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The thermodynamic equilibrium of a system consisting of a disordered crystal and monatomic gas,

both with isotopic impurities, is considered. The difference between the isotopic masses is arbitrary.
The free energy of the imperfect crystal, the chemical potentials of the isotopes, the partial vapor
pressures, and the dependence of the isotopic separation coefficient on the difference between isotopic
masses and the temperature are evaluated to the first power of the small concentration of the minority
constituent. The quantum effects connected with the structure of the vibrational spectrum of the imper-

fect crystal are shown to be of importance in investigations of the equilibrium of a quantum crystals

with a monatomic gas.

THE introduction of a small amount of impurities in a
crystal lattice changes significantly the spectrum of its
oscillations, leading in many cases to the occurrence of
local and resonant oscillation modes!™®!. Such a change
in the vibrational spectrum is reflected also in a change
in the thermodynamic properties of a crystal with de-
fects® 7?1 The simplest to consider is an isotopic
defect in a crystal, for in this case the dynamic and
thermodynamic problems can be solved completely. In
particular, it is of interest to consider the therinody-
namic equilibrium of a system consisting of a gas and a
crystal containing isotopic defects. Such a problem was
considered many times!®**"'*1 and it was shown that in
the classical limit of high temperatures the differences
of the chemical potentials of different isotopes do not
depend on the aggregate state. Accordingly, the vapor
tensions of different isotopes are identical, and the iso-
tope separation coefficient is equal to unity.

Deviations from these classical laws were obtained
when account was taken of quantum effects. In the gas
phase, the quantum phenomena are connected with the
presence of vibrational and rotational degrees of free-
dom in a polyatomic gas. In the crystalline phase, the
quantum corrections were calculated with the aid of
thermodynamic perturbation theory, in which the expan-
sion was in terms of the parameter ﬁwL/T, where T is
the temperature and hwy, is the maximum characteristic
vibrational energy of the crystal. There are, however,
crystals for which the melting temperature is lower
than or of the order of the maximum frequency of lattice
vibration. For example, the crystal LiH has a melting
temperature Ty = 961°K'*®! and hwy, = 1380° K7™,
Thermodynamic perturbation theory is not applicable in
this case. Nonetheless, the calculations can be carried
out by using the method, developed by I. Lifshitz and
Stepanova'®!, of expanding the thermodynamic functions
in terms of the small impurity concentration.

We use this method in the present paper to consider
the thermodynamic equilibrium of a system consisting
of a gas and a crystal with defects. To calculate the
free energy we used the solution of the dynamic problem

for a crystal with defects, obtained int"'!#2%1 py ex-

pansion in terms of the concentration. For simplicity
we consider the case of a monatomic cubic crystal in
equilibrium with a monatomic classical gas. The quan-
tum effects are due in this case only to the crystal with
the isotopic defects. The difference between the isotope
masses is assumed to be arbitrary, and the impurity
concentration is assumed small. We calculate the free
energy of the crystal with defects in an approximation
linear in the concentration, the chemical potentials, the
partial vapor pressure, and the dependence of the iso-
tope separation coefficient on the isotope mass differ-
ence and on the temperature.

1. FREE ENERGY OF CRYSTAL WITH DEFECTS

The vibrational part of the partition function of the
crystal with defects, at a fixed location of the impuri-
ties, characterized by the symbol A, can be represented
in the form®™!

ZA—H[ hmv(k) }1’ ()
oy(A)
where hw,(A)—vibrational energy levels of the crystal
with defects. The quantity z) can be written down in the
usual manner in terms of the distribution function of the
frequencies of the defective crystal g (w?)!%!:
0, M)

2 = exp {—— dcozgx(mz)ln[ 2sh g?—]} , (2)

where wp,(A)—
trum.

