k, determine the single-particle state
completely.

Using, besides formula (4), the well known rules for

changing over from matrix elements in (2) to the

matrix elements of (4) (see, for example, , Sec. 65),
we can readily transform (1) and (2) into
@ kA
ndo =2 (XN 5 3§ (i) Fdkdos, (5)

Wy pame

Moy (k) = ; DV i pa| pans; k) Cpang| pp | win; k) (— 1) 2

By

(  ex'ep eyn €2p" ) 1
X — n i ko)
\ Aoy — g2+ & —hmz—ez—l-si +mu§‘ Chara | pac e e
" €18 eiq e28” \
X 7. 1IN > —1 Pn' .
Sl pp s 1 (— )2 { o= e ) (8)

where €; = egfl)(kz) denotes the energy of the corre-

sponding single-particle state; pzl is an integer deter-
mined by the relatlve placement of the states pin,,
Kanz and pinj (seel 1), Sec. 65); repeated Greek m-
dices @, B =x, y, z imply summation; k = (eH/fc)"?
reciprocal of the so-called magnetic lengtha’ The
summation over pmn; and integration with respect to
dk; in (5) extend over all the occupied single-particle
states, and summation over uzn. extends over all the
unoccupied single -particle states, for which €, — ¢;
=h(w; ~ wz). In the first sum in (6) the summation
is over all the occupied states pjnj, and in the second
sum over all the unoccupied states pinj. (The occupa-
tion of all the single-particle state is defined here with
respect to the initial state of the crystal with energy
E.)

3. The determination of the RS cross section re-
duces, in accordance with (5), to a calculation of the

2)If some of the quantum numbers characterizing the states 1, 2,
., iacquire a continuous set of values, then the wave functions
should be normalized to §-functions of the corresponding quantities
(see, for example, [7], Sec. 38).

3)The dipole approximation employed by us is valid under the
condition that the wavelength of light in the crystal is much larger
than 1/k.

composite matrix element le(kz) which requires, as
is evident from (6), knowledge of the spectrum and of
the wave functions of the single-electron states. The
single -particle Schrodinger equation for an electron

in the crystal, in the presence of a magnetic field H

at the gauge chosen by us, is of the form

zehH I} e2H? zz) o= e, (7)

( Ho— me OAyi +2m02

where #,-—Hamiltonian of the electron in the absence
of a magnetic field. To solve (7) we shall use the two-
band model of a semiconductor, which is known to be a
good approximation for crystals of the InSb type

We introduce, followmg , the Bloch functions in
the center of the Brillouin zone k = 0 neglecting the
spin-orbit interactions, namely S—for the conduction
band (a function similar to the atomic s-function), and
X. Y, Z—for the valence band (functions similar to the
p-functions). When account is taken of the spin-orbit
interaction, the Bloch functions at the point k = 0 of
the Brillouin zone can be chosen in the following form
(see also'®):

wep = iS4, w=iS),  e(0) = e
unt = V(X + i), un, =Th(X—i¥)}, e(0) =0,
my = V2Zt — VT (X 4 iY),
= VIZY YT X —iY) 4, e(0) =0,
uo = VLZt + V(X + iY),
ey = V724 —VT5(X —i¥)4,  &(0) = —A. (8)

Here and further, the symbols ¢ pertain to the conduc-
tion band, h to heavy holes, I to light holes, and s to
the band split by the spin-orbit interaction. By fi we
denote spin functions corresponding to the electron
spin projection on the z axis parallel and anti-parallel

to H. The same symbols {| are used as indices for the
Bloch functions u.

