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A theory is developed explaining the charge produced in the shape of the oscillation peak of the inter
band light absorption coefficient by interaction between electrons and optical phonons in crystals with 
a small ionic-bond fraction. The effect of spatial dispersion of the optical phonons on the shape of the 
magnetooptical absorption spectrum is investigated. It is found that spatial dispersion is important at 
magnetic field strengths satisfying the resonance condition Oc = Wo (Oc is the cyclotron frequency in the 
conduction band, wo is the limiting frequency of the longitudinal optical phonons). In this case the shape 
of the magnetooptic spectrum changes qualitatively, depending on the relation between the dimensionless 
electron-phonon coupling constant TJ and the dimensionless parameter 6 that characterizes the depen
dence of the optical phonon frequency on the wave vector qat small values of q. If TJ/6 < 1, there is one 
oscillation (an electron transition induced by light into the conduction band from the corresponding val
ence band level onto a level with a Landau quantum number n = 1 is considered), whose shape is related 
to 6 in a simple manner. But if the inequalities TJ 213 » o >> TJ 2 hold, then instead of one oscillation there 
will be two with very different shapes; one is less sloping and the other is narrow and high. The shape 
of the second maximum (which is located at lower light frequencies) depends on 6. By measuring the 
frequency dependence of the absorption coefficient when Oc = w0 one can obtain information regarding 
the dependence of the optical phonon frequency on q. 

THE magnetooptic absorption spectrum of certain 
semiconductors of the group was investigated recently 
experimentally and theoretically in magnetic fields such 
that the cyclotron frequency Oc is close to the limiting 
frequency w 0 of the longitudinal optical polarization 
phonon. A splitting of the peak of the light absorption 
coefficient, corresponding to a direct interband transi
tion to the level n = 1 of the conduction band (n-number 
of Landau bands) was observed under these conditions 
in InSb[11 . In the theory of this effect, the magnitude of 
the splitting of the peaks and the width of one of them 
were related to the electron-phonon interaction con
stants[21. The calculation in[21 was made under the as
sumption that the dependence of the phonon frequency on 
the wave vector w(q) can be approximated by a constant 
w0 • This assumption, which is valid apparently for InSb, 
is certainly not satisfied for a number of other III- V 
crystals, where very strong magnetic fields are neces
sary to satisfy the condition of doubling of the oscilla
tions. 

In the present communication we report the results 
of a theory of the shape of oscillations of the interband 
absorption coefficient applied in the magnetic field with 
allowance for the spatial dispersion of the optical 
phonons, and ascertain the conditions under which this 
dispersion is significant. 

1. FUNDAMENTAL RELATIONS 

We consider a cubic crystal in a constant homogene
ous magnetic field directed along one of the symmetry 
axes and satisfying the condition Oc'T > 1, where r is the 
lifetime of the given electronic state, and Oc = eH/mcc 
(e-electron charge, H-magnetic field, me-effective 
mass of the electron in the conduction band, c-velocity 

of light in vacuum). We assume that the conduction band 
(c-band) and the valence band (v-band) are nondegener
ate, parabolic, located in the center of the Brillouin 
zone, and that a direct dipole transition between them is 
allowed. 

We shall assume that the distortion of the electronic 
states and consequently the form of the magnetooptic 
oscillations is caused by the interaction of the electron 
with longitudinal optical phonons, and that the interaction 
itself is weak, as is the case in crystals with a small 
fraction of ionic bonding. In addition, we confine our
selves to the case of zero temperature, when the optical 
branches of the oscillations of the crystal are not exci
ted, and the interaction is effected only in processes in 
which optical phonons are emitted. 

The Hamiltonian of the interaction of the electrons 
and holes with the phonons is written in the form 

3f = ~ 2; ~ (CqJ,.,.,(q)bq + h.c . .]apa+apa', (1) 
p q an/ 

where the sum over p denotes summation over the states 
in the c- and v-bands; Iaa'(q)-matrix element of the 
operator exp(iq · r), calculated using the wave functions 
of the electron in the magnetic field; apa and ajja
operators of creation and annihilations of electrons 
(p = c) and holes (p = v), bq and bq-the same for 
phonons with wave vector q; a = (na, kza, kxa)-set of 
quantum numbers of the electron in the magnetic field 
directed along the z axis; 

I I 41taolo3 ( fiwo ) 2 c 2---q-v z,q' 
li 

l.}=--; 
2m,wo (2) 

a 0-dimensionless constant of the coupling of the elec-
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trons with the optical phononsr3 J: 

ao = e2 (21\wolo)-1 (eoo -l- eo-1); (3) 

Eo and Eoo- static and high- frequency dielectric constant; 
V-normalization volume. 