It will be convenient for us to make use of the con-
nection between g) (»?) and the time-dependent Fourier
component of the retarded Green’s function of the lattice
vibration!*! D (L, U w? + 2iwd):

maximum frequency in the crystal spec-

0(0%) = ———1 {jZ‘ S1 [ — Ca(1)] Daa® (L I; 02 + 2icod)
la
M“ 2 Cr () Daa (1 1; 02 + 2i0d) | (3)
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S dr et(o+id)T GugR(l, U, 1),

GapR (L, V;7) = —i{[u*(l; 0),ud(l’;
{,t>0
0,1<<0’

DogR (L1 02+ 2i08) =

)P o(r),

8(v)= 4)
Here u®(l; 7)—a-component of the displacement of the
[-th atom at the instant of time 7; the square brackets
denote the commutator, and the angle brackets denote
averaging over the ground state; i6 — i0; C) (!) equals
unity if the site ! is occupied by an impurity, and equals
zero if the site belongs to the host lattice. In this nota-
tion, the summation over ! should be carried out over
the entire lattice; Mj and Mjj—masses of the host and
impurity atoms.

Let a crystal consisting of N atoms contain Ny de-
fect sites, and let the number of atoms of the host
lattice be Ny = N — Ny1. Averaging (2) over the random
distribution of the non-interacting impurities we obtain
for the partition function of the crystal

Z = ZZ;.

Here z differs from z from (2) in that g) (w?) is re-
placed by g(w?) = g, (w?)—the frequency distribution func-
tion (3) averaged over the positions of the impurity
atoms. Using the results of!™!!¥ 28] in the approxima-
tion linear in the concentration, we obtain for a mon-
atomic cubic crystal the following convenient expression
for g(w?®):

NI

Nil Nyl (3)

8 (w?) = 3V{ p (02) — cuew? (62) ¢’ (0?)

2 1—

-+ cn 6: v(w) I’ (0?)— cu — v (@?) -+ cu _J’IS(.O: v(02) } R (6)
where cyj—impurity concentration,
)= o 2 § o= o), @
1oty = — 2GR EE @)
p'(0?) = = 0(?), (9)
, d 7 (Q2)dQ?

I(of) = s 1 (@) = — L_)QZ_, (10)
Al0?) = [1+ e (0?) 1{[1 + e0 (0?) ] + [rew?p(w?) 13-, (11)
v(0?) = [reo?p (02) ] {[1 + ew¥ (02) ]2 + [new?p(w?) ]2}, (12)

vo—volume of unit cell.
It is shown in Appendix 1 that g(w?) from (6) satisfies
the necessary normalization condition

o

S g(0?)do? = 3N. (13)
0
Substituting (6) in (5) we get
W(B WT)N (emIT) N, (14)
where -
ho
W= 8T§ da? p (?) ln[ZshzT] (15)
W = 3T K dw? L—t‘mz A (02) o’ (02) + s—mzy(oﬂ) I'(0?)
6 a
1 1— h
— )+ —— y(m’)]ln[Zsh%:’. (16)
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Then the free energy of the crystal in the approximation
linear in the concentration is written in the form
F = TN(CIIIDCII+C[]n CI) +N(p,+6np,,), (17)

and the chemical potential of the atoms of the first and
second sorts are equal to

ur = T1n01+p.,
umng = Tlncu—{—p-l—u'.

(18)
(19)

It is seen from (15) and (16) that . is the chemical
potential of the atoms of the pure lattice, and yu’ gives
the change of the chemical potential due to the realign-
ment of the vibrational spectrum of the crystal in the
presence of the impurities. The free energy of the de-
fective crystal was calculated earlier in{"® !, Inl”
the free energy was expressed in terms of a multiply-
valued function of the shear. Since the shear function
has discontinuities in the region of the frequencies of
the continuous spectrum in the presence of resonant or
even local vibrations™ *2%) it is essential to take cor-
rect account of this discontinuity in the various choices
of the branches. The expression obtained in the present
paper for the free energy is in terms of the derivative
of the shear function, which is a single-valued function.
It coincides with the expression of!™! if one uses for the
shear function in'™ the positive branch when € > 0 and
the negative branch when € < 0. The question of the
choice of the branches of the shear function were dis-
cussed earlier in a paper by one of the authors 7.

2. PARTIAL VAPOR TENSIONS AND ISOTOPE SEPAR-
ATION COEFFICIENT

It is necessary to add to the values of the chemical
potentials (18) and (19) an electronic part g, which we
shall assume to be the same for the different isotopes
in the same aggregate state, but different for the crys-
tal and the gas.