Within the framework of the two-band model, when
only interaction between the states (8) is taken into
account and the interaction with other bands is
neglected, the solutions of (7), can be written in the

form
Dar b, (B) == A eithyv+is ’)Z“u & 2 BR, (W.n)
n'=0
x} elq(x+h,,/w)¢pn,(q) dg, (9)

where g, ' =ct},htl, Itl, st|; n, n’—integrers,

& ,’—harmonic —osc111at0r functions normalized to unity,
£~ aggregate of spatial (r) and spin coordinates. The
coefficients A are obtained from the normalization
condition

§ ot @)% n, (B)dE= 8(ky’ — ) 8(

s ki’ — kz) Burn 8nen. (10)
The coefficients B, as well as the energy levels e,
are determined by substitutin from (9) into (7). The
energy levels E(C), €() and €(s) are roots of the
following algebraic equations:

h2p2
&n (kz)[en(kz) - Bg] [an (kz) + A] — 7[1{112 + u2(2n -+ 1)]

h2P2Ax2
T 0 (11)

fes 2]
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where the upper sign (plus) in the last term on the left
pertains to states with projection of the momentum
along H(1), and the lower (minus) to states with mo-

mentum projection opposite to H(}). Here
(2m)%h ¢ IZ
e (12)

v—volume of unit cell of the crystal. The energy of the
states in the heavy-hole band is €1(1h) M(kz) =0, i.e., in

this approximation the mass of the heavy holes turns
out to be infinite, and their g-factor® is gy = 0.

Expressions for En/Bgﬁz(u', n')é,'(q) were ob-

tained by Yafet (see Table I of!#), where the energy
levels € are denoted by A, k” is denoted by s, and h
=m = 1). Knowing B, we can calculate the normaliza-
tion coefficients A:

2 . 2 2
‘1={1+E2£‘ [2k2 + % (4n + 1)] |

3m2e?
at p=ct, Il, st,n= 0, we have

B2P2 (k2 4 22 (n 4 1)]
3m2(A + ¢)2 S

A ={ 14 thz[z’l”.zzl'i‘ “'2(4’1 +3)] | RP(k* A 2xn) ].~‘/z‘
3m2e? 3m(A+e) )
forp = ci l,s4, n=0,
[ 2k; +x~(n—J~‘1) .
4= t lz+7(411+1)} forp==rt, n=1,
f 07 °f #2n b L B
i sy} for m=hh A==t (13)

where for brevity we have left out the indices u, n, and
kz of A and e.

Knowing the single-electron wave functions (9) and
the corresponding energy levels (11), we can calculate
the matrix elements (4). To calculate the scattering
cross sections (5) it is necessary also to know the
position of the Fermi level €, relative to the Landau
levels in the conduction band® . In the general case of
arbitrary concentrations ne of electrons in the conduc-
tion band and of arbitrary magnetic fields H, the
Fermi level €, is determined from the formula

e(c) 0)-1-

: ek o dk,
%\ ' e, g
(%) 3 ( ) ld S da) 7 (14)

n=01,...
e O

This formula pertains to the case of a negative g-factor,

when the level nt lies below the level n}, just as in the
InSb crystal. In the opposite case, the upp r 11m1t of
integration in (14) should be replaced by e ) + €o.
We confine ourselves to the case when only two
levels, 0t and 0/, or else only one level 0}, are
located below the Fermi level €,. It is assumed hence-
forth that hwe > | ge | BH and ge < 0, just as in InSb.
Assuming further that the €(k;) dependence can be
regarded as quadratic, we obtain the Fermi energy

4)Since we have neglected terms ~m¢/m (m¢ ~ 0.01m — electron
mass in the conduction band in InSb), this means that in fact |mp| ~
and |gp| ~1.

5)1t is assumed that the electrons in the conduction band of the
semiconductor form a completely degenerate Fermi gas.

i f e 1 ¢
Voo = :rdf n, < 1oL me
V2rme %2 2

»8
tn? ) ’ (1 5)

where we introduce the ‘‘spin’’ electron mass in the
conduction band, connected with the g-factor by the
relation mg = 2m/g.. Expression (15) determines the
Fermi energy under the condition that only two Landau
levels 01 and 0! are located below the €, level. Ata
specified electron density ng, this condition imposes
tlée following limitations on the magnetic field H or on
K

m.