The light absorption coefficient K(w) is connected 
with the correction to the single- electron density ma
trix fa by the relation 

2n 2n e { "' , } K(w)=-cr(w)=--Re LJ P fa , 
cn0 cno mo a 

(4) 

where m0-mass of the free electron, P-matrix element 
of the momentum for the interband transition, n0-re
fractive index of light, a(w)-complex electric conduc
tivity, w-frequency of light. If the form of the magneto
optical oscillation does not depend on the scattering of 
the holes (and this takes place when the condition 
n c = Wo is satisfied in only one of the bands, say the 
e- band), then fa is determined by the single-partiele 
retarded Green's function Gr of the eleetron in the 
e-band: 

ieP 
fa = 2---;:--V Gr(a, (J) + Wva); 

rtWoWcv 

u!cv = Wea- Wva• Wca and Wva-frequencies of the 
eleetron in the c- and v- bands: 

<U,a = Q,,(na + 1/z) + Q,k2, 

k = kz~ lH = ( ell )';, 
12 eH 

w,a = -Wg- Q,(na + 1/,)- Q,k2, Q,, = eH/m,c, 

(5) 

(6) 

"-'g-width of forbidden band, and mv-effective mass of 
ho!e. 

In the approximation of zero electron density in the 
eonduetion band (it is assumed that the v-band is com
pletely filled and the c-band is empty), the electron 
retarded Green's funetion Gr coincides with the eausal 
funetion and is expressed in terms of the mass operator 
~ (0'' E): 

Gr(a, e) = [e- w,a- 2: (a, e)+ is]-•, S-+ 0, (7) 

~(a, E) can be ealeulated with the aid of the standard 
diagram teehnique. 

2. DETERMINATION OF THE SPECTRUM OF THE 
ELECTRON-PHONON SYSTEM 

We shall henceforth be interested in the magneto
optieal oscillation corresponding to the transition of the 
electron to the Landau level with n = 1 in the eonduetion 
band. 

The simplest diagram eontained in~ (a, E) (Fig. la) 
is given by the expression 

(8) 

If the magnetic field is elose to resonant, so that role 
"" Wo, then the eleetron proj eeted by the light to the level 
n '= 1 in the region of small values of kz, will, by virtue 
of the eonservation laws, emit phonons with small qz, 
and the q1 are limited, as usual, by the condition q1ZH 
S l. Therefore we can approximate w(q) in the denom-

a 

- /.--...... /:..--::, 
L_~ + 4<,......-~J + lrt )/1\.'-r-·

b 
FIG. I. Diagrams that must be taken into account in the calculation 

of the absorption coefficient: a- simplest diagram of phonon emission 
by an electron, b - renormalization of the simplest diagram. 

inator of (8) by a parabola: 
cu(q)= Wo 

X { 1 - Qc Oo [~~ ]} 
cuo Y2 

where the dimensionless parameter is 

~ - (2 )-•z-2 ~ il'cu(O) , uo- Wo o X LJ ---~1. 
i=• 3aqi' 

(9) 

(We eonsider below the case 6o > 0, which always holds 
in semiconductors.) Taking (9) into account,~ 11 reduees 
to the form 

Qc't} r r ue-u 
l:u = -- J du J dx -,----=-:-::--,.--,---:c---,,.--

n 0 -oo (u+.xZ)[y+lc-xZ+[ju+isJ 

C-Euler's constant. 

rlc 
6=-6o, 

Wo 

(10) 

In order to eliminate the infinite sum in (10), due to 
the nonresonant terms in the sum over ny in (8), it is 
necessary to renormalize ~ 11 in a manner shown in 
Fig. lb. Denoting the renormalized diagram by ~ 1 and 
replacing 

y- Qct]C- Qct]:L; n-'1• 
n=l 

in this diagram by y, we obtain for~ 1 (aecurate to terms 
~6): 

2 ., 
t1> (.x) =-= ~ e-'' dt. 

1n o 

The largest of the discarded diagrams (the simplest 
vertex part) is of the order of smallness 17 2/6. 

(11) 

The speetrum of the electron-phonon system is de
termined by the roots of the equation with respeet to y: 

Let us consider the solution of this equation in the limit
ing ease of small k at different relations between the 
individual parameters. 