The equilibrium of the phases is characterized by
equality of the temperatures, pressures, and chemical
potentials:

(MI -+ He) cryst: == (P-I + He,)gam (20)
(par + pe) cryst = (a1 4 e )gas. (21)
For a monatomic classical gas we have(**
Cip / 2nh2 \
Y] a

(i—species of isotope, P—gas pressure).
From (20) and (21), substituting (18), (19), and (22),
we get for the partial vapor tensions the expression
P;= (Ci)gasp = Poi(ci) cryst 5 (23)
where the vapor tensions of each of the isotopes are

ToMyr (e} cryst — (1e')gas 4 1

Po= (nhE): “XP{ T } (24)
TSh Myl eryst — (1) 7
Pon — (23-[’121)13/2 exp (Me)leryst (uT)gas+u+u } (25)

Thus, P coincides with the vapor tension of the pure
main isotope I, and Py is not equal to the vapor tension
of the pure isotope II. We shall find it convenient in

DThe authors L. P. I. and A. A. K. are deeply grateful to I. M.
Lifshitz for a discussion of this question.
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what follows to consider the quantity

Por — Pyt

Py (26)

=1—(1—e)” exp(%) ,
which does not depend on pe and is expressed in terms
of the change of the chemical potential in the defective
lattice u’.

Calculating (20) and (21) term by term and substitut-
ing (18), (19), and (22), we obtain an expression for the
isotope separation coefficient «:

—1m| & }_ — — g)%heWIT
lna-——.ln[\ cx)cryst,(m)gas = —In{(1 — &) "%enIT}.

The obtained expressions (26) and (27) are valid in
both the quantum and the classical regions of the tem-
peratures and for an arbitrary isotope mass difference.
In Appendix 2 it is shown that in the classical limit of
high temperatures u’ tends to equal the difference of the
chemical potentials of the pure isotopes II and II:

(27)

HllT—»o = ILIO - !.lno = 3/2T1n(1 - 8).

From this we get the correct classical limit for (26) and
(27): Pgy=Pypand o = 1.

In the case of a small isotope mass difference
(le] <« 1) we get from (16)

ﬂ)l "'P()Il

€
o= 5 BT —E(D)],

(28)

&

RN Y 29
o 1+2T{3T E(T)} (29)
Here E(T)—total vibrational energy per atom in the
lattice of the host crystal:

E(T)=3{ dup (0’ ho (n(0)+1/2),

n () = (e"/T — 1)L

(30)

Expanding n(w) in powers of fiw/T in the high-tem-
perature limit and retaining the first term of the expan-
sion, we obtain the first quantum correction to the
classical limit:

e § 0% (0?)de?, (31)

8 I 3ﬁz
w77 EMI=—%p

which agrees with the previously obtained results**!%],

Let us find now the dependence of the quantities
(Po1 — Porn)/Por and @ on € = (Mp — Myy)/Mg for the
following cases: 1) a light isotopic defect 0 < € < 1,
and 2) a heavy defect |e| > 1, € < 0.

1) 0< €cr < € < 1. Here ecp—critical value at
which a local vibration appears in the spectrum of the
lattice. For typical ionic crystals €cy 2 0.5. In this
case y(w?) from (12) can be represented near the local
frequency wo > wy, in the form

(32)

v(0?) = nlewi]’ (0?) — 05 2] 16 (02 — we?).

When w < wy,, formula (12) remains in force. Then
u’ from (16) can be written in the form
0z?
h
W= 3T{ § dmZ[— stA(mz)ln( 23h2—(;,>} o (?)