3 s c s
Comng |1 (1Yo | 2] Y e (o | 2]
m;
(15)
If only one level 0t lies below €, i.e., if
,)I mc’ 'ls ’
®2 ><2TLAH,;‘| _’_n:_‘> s (16 )
then
Vg: 2fln2n,)/}/-2z;%2. (16)
For the InSb crystal, where m¢ = 0.013m, g¢c = =55

(eg=0.23eV, A = 0 9 eV)[9 at the ordinary concen-
trations ne ~ 5% 10*® cm™ “j the case (15) is realized
at magnetic fields 35 kOe < H < 70 kOe, and the case
(16) is realized at H > 70 kOe. Magnetic fields up to
55 kOe were used in the experiments of 141,

4. To calculate the RS cross sections we presented

the matrix elements { #'n’ |p| n; kz) and the energies

( (k in the form of series in powers of hwc/é
and ﬁzk ,/ Mc€g, confining ourselves in the correspond—
ing series for le(k ) to terms of order k° and k;.
Omitting cumbersome but fundamentally straightforward
calculations, we present only the results for different
(Stokes) RS lines. The differential scattering cross
section is

= re—
dOz [0 \ me

d
o mz/m>26’ (17)

where G is determined by the type of the transition.
A. The transition 0t — 0}, An =0, As = -1, w;
- w2~ Igc| BH/h:

2mceon?
(B )
h
Z—‘w‘ (P11 — @2). (19)

€g

In these and in subsequent formulas,

A+ 2 2 3gg?
_2M+ 2 bE_é_3€_g_, er = ex ey, mzm'+°’z,
T 2AF 3¢, A(A +eg) 2
= i) = —— L~ — o) = —
(p1~(p1(‘(1))— — (hw)?’ 2= 42(0) (A+Eg)2—(ﬁ(l))2,
3 g eg
=14 2t =1-3%
f1 + A+eg 3 A f A+5A+sg’
fi=1— 3_~+2 (20)

A+£g

If we substitute in (18) €, from (16’), then we get

Yafet’s formula[zl, which is thus valid only in suf-

ficiently strong fields, when |gc|BH = €o.
According to (17)—(20), the cross section in an
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InSb sample with ne = 3 X 10'® ¢cm™ is approximately
three times larger than the cross section in a sample
with ne = 5% 10*® em™. In!*! they observed a five-fold
increase of the cross sectlon following the indicated
change of ng from 5 X 10* to 3 X 10'® cm™, but un-
fortunately the authors did not state precisely the value
of H at which this dependence of the cross section on
ne was observed. An estimate of the cross section
with a radiation polarization e, L H, as in*®, gives
for InSb at ne = 3 X 10'® cm™ and H = 50 kOe a value
do/doz~ 4 X 107 cm? Slusher, Patel, and Fleury!"
give for this concentration a value do/doz~ 10™° cm?
without indicating, to be sure, the corresponding value
of the field H. At ne = 5% 10*® em™, the cross section
(17) approximately quadruples when H changes from
35 to 70 kOe, and this does not contradict the experi-
ment!*] , in Wh1ch the cross section nearly doubled when
H changed from 26 to 52 kOe.

As to the width An of the RS line, it is easy to
estimate here that part which is connected with the
nonparabolicity of the conduction band. The correspond-
ing estimates yield 4 cm™ for ng = 1 X 10'° cm™ and
25 cm™ for ne =6 X 10" cm™ in InSb at T = 30°K and
H = 50 kOe. Experimental values of approximately 5
and 30 cm™ for the total line width are given in I with-
out indicating the value of H.

