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We consider the problem of turbulent heating of a pla
plitude. It is shown that oscillations in the frequency

sma by quasi-periodic mhd waves of finite am-
region wyj <K w K wHe are excited in the plasma

as a result of the current instability. The excitation threshold with respect to the current velocity lies

lower than the average-thermal velocity of the ions in the case of hot ions T > Te.

the ions with the oscillations is analyzed on the basis

The interaction of
of the equations for a weakly-turbulent plasma.

The ions are scattered by the oscillations quasi-elastically. An equation is derived for the rate of their
heating. The anomalous damping of mhd waves, observed in a number of experiments, is discussed.

IN experiments on plasma heating by mhd waves!*]
(magnetohydrodynamic waves), a strong heating of ions
was observed and could not be attributed to dissipation
in pair collisions. Thus, in experiments on plasma heat-
ing by a direct magnetosonic wave the proton tempera-
ture was T = 100 eV, and the electron temperature was
Te < 10 eV. Kovan and Spektor™? indicate a high ab-
sorption rate of the energy of the magnetosonic wave.
The damping decrement & was of the order of

2 x 10" sec™. The magnetosonic resonance is realized
at a frequency f = 2 x 107 sec™ in a plasma with density
n ~ 10® cm™. The constant magnetic H, in the amplitude
of the alternating field of the wave H_, were respectively
2 x 10° and 60 Qe.

In the present paper we consider the question of cur-
rent instability in the case when T} > Tg, we derive a
quasi-linear equation for the law governing the ion heat-
ing, and we consider the mechanism of the damping of
the mhd wave. On the basis of nonlinear estimates, we
establish the limiting temperatures of the electrons and
the damping decrement. The experiment of!! is dis-
cussed in the conclusion.

1. CURRENT INSTABILITY OF AN INHOMOGENEOUS
PLASMA

A hydromagnetic wave produces in a plasma a cur-
rent given by the relation

(1)

where u is the current velocity of the electrons. In ac-
cordance with®’*), we consider electrostatic oscilla-
tions (E = —V¢) in the frequency range

c
j= —enu=——rotHe
4m

0K 0<< Oge.

We assume here that the hydromagnetic wave is excited
in the plasma column whose density n and temperature
T are radially inhomogeneous, and the electron tem-
perature T is such that the effective frequency of the
Coulomb collisions vg ; is sufficiently large and must be
taken into account. In the case when Tj> Tg, we obtain
the following dispersion equation:
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Py = n,T,—partial pressures, a = e, i; k), k,—projec-
tions of the wave vector on the directions perpendicular
and parallel to the magnetic field respectively; fo—ion
distribution function.

Assuming that the imaginary part of the frequency,
y = Im w, is much smaller than |w — k- u|, and expanding
in the dispersion equation (2) in terms of the small
quantity v/lw — k- ul, we obtain two relations, the first
for the spectrum of the unstable oscillations and the
second for the increment:
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In the derivation of (3a) and (3b) it was assumed that the
electrons and the ions have Maxwellian velocity distri-
butions, and that H: < 4mnmc?.

We note that in the absence of current (u = 0), the
oscillations in question with w >> wyyj and T >»> T have
already been analyzed by Mikhailovskif ®!, and the
instability of the inhomogeneous plasma w1th current
in the case T; > Te were investigated in papers by the
author®™! and by Sizonenko and Stepanov!*), The influ-
ence of collisions on the instability of a current flowing
across a magnetic field was investigated by Suzuki®?.

We confine ourselves below to two limiting cases,
depending on the parameter
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In the first case, when k; > k(m/M)*2 KPyi, the fre-

quency w and the increment y of the unstable oscillations
are determined by the expressions:

o =ku+k(T/m)ha, = (14 k)" 4)

v e (el () e )

We note that in!"? the ion heating was explained by con-

sidering oscillations with precisely the same values of

w and y, but with Ve i= = 0. The condition for the insta-

bility of such oscillations is

_ ku+k(Ti/m)"ha - Ve (__,_) aexp{ (Tm)
kvr; Vau ko (Ts/m) ka3

The second term in the right side describes Cerenkov
damping of the oscillations on electrons, and the first
damping in Coulomb collisions.