+%~ .,S dwz[ emzl’(mz)—(o—i-]y(mz)ln< 2 shzﬁy—‘(ll)}

+3T1n(2sh2—T-> (33)
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This expression simplifies somewhat for the case of a
very light defect, when € < 1 and wo>»> wy,. Since the
impurity atom oscillates in this case essentially at the
local frequency, the quantity y (w®) is approximated at
this frequency by expression (32) and by zero at all
other frequencies. In other words the contribution of the
local frequency to the normalization integral (Al.5) is
practically equal to unity, i.e.,

Sdmz 1=

It follows therefore that, at the indicated accuracy,

1 7t
> [eor '(moz)—m} o(mZ—w02)=1+o(%§;). (34)

17 1—
[cron— 2]~ &
and from (Al.3) we get
_ 1 _ 8(1)02 4 ew? wr?
Alo?) = 1—e 1—e(of—w?) (1 —e) oo (—(0?>
(36)

Substituting (34) and (35) in (33), we obtain finally an
expression that is valid in the entire temperature region:

ot

u’=3T§ dwz(-—’l—l—(———z)swzp (m2)1n[2sh }

+3T1n[2sh—’21?;'. (37)
Therefore (P,y— P 11)/P g and a are determined with
the aid of formulas (26) and (27).

To determine the direction in which « deviates from
its classical limit, which equals unity, it is sufficient
to calculate the first quantum correction to this classical
limit. Using the expansion

h2w?
2412 " 7

ln[2sh§—;] In -9, o
we shall find the first quantum correction to u’ from
(37) in the classical limit T > Awo > Awy,. As shown in
Appendix 2, the integration of the first term of this
expansion gives the value g’ =—(3/2)TIn (1 — €). The
second term can be integrated approximately by using
for A(w®) the expression (36) and assuming that y (w?)
differs from zero only near the local frequency wo.
Then, recognizing that

—ee (o) = 1

(1)02 =~

= § p(o?)oder,
— &

we get

—_3
W=—2Th(- )+24~T<m2>\1 ) (38)

and from (26) and (27) we get

Por — Porr 32 (w?) [ 2 — e 3P 2—et
Pu ='1_9Xp{ 2472 ( 1—s>}_— %72 <T—;>
(39)

_ 3n2{w?) /2 —e? 40
o=t (725 ) (#0)

We found that @ < 1 in the case of light defects; this
means that the relative concentration of the light iso-
tope is larger in the gas than in the crystal.

2) €< 0, |e] > 1. If the conditions for the existence
of the resonant mode are satisfied, then at the resonant
frequency wiog = €[ Mw™)™, where (w™®) = [p(0*)w dw?
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the quantity y(w?) is well approximated by the expres-
sion

1 -1
n[ Lol (o) | 8(02 — wfes). (41)
(0] J
Ies
From the normalization condition (Al.5) we get
b ety Ll
“’fes |5]‘0resJ ((Dres)— Iel(ﬁies (42)
and from the dispersion relation (Al.4) we have
1 o 1
Afo?) = s (43)

T (el THef o2, —o?

Substituting these approximate expressions for A(w?)
and y(w? in (16), we get

1 [&] ores 1
r— a7 ¢ ged — } 207 (@2
K S (011+|s| 1+]e] o, —w? lefop’(0?)
o ho A pes 7
X111[2sh?]7]+3T1n[25h~—27~J (44)

Calculating the first quantum correction in the classical
limit T/fi > w],, we again find that the direction in
which the quantities (P — P.y)/Pand p’ deviates from
its values in the classical limit. We find that the heavier
isotope has a smaller vapor tension and its relative
concentration in the solid phase is larger than in the

gas phase.

By way of illustration, we have calculated the separa-
tion coefficient o in a wide temperature range for
several values of €. The calculations were made for a
cubic face-centered crystal with central nearest-neigh-
bor interaction. The results are shown in the figure.
The critical value ecy for the chosen model of the crys-
tal is €cp = 0.24. Consequently, the curve with € = 0.2
corresponds to the case when there is still no local
oscillation, and the curve with € = 0.3 to the case when
it has just appeared. The value € = 0.3 corresponds to a
local-oscillation frequency wo = 1.0078w7,, and when
€ = 0.9 we get wo = 2.2654wy,. The frequency of the
resonant oscillation at € = —10 is wyeg = 0.175w7 .

It is seen from the figure that when € > 0 the separa-
tion coefficient o < 1 in the entire region of tempera-
tures. Similarly, when € < 0, we have o > 1. In both
cases a is a monotonic function of the temperature. The
characteristic temperature at which « tends to the
classical limit, equal to unity, turns out to be essentially
dependent on ¢, i.e., on the isotope mass difference.