B. The transition 0} — 11}; An=1, As =0, w:

S we =< (JJC:
nnet /}/cheou2 3 R .
=3 T \ |Crenear” + Coerez"|?
}/chaou 1]
+(2 nﬁ ) |C_e1ze2+ +C+€1 ezz IZ (21)
fio,
2
C+——a [€P1 \fi_ 16¢, fz)
3k ﬁu) / hw ]
g (1= i+ .
( 3“” + L e ) (22)

This line was not predicted by the earlier theories[l‘sl;

this is perfectly natural, since it vanishes in the limit
as ne — 0, which is precisely the limit considered
int**) (at ne — 0 the value of €, is determined by
(16) and G — 0 like n3). The fact that do/do. —~ 0 as
nz — 0 is directly connected with the fact that the
composite matrix element M (ky) in this case, as in
cases D and E, is proportional to k;, and conse-
quently M,; = 0 is we confine ourselves, just as
in“'3 to one electron in the conduction band in the
state n = 0, kg = 0.

In the experlments[4 »51 the line considered after the
line An=0, As = -1 is the strongest and narrowest.
For InSb at ne = 5% 10" ¢cm™ and H = 50 kOe, our
formulas yield do/doz~ 4 % 1072 ¢cm? In!* is given
an experimental value do/dos~ 10" cm? at the indi-
cated concentration ne = 5 X 10'® ¢cm™, but the corre-
sponding value of H is again not given. An increase of
the concentration ne from 3 X 10' to 5% 10" cm™
should, in accordance with (21) and (22), lead to an in-
crease of the cross section by approximately eight
tlmes For comparison we note that in the experi-
ment[*! it was observed (at the same change of ne), an
increase of the cross section by about ten times (un-
fortunately, it is again not clear from!*! at which value
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of H this was observed).
C. The transition 0} — 2t}; An=2, As =0, w,
w2 = ZwC:
G =|er—e21|2C?
- _ho, 3 /he
C=}/2a2;g—[fpzf1+ : ( OV g4 ({:zfs] (23)

which coincides with the formulas obtained for this RS
line by Yafet (2! . Already noted at the beginning of the
article, the exper1mental results of'**! on the depend-
ence of the cross section of RS with An =2, As =0
on the concentration neg and on the magnetic field H
cannot be explained by means of formulas (17) and (23).
A possible cause of this disparity between theory and
experiment will be discussed at the end of the paper.

D. The transition 0} — 1f; An=1, As = 1, w;
- wz= we - | ge| BH/H. The RS cross section should
have in this case a polarization dependence in the form
| e1-€2| % However, it should be smaller by at least
four orders of magnitude than the RS cross section
for An =0 and As = - 1. At sufficiently large magnetic
fields (16), when | g¢| BH > ¢, there is of course no
scattering. In the expenments[ ! this RS line was not
observed, and we shall not present the corresponding
formulas.

E. The transition 0t — 1{; An =1, As = -1, w,

-wz~w +Igclﬁﬂ/h:
‘net ( V2m,
e T
az Flmcﬁm
C=—— W2 e e ((P1f2+6<p12—A+ (sz3> (25)

This RS line is present in principle also in the ez Il H
polarization when e. Il H, but the scattering cross
section is in this case smaller by two orders of mag-
nitude than the cross sections (17), (24), and (25). An
estimate for Insb at H = 35 kOe and ng
= 5% 10" cm™ yields do/doz~ 6 X 10°% cm? which is
almost three orders of magnitude smaller than the
cross section for the process An =1, As = 0. In spite
of this, the An =1, As = — 1 line was observed in"*,
although to be sure in not all samples.