In the case when the plasma is highly non-isothermal,
T; > Te, and the Coulomb collisions are sufficiently
rare ve,i < K,(T;/m)*?, a low threshold for the build-
up of the oscillations is possible when k * u < 0 and
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If the electrons are sufficiently cold, then the damp-
ing of the oscillations will be determined primarily by
the Coulomb collisions. This assumption is valid when
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In this case the threshold value of the current velocity
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Here the max1m1zat10n is with respect to k ~ l/pe, and
we i = = (Wgewq)?. (M Ty ~1-2eV and Ho ~ 2 x 10° Oe,
then ve i~ 10° sec 1, we i ~ 5x 10° sec™, and uf

~ 0.5 VTI )

The limitation on the threshold value of the current
velocity follows also from another condition. In the
derivation of the dispersion equation (2) it was assumed
that the ions are not magnetized in the oscillations. To
this end, it is not sufficient to stipulate w > wgj. A
criterion for this is one of the following inequalities:
either ¥ > wyj, or k;vrj > wyj. This means that the
cyclotron resonances should be smeared out.

The maximum value 7,44 is reached in (5) when

for LU ~ 1
ke = 2a ( m> K Pe
and equals
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From the condition y > wgj at the limiting values
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k ~1/pg we get

u/vri > (m /M) (11)
Let us consider the second limiting case

k<< k(m/M) ‘/’%p}n.

The frequency w and the increment y for such k;, are
respectively

0 = ku+ o'a, (12)
_ velk/R)M/m . To—o'(4n)
- (%pmi)?a —Vro 2[ kvr: ] (13)

We have left out here a term describing the Cerenkov
damping of the oscillations by the electrons, which is
always small when T; > Tg and

k,<<k(m/[M)"%ypy;.
In this case the oscillations are unstable when
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Let us explain the physical meaning of the foregoing in-
equality. Its right side contains a term causing the
damping of the oscillations as a result of the Coulomb
collisions. The left side contains terms responsible for
the buildup of the oscillations. The first term results
from the current motion of the electrons in the hydro-
magnetic wave, and the second from the Larmor current
which exists in a spatially-inhomogeneous plasma. It is
seen from (14) that the Larmor drift always leads to
instability if VT; # 0. For purely transverse propaga-
tion k; = 0, we can neglect the damping of the oscilla-
tions in (14). From the applicability condition, formula
(13) for ¥ > wpyj reduces to the inequality

(w/ vri + %prm) %pu: > (m [ M), (15)

which is obtained when k * u =—ku, and k ~ 1/pe. 1t is
seen from this inequality that even in the absence of cur-
rent motion of the electrons (u = 0) the instability of the
oscillations in question remains in force if the inhomo-
geneity of the plasma is such that

paixn > (m [ M) (16)

In conclusion it should be noted that at temperatures
Tj ~ Te the Cerenkov damping of the oscillations on the
electrons may exceed the damping resulting from the
Coulomb collisions. This case was investigated for a
homogeneous plasma inf®?, where it was shown that the
threshold value of the current velocity is
(1-2) ((Te + Tl)/M)l/z. The maximum increment of the
unstable oscnlatlons 1s of the order of the hybrid fre-

quency y ® (wyew H1)

2. LAW GOVERNING ION HEATING

The entire subsequent analysis will be presented with
a plasma column of cylindrical geometry as an example.
Under these conditions the direct magnetosonic wave
will have radial and azimuthal electric-field components
E, and E,, the electron current flows azimuthally, and
the magnetic field of the wave H_, is directed along the
constant magnetic field Ho (the z axis).

We shall consider the ion heating on the basis of the
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equations for a weakly turbulent plasma
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Here N(t, k, r)—spectral density of the oscillations
(number of waves in the k, r space), normalized as fol-
lows:

{ Neondk = §whdk = w, (19)
where wy—oscillation (noise) energy density:
Wy — 2| | o, Je(or) (20)

8t " don
¢x—amplitude of the Fourier component of the potential
disturbance.