In conclusion, we note once more that in the quantum
region of temperatures ¢ differs appreciably from the
classical value unity. This indicates that it is necessary

G. BENEDEC, et al.

to take into account quantum effects due to the crystal
lattice in investigations of the thermodynamic equili-
brium of a polyatomic gas with polyatomic crystals
having a Debye temperature close to the melting tem-
perature.

The authors I. P. I. and A. A. K. are deeply grateful
to Yu. M. Kagan, M. A. Krivoglaz and V. I. Perel’ for
useful discussions.

APPENDIX I

The function g(w?) from (6), calculated in the approxi-
mation linear in the concentration cyy, should satisfy the
normalization condition

S g(0?)dn? = 3N.
0
To prove this, we use the condition for normalization
of the frequency distribution function of the pure main
lattice

(A1.1)

{ o(0?)do? =1 (A1.2)
0

and the dispersion relation connecting the real and im-
aginary parts of the analytic function (u(w?% — 1/(1 — €)).
This relation can be obtained by a method similar to the
derivation of the dispersion relations for the dielectric

constant®”). In the presence of a local oscillation in the
frequency spectrum of the crystal, it takes the form
op?
1 1 y(Q 1 ]»1 1
2) — —_ 2. 27/ (o0 2Y o -
Aw?) 1—e nog QZ—mZdQ [emol(mo) 0t J 0l —?
or? P o
1 V(&) o, 1 v(R%) 1 ¢ y(R)des
= — —_—— —— Q2% = — ——
n 05 Qz—mzdg T““,Sz Q — @? @ n;DS (Q2— w?)p
(A1.3)

The second term in the right side of this relation is due
to the pole y(wz) at the local frequency. The last
integral in (Al.3) is taken in the sense of the principal
value with respect to the denominator of the integrand.
Putting w? = 0 in (A1.3), we get

v(2?)
QZ

AO)—— 15 age. (A1.4)

1—e T

[}
From (11) we see that A(0) = 1. Consequently, from
(Al.4) we have

TAze YO gy,
b e [0
Formulas (Al.2) and (A1.5) make it possible to calculate
the integral with respect to frequency of the first and
second terms in (6).
The integral of the third term in (6), after substitut-
ing (10) and taking (A1.3) into account, reduces to the
form

(A1.5)

S do? %mi y(0?) ' (0?)= S do’ew?A (0?)p’ (0?) 4
0

0

£
1—e

. (AL.6)

The integral of the fourth term in (6) is taken with the
aid of (Al.5):

(A1.7)

1
1 —
11

Substituting (A1.2), (A1.5), and (A1.6), and (A1.7) into
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the integral with respect to frequency of (6) we can
verify that condition (Al.1) is satisfied.

APPENDIX II

To obtain the classical limit of u’, we replace
In[2sinh(fiw/2T)] in (16) by

and rewrite the curly bracket of (16) in the manner used
in(®:107 .

TT d
f— — —\ dw? 2_— — 0R) 3
w 2n§ mlnwdmz In(1 — ADOR)
T d
= — — \ do?ln 0> ——In [[I — ADOR||, A2.1
zn§ 0210 0? = In 1 — ADOF]| (A2.1)

where A = Mpew®/h and A = Ab;D7y/0 o g Substituting the
determinant ||[LL7|| = 1 under the logarithm sign, where

M 1
Lap(l,V; 0% 2i0d) = T‘(mz + 2i0d) dapdy — - Dap (4 V)

and ®4(/, I') are the elements of the dynamic matrix,
we transform (A2.1) into

IIZ — All
Il

T o
[ 2 2 __
w= o S do’ln o do ImIn
T d
—_—— 2 2__ J— - . .
2n§ do*Ino? ——Im{(In L —21)— I ILI}.  (A2.2)

The determinants in (A2.2) coincide with the secular
determinants of the ideal crystal (]|L||) and a crystal
containing one impurity atom (||L — X |). We denote the
eigenfrequencies of these two determinants by w g and
wg. We then get for p’