F. The transition 01 — 2|; An=2,As =1, w,
- w2~ 2we — | g | BH/h. Within the framework of the
two-band model, this transition is strictly forbidden.
It was not observed in the experiments!®®

G. The transition 0! — 2}; Aan=2, as = -1, A,
-~ Az= 2we * | gc| BH/R:
2Mmiceq %>
:VZ";Z‘;: lerseas” — erex” |22, (26)
a? hoc ho ¢ &g
o — 0 3t — iof 27
/1]/2 e e \fP1f2+ Py At eg (123\ ( )

For InSb at ne = 5X 10" cm™, H = 35 kOe, and e: L H
we get from formulas (17), (26), and (27) do/doz~ 4

X 10"® ¢m? which is smaller by one order of magni-
tude than the cross section at An = 1, As =0, but al-
most two orders of magnitude larger than the RS cross
section at An =1, As = ~-1, which, as already noted
above, was experlmentally registered int*), Neverthe-
less. this transition was not observed in the RS spec-
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trum in(*®! , and this experimental fact must be ex-
plained. We shall attempt to do so in the next section.

5. It was shown above that the theory proposed in
the present paper is essentially in good agreement
with the available experimental datal®®) on RS at the
Landau levels. The same pertains to the nature of the
transitions in the RS, the polarization dependences of
the RS cross sections, the dependence of the RS cross
sections on the electron density and on the magnetic
field, and also to the orders of magnitude of the cross
section. Exceptions are the two transitions An = 2,

As =0 and An =2, As = -1, with the largest values
of the electron excitation energies—2hwe and 2hwg
+| gc | BH respectively (see Secs. 1, 4C, and 4G).

The discrepancy between theory and experiment can
be explained, our opinion, only by taking into account
the interaction between the electrons. In the one-elec-
tron approximation assumed in the present paper and
in!*-3 , the electron ‘‘lives’’ in the excited states for
an infinitely long time, if we neglect the interaction
with the phonons, scattering by the impurity atoms,
and the spontaneous radiative transitions. Allowance
for the interactions (collisions) between the electrons
changes the energy spectrum of the electronic excita-
tions and, in particular, limits the lifetimes of these
excitations. Insofar as the author knows, no many-
electron theory of an electron gas in a magnetic field
has been constructed, but it is obvious that the larger
the excitation energy, the stronger its attenuation.

Let, as before, €0 <hg, i.e., let the electrons in
the ground state fill the sub-bands corresponding to the
Landau levels 0f and 0}. It is then clear that there
can be present in the RS spectrum only those of the
lines considered in Sec. 4, for which

1/t < oFy, (28)

where o—total scattering cross section, calculated
from the formulas of Sec. 4, F,—flux density of photons
with frequency wi, and 7 has the meaning of the aver-
age lifetime of the corresponding electronic excitations.
At an excitation energy on the order of 2hwe for An
=2, As =0 and 2hwe +|gc| BH for An =2, As = -1,
the inequality (27) may cease to be satisfied starting
with a certain magnetic field value H when hwe and
| gc| BH (and with them also 1/7) become sufficiently
large. At larger values of H, these lines will be miss-
ing from the RS spectrum.

This qualitative explanation agrees with the experi-
mental data. Indeed, in InSb!*! the line an =2, As =0
drops out at H = 30 kOe if ne = 5 X 10'® cm™, but this

V. P. MAKAROV

line is not observed at all if ne = 1 X 10" cm™, i.e.,

when the collisions in the electron gas become more
significant®’. (We recall that the larger the electron
density ne, the more ‘‘ideal’’ the degenerate electron
gas, see, for example,['%), Sec. 56.). In InAs!®), where
the effective electron mass mc is double the value of
me in InSb, the line An =2, As =0 was observed up
to H = 55 kOe. Finally, the value of H at which the
lines an =2, As =0 (-1) vanish from the RS spec-
trum should depend also on the intensity of the
scattered light, or, at a given hwi, on F;. This de-
pendence was not investigated experimentally. It fol-
lows from (27) that the line should vanish at smaller
H with decreasing F,.

In conclusion, the author thanks F. V. Bunkin, A. M.
Prokhorov, and A. A. Samokhin for a discussion of the
work.
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©) At small frequency shifts w,; — w,, it is difficult to separate the
radiation of frequency w, from the background of the laser radiation
elastically scattered by the crystal. Therefore the RS cannot be observed
at arbitrarily small magnetic fields [%]