Equation (17) describes the change of the ion distri-
bution function as a result of induced Cerenkov emission
(absorption) of oscillations, whose frequency w and in-
crement y are determined by expressions (4), (5), (12),
and (13). Equation (18) describes the noise buildup proc-
ess. In this equation, we have left out terms of higher
order in the nonlinearity, which take into account parti-
cle-oscillation and wave-wave scattering. The non-
linearities will be taken into consideration later.

The oscillations with frequency w and wave vector k
are excited by resonant ions, the velocity of which is
determined by the phase relation w = k-v. In the lan-
guage of quasi-particles, in each act of Cerenkov emis-
sion (absorption) of oscillations, the changes of the
momentum and energy of the resonant ion are respec-
tively equal to MAv = hk and MAv-v=h(k-v) = hw.

We shall consider below a particular case, but one of
physical interest, when the phase velocity of the oscilla-
tions is much smaller than the velocity of the resonant
particles w/k < v. In this case the relative change of
the ion momentum exceeds by kv/w times the relative
change of its energy. This means that the ions will be
scattered by the oscillations quasi-elastically (accurate
to a small quantity w/kv). In other words, with the same
accuracy, the resonant ions can interact only with those
oscillations, whose wave vectors lie in the plane per-
pendicular to the velocity vector v. This is seen also
from the form of the 6 (k- v) function.

This important circumstance greatly facilitates the
investigation of Eq. (17). We rewrite it in a cylindrical
coordinate system in velocity space (v}, ¢, v;) and
wave-vector space (k, @', kz)' The angle ¢’ is reck-
oned from the direction of the current velocity:

¢’ = (ku). We obtain:
5f+v 0fsn B of
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1 0 of a;] 1 90 1 of of
=——|\Deg—+Dor — | + ——— Dy — va”’i]
L*J_'“'d(pl: w@(p+ ¢ GUJ_,._'_U_L@L)L v,? [ W0q3+ ov, I’

(21)

AREF’EYV

where
i 9

Dey = 2ﬂ(jvp_ S sz‘/ _a ) 8 (0 — kv)v dk,
Dy = Dy = 22925 { o (—68— >716(m—kv)vdk
R Y 7/ OFeth dw ’

2nwpi® N [/ de \!
= —— — v — kv)v dk
D nM S me\ [0} ) 8(o v)v dk,

ko = —kysin (¢ —¢’), ©=hkwi, ky=Fkyicos(p—¢).
In writing out (21), we have left out terms that take into
account the scattering of the particles in the magnetic-
field direction. The rate of change of the longitudinal
component of the energy of the resonant ions turns out
to be smaller by a factor (k,/k)*k*v’*/w? % m/M than the
rate of change of the transverse energy component. For
this reason, in particular, we have chosen the cylindri-
cal coordinate system. Equation (18) has in the cylindri-
cal system the form

0Ny, do 1 éU\/h
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Here ye(N)—dampmg decrement of the oscillations on
electrons, taking into account both the linear Cerenkov
damping and the nonlinear effects.

The first term in the right side of (21) is the princi-
pal one. It describes the elastic scattering of particles
over the angles and exceeds by a factor (kv/w)?the term
with the coefficient Dy, which describes the inelastic
scattering.

We note that the frequency of elastic scattering of
ions by oscillations, Voo & va depends on the veloc-
ity like v™3, i.e., just as 'in Coulomb scattering of ions
(protons) by heavy impurity ions. However, generally
speaking vy has a complicated angular dependence. In
our problem the frequency Vo of ion scattering by os-
cillations, greatly exceeds the average ion-ion collision
frequency.

We shall assume that ion heating occurs within a
time much longer than the period of their cyclotron
revolution. Then Eq. (21) can be solved by successive
approximations in terms of the small parameters

Vol 0mi <€, pmila<<l (a=x1).

In the zeroth approximation, the distribution function
fo(v) does not depend on the angle ¢. The first correc-
tion, which is connected with the Larmor drift and with
the collisions, is

0 1 a
= icoscp——— *&4—0( v).
wgi Or

fi(vy, @)= — (23)

vitoni
The integration constant C(v) must be set equal to zero,
on the basis of the fact that the particle flux due to the
deviation of the distribution function from symmetrical
be equal to zero, i.e.,

2n
§ dofi(vie)=0.