Let initially A.= 0 and y /6 :s; 1. Then Eq. (12) reduees 



EFFECT OF SPATIAL DISPERSION OF OPTICAL PHONONS 185 

to 

(13) 

which has two roots: 

y_ =- iel'~ -(n + 2)82 ± a l'4ni8 +(4 + n)82 

6 1-n62 - 2i6l'n 
(14) 

If (! « 1, then (14) simplifies and 

i -
{j =- ifl18 ± 2'1•n'l• (1 + i)S'I•. (15) 

It is seen from (15) that the splitting of the levels 

l'iy = Re(v,-v2) = 2'1•n'1•6''• 

is smaller than their broadening, which equals - i..file, 
and consequently in this case two levels of the electron
phonon system (electron in the state n = 1 and electron 
in the state n = 0 plus one optical phonon) merge into 
one. If e < 1 then, as before, the uncertainty of the 
upper level is larger than ~ y, as can be most readily 
seen from Fig. 2, which shows plots of ~Y and Im y 
against e. 

In the other limiting case, when y /15 » 1, the two 
aforementioned levels can be resolved, since their width 
is smaller than the distance between them[21 • 

Thus, with decreasing parameter 1) /15, the distance 
~ y between the two terms of the electron-phonon sys
tem decreases from a value 71 213 (15 = 0) to 23121T 114e3 /2 (e 
« 1) and, starting with the values e < 1, the broadening 
of the upper level exceeds ~ y. This is connected with a 
decrease of the number of phonons capable of participat
ing in the transition of the electron from the level n = 1 
to the level n = 0. In such a transition, the laws of con
servation determine only the z-component of the mo
mentum of the created phonon, and if w(q) = wo, then the 
q1 are bounded by the condition q1ZH ~ 1. With increas
ing 15 , the law of energy conservation limits ql from 
above; the larger 15, the greater the limit:~.tion. Accord
ingly, the probability of the transition between the con
sidered Landau bands decreases, together with the dis
tance between terms, which depends on this probability. 

From the foregoing results it follows that if A = 0 and 
e :s 1, then the spectrum of the system depends essen
tially on the parameter 15 which characterizes the phonon 
spectrum. 

Let now the magnetic field be such that the system is 
far from resonance: I A I » y. Since in this case I A 1/15 
» 1, we have in (11): 

exp (A ~ 'I) [ 1 _ Q) ( VA 1 Y)] (16) 

{(6/nA)'I•, A> 0 

= ..::_i(6/niAI)''·, A<O 

and ~ 1 , together with the form of the spectrum, does not 
depend on 15. 

3. CALCULATION OF THE ABSORPTION COEFFI
CIENT 

The form of the magnetooptical oscillation is deter
mined by the density matrix fa introduced above, which, 
when simultaneous account is taken of the scattering of 
the electrons and the holes, is a solution of an integral 
equation of the kinetic type[41 • This equation can be 

FIG. 2. Dependence of the spectrum of tht 
electron-phonon spectrum on the parameter 
characterizing the spatial dispersion of the 
optical phonons. Curve I - difference between 
the upper and lower energy levels, equal to 
Re('Y1 - 'Yz ). Curve 2- sum of the widths of 
the upper and lower levels, equal to lm(--y1 -

'Yz ). Curve 3 - width of lower energy level 
equal to lm(--y1 ). 

y/6 

iterated with respect to the integral ("arrival") terms, 
if the scattering in one band (say, in the valence band) 
is small compared with the scattering in the other. As 
applied to the situation considered here (for a magneto
optical peak corresponding to transitions to the level 
n = 1, and satisfaction of the condition A = 0 in the 
c- band), the small parameter of the theory should be 
taken to be (mv15/mc) 112 (if TJ/15 « 1) or (mv/mc) 1121) 113 

(if TJ /15 » 1). These relations were obtained by compar
ing the simplest diagrams in the non-integral ("depar
ture'') terms of the kinetic equation and describing the 
scattering of the electrons and the holes. All this is 
valid if mv/mc < 1, when the hole can also carry out a 
real transition with emission of an optical phonon. On 
the other hand, if mv/mc >> 1, then the diagram corre
sponding to "departure" of holes from the given state 
can become large. However, in this case it is real, 
since nv << wo, and there can be no scattering of a hole 
with emission of a phonon. But then this diagram is 
eliminated by renormalization of the width of the for
bidden band, and the smallness of the integral terms in 
the equation will be determined by the parameters 
(mv/mc) 112 71/.lo (if 1)/15 « 1) or