W= % In]] 02— %ln 1T @

T | ‘ T . ,
= ?ln IIM; /“DM; bl — ?ln [| M~ DM}, (A2.3)
where
% B\ - i\
Mo (1) = <71) dapdu, Mt (Il ):( E) Bupbi.
We finally get
, T MY 3T
W _—2—11171"]—"‘3517— TIn(l—e). (A2.4)

1. M. Lifshitz, Zh. Eksp. Teor. Fiz. 17, 1017 (1947)
and 18, 293 (1948); Nuovo Cimento 3, Suppl. No. 3, 716
(1956).

?E. N. Montroll and R. B. Potts, Phys. Rev. 100, 525
(1955).

®Yu. Kagan and Ya. A. Iosilevskil, Zh. Eksp. Teor.
Fiz. 42, 259 (1962) and 44, 284 (1963) [Sov. Phys.-JETP
15, 182 (1962) and 17, 195 (1963)].

‘R. Brout and W. Visscher, Phys. Rev. Lett. 9, 54
(1963).

®G. W. Lehman and R. E. de Wames, Phys. Rev. Lett.
9, 344 (1962).

®S. Takeno, Progr. Theor. Phys. 29, 191 (1963).

"I. M. Lifshitz, Usp. Mat. Nauk 7, 170 (1952).

®1. M. Lifsthiz and G. I. Stepanova, Zh. Eksp. Teor.
Fiz. 30, 938 (1956); 31, 156 (1956); 33, 485 (1957) [Sov.
Phys.-JETP 3, 656 (1956); 4, 151 (1957); 6, 379 (1958)].

°I. Prigogine and J. Jeener, Physica 20, 516 (1954).

' A. Maradudin, E. Montroll, and J. Weiss, Theory
of Lattice Dynamics in the Harmonic Approximation,
Solid State Physics, Suppl. 3, Academic.

A, A. Maradudin, Astrophysics and Many- Body
Problem, N.Y., 1963, p. 107.

2A. A. Maradudin, Phonons and Phonon Interaction,
N. Y., 1964, p. 424.

B L. D. Landau and E. M. Lifsthiz, Statisticheskaya
fizika (Statistical Physics), Gostekhizdat, 1951 [Addison-
Wesley, 1958].

*J. Bigeleisen, J. Chem. Phys. 34, 1485 (1961).

*G. Boato and G. Casanova, Isotopic and Cosmic
Chemistry, Amsterdam, 1964, p. 16.

C. E. Messer, E. B. Damon, P. C. Maybury, J.
Meller, and R. A. Seals, J. Phys. Chem. 62, 220 (1958).
7G. Benedec, Solid State Communic. 5, 101 (1967).

J. S. Langer, J. Math. Phys. 2, 584 (1961).

'R. W. Davies and J. S. Langer, Phys. Rev. 131, 163
(1963).

203, Takeno, Suppl. Progr. Theor. Phys. 23, 94 (1962);
29, 191 (1963); 30, 144 (1963).

2'1. P. Dzyub, Fiz. Tverd. Tela 6, 1866 (1964) and 6,
3691 (1964) [Sov. Phys.-Solid State 6, 1469 (1965) and
6, 2955 (1965)].

*R. J. Elliott and D. W. Taylor, Proc. Phys. Soc. 83,
189 (1964).

*3yu. Kagan and A. P. Zhernov, Zh. Eksp. Teor. Fiz.
50, 1107 (1966) [Sov. Phys.-JETP 23, 737 (1966)].

24R. J. Elliott and D. W. Taylor, Proc. Roy. Soc.
A296 (1967).

®A. A. Maradudin, Report on Progr. in Physics 28,
331 (1965).

26 yu. Kagan, Materialy shkoly po teorii defektov i
radiatsionnykh narushenii, Telavi 1965, (Proc. of School
on the Theory of Defects and Radiation Damage, Telavi
1965) Thbilisi 1966, p. 93.

"1,. D. Landau and E. M. Lifshitz, Elektrodinamika
sploshnykh sred, (Electrodynamics of Continuous Media),
Gostekhizdat, 1959, p. 342 [Addison Wesley, 1962].

Translated by J. G. Adashko
43