The second correction, as can be readily established,

equals sing i

fo(vi, @)= — v0-

orivy 0¢
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We have left out here other inessential terms, which
drop out from the final results during the subsequent
averaging. Substituting f; and f, in (21) and (22), and
averaging over the angle ¢ in (21), we get

7] a ]
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The effective collision frequencies v, , and vyy are de-
termined here by the expressions

2nwp? 1 de \! , ,
Vop = M ESN}IYW,(O—_@) COSz(p dkd(p,
2nwpz 1 de\~t w?
IR P
v nM v,3 "\ de k2vrs? ? (26)

Equation (24) describes the heating and diffusion of the
plasma across the magnetic field. It was assumed in its
derivation that the radial diffusion in the plasma column
is the main form of ion energy loss. Equating the heat-
ing rate to the diffusion rate, we obtain an important
estimate for the limiting ion temperatures:
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where ro—radius of the plasma column. The obtained
estimate does not depend on the noise density, and it
contains parameters that can be readily controlled in
experiments.

If we neglect spatial diffusion in (24), then we obtain
the heating equation in the form

(v vri? v 6f0>
LVTi Y .
vy

afy 1 8
ot vy ov,

It admits of a simple self-similar solution
fo= const-exp {— (4Av°/ 1)},

where A is a numerical coefficient. With the aid of this
solution we can qualitatively trace the time evolution of
the ion distribution function. It is seen from it, in par-
ticular, that in the course of time the ion distribution
function will vary in velocity space in such a manner,
that the distribution function becomes denser, in the
region of velocities lower than the mean-thermal ion
velocity, and in the region of larger velocities it drops
off sharply, so that in the course of time the distribution
function will acquire the form of a step.

3. MECHANISM OF ABSORPTION OF mhd-WAVE
ENERGY. ELECTRON HEATING

As was established above, the heating of the ions is
described fully by Eq. (24). The rate of heating is de-
termined by the effective frequency of the inelastic scat-
tering of the ions vyy, and the velocity of spatial diffu-
sion is determined by the elastic-scattering frequency
Voo Taking the corresponding moments of the distri-
bution function in the heating equation, we obtain the
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momentum balance and the energy balance for the
plasma plus wave system. From the energy balance it
follows, in particular, that the thermal energy in the
plasma can increase only as a result of a loss in the
wave energy. In order for the wave energy to be main-
tained at a definite level, it is necessary to perform
work on the waves. We shall show that this work is per-
formed by the electric field of the hydromagnetic wave,
and that such work is performed on the waves only dur-
ing the process of their radiation (absorption).

To this end, in order to clarify the picture of the
phenomenon, we use for the description of the plasma
the equations of two-fluid hydrodynamics, in which we
average over the scales of the time 7 3> 1/w and length
> VTe/“’He' The balance of the forces acting on the
ions and the electrons, with account of the cylindrical
symmetry, takes the form

dl)n'
Mn -—— = enk,,
n en.
dvgi
Mn‘d; = enEy + (Fy),
0= —enk, — el
c
env,H
0= —enE,+ +(F). (28)

c

Here vrj, Vgi, Vre, and Vpe are the amplitude values of
the electron and ion velocity components in the magneto-
sonic wave. The radial field E, due to charge separa-
tion in the wave causes the electrons to drift in the
azimuthal direction with a velocity v ,q = cEr/H, which
we called the current velocity. The quantities (Fi) and
(Fe) are the effective forces of ‘“friction’’ of the ions
and electrons against the oscillations. Thus (Fj) de-
notes physically the summary effect of a large number
of acts of exchange of momentum between the resonant
ions and the oscillations, and is obtained as a result of
averaging the expression

(F:) = (eninEn) = § dk% {e(/En+x c)dv

. R
= dkﬂTj En|? (k%) 8(0 —kv)dv =2 § ykNydk, (29)

where
ni =\ fndv, Ey={dtdiE(r, t)exp (—i(ot—kr)},

fu= S didrf(r, t)exp {—i(ot —kr)}.

Similarly, we determine (Fg) as a result of averaging
of the expression — (eng E.). However, in the deriva-
tion of (Fe) we cannot confine ourselves only to allow-
ance for the linear absorption of the oscillations by the
resonant electrons. As will be shown below, the non-
linear effects of absorption of oscillations by the elec-
trons become much more important, when the amplitude
of the noise is sufficiently large. In the noise saturation
regime (Ni = 0), the linear increment y; + v of the
buildup of the oscillations by the ions and electrons be-
comes comparable with the nonlinear decrement y¢(E)
of oscillation damping by the electrons. Therefore the
friction force (Fe) is best introduced phenomenologic-
ally:

(Foy = —2 { yo(M) ki dk.

It is easy to verify that (Fg) = —(Fj). It is clear that
the effective friction force (Fg) can arise in the case
when yj + v # 0.
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When the amplitude value of the current velocity
cEy/H rises to a value exceeding the threshold value u*,
electrostatic oscillations begin to be excited. As a re-
sult of interaction with the oscillations, a friction force
(Fe) is produced, causing radial drift of the electrons.
In the magnetosonic wave, the ions are not magnetized
and their drift current can be neglected. The radial
drift current of the electrons equals

) = —endver = — | kLye(N)Nu dk (30)
The work performed by the current §j, in the radial
electric field E,. of the hydromagnetic wave, is obviously

SW = 8j,E, = ;I_Eﬁ k1yels dk = § kuyeV,, dk. (31)
This work is always positive 6W > 0, i.e., the mhd wave
glves up energy. On the other hand, 1f Yi*tYe= 0, then
6W = 0. There is no adiabatic work on the osc111at10ns
under conditions when Ny = 0.

In the foregoing analysis, it was tacitly assumed
throughout that in a quasi-stationary magnetosonic
wave, the amplitude of which is maintained by the work
of an external circuit, a quasi-stationary noise level is
established. This statement must be justified.

Indeed, two physically different possibilities arise in
the solution of the equation (18) for the noise spectrum.
Either the noise growth rate is small, so that no limita-
tion of the amplitude growth is produced by the non-
linear effect during a half-cycle of the current oscilla-
tion 7/Q (Q = 27f), or else the rate of noise increase is
large and saturation sets in within a time 7 which is
much shorter than the half-cycle 7/Q of the current os-
cillations. Let us derive the condition under which the
second assumption is valid. From (18) we obtain the
following estimate:

T o

Wk, max \
n{ ) — 2§ e () dt<2 § Yman (8)
0 0 0

(32)

where wpy is the initial level of the fluctuations, and
Wk max is the maximum energy density of the noise.
In accordance with formula (10) for ypax(t), we ob-
tain for the quasi-periodic process u(t) = uo sin Qt
Ya (kw):  Ym kug?

: Uo
I'Yz max| = — — = — sin? Qt < We,i
2 kvm 2 Uri Urq

(33)

sin2 Q1.

Averaging in (32) v max over the half-cycle 7/Q, we get
/Q

22 Uy e, i
. o T Oei 34
§ 'thax(’:)dt 29 o Deyi - ore 4f ( )

Substituting (34) in the estimate (32), we obtain the fol-
lowing criterion:

o B (thner).
Uri e, § Wo

(35)

When this criterion is satisfied, the noise has time to
reach saturation at the instants of time when the current
velocity is greatly in excess of the threshold value u*.
This criterion establishes also a certain threshold value
of the current velocity u*, in addition to (9) and (11).

The energy given up by the hydromagnetic wave to the
plasma per unit time will go in the quasi-stationary
mode to increase the density of the thermal energy of the
electrons and the ions. The energy balance is given by

nTe+4nT; = S kuy, Ny dk. (36)

AREF’EV

The heating of the electrons will be the result of non-
linear processes. To estimate this heating it is neces-
sary to know the rate of heating of the ions nTj. It ob-
viously equals the work of the resonant ions in the field
of the excited oscillations. We have

. 1
nly =\ dk_S ev(uEx’ C.c.)dv

_ac® ez'Ehlz(,) S( 0f\6(m_kv)dv = { vioMudk.  (37)
with the aid of (36) and (37) we get

nl; Syl(okadk

(38)

nT. + nT; K vekuV, dk

It still does not follow from the obtained estimate that
the electrons are heated, but if they are heated, then the
estimate (38) makes it possible to estimate roughly the
rate of their heating. It can be said that the rate of elec-
tron heating, at least, is not much larger than the rate
of ion heating. However, this is already sufficient to es-
tablish the limiting temperature of the electrons under
the conditions of the experiments of!!!. We shall assume
that the main source of losses for the electrons is cool-
ing by the ‘‘cold’’ end surfaces of the system as a result
of the thermal conductivity along the magnetic field.

The temperature can be estimated on the basis of the
following equation:

nTlete \ aT,

e (39)

. . d
nTe=nT; —i——éz( 3

which includes heating of the electrons as a result of
nonlinear processes, the order of magnitude of which is
nTj (it will be established below that nTj < we jnmu 2/2).
Here, Te = Vg j = 3.5 x 10 TY?/nsec. In the case of low
electron temperatures Te ~ (1—2) eV we have vg i
Comparing the heatmg and cooling rates in (39),
we obtain a simple estimate for the limiting tempera-
ture of the electrons

~ We,i-

1.6-10-12¢,T, << Lmu, (40)

where L is the characteristic longitudinal dimension
(L ~ l/k ). Substltutmg in (40) the numerical values
L ~ 50 cm and u ~ 107 cm/sec from!'?, we get

e S 3eV.

4. CONCLUSION

As shown above, a hydrodynamic wave gives up en-
ergy to the plasma, and its quasi-stationary level is
maintained by the generator. By wave damping it is
natural to mean the reciprocal of the time over which
the wave energy H® /87 is completely absorbed by the
plasma. The Q-factor connected with this damping is
defined as £2/26. To determine these quantities it is
necessary to know the energy density of the oscillations
at any instant of time. To this end, strictly speaking, it
is necessary to solve Eq. (22) for the spectral density
Ni(t). The noise amplitude is limited by nonlinear
effects, a fact accounted for in this equation by intro-
duction of the nonlinear decrement y¢(N). We note also
one important feature of the oscillations considered
here. If we use the real part Re € in (2) and calculate
with the aid of (20) the energy of the oscillations, then
it turns out that the unstable waves in this case will be
those with negative energy wy = Nywy < 0.
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The nonlinearities connected with the ion oscillations
cannot lead to limitation of the amplitude. To the con-
trary, when account is taken of the nonlinear interac-
tion, the noise amplitude can only increase. Therefore
the main nonlinearities that lead to limitation of the
amplitude must be sought in the allowance for the elec-
tron oscillations.

The noise energy density w can be roughly estimated
as follows. It is obvious that the amplitude of the elec-
tron velocity oscillations v cannot exceed the phase
velocity of the unstable oscillations w/k ~ u. The energy
density of the oscillatory motion of the electrons
nmv’ /2 can be assumed to be the limiting energy den-
sity of the oscillations. If we substitute this estimate
in (37), we obtain the following expression for the ion
heating rate:
nmu?

2

It is now easy to determine the damping 6 and the fac-
tor Q. They are equal to

(41)

nTi =~ S ’Yﬂl})ldkg We,i
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For a direct magnetosonic wave we obtain with the aid
of (1) the current velocity

L @ He
oui VannM '
If we substitute this value in (42), we get
__@ _ Oei (43)
b= (og,,-7 0= 2Q

To compare the present theory with experiment!!?,
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we use the numerical values given at the beginning of
the article, and also the formulas (27) and (40) for the
limiting temperatures T and Tg, and (43) for the Q and
the damping. Such a comparison of the present theory
with experiment is performed in detail in'"?. We there-
fore only summarize here the already performed com-
parison. As a result we get that for protons Tj
< 200 eV, for the electrons Tg ~ 3 eV, so that the con-
dition T; > T, is certainly satisfied; u/vTj ~
~ pyi/(ro/2) ~1/3, 6 ~2x 10" sec™, and Q = 3.5.

In conclusion, I take this opportunity to express deep
gratitude to L. I. Rudakov, under whose direction the
present work was performed.
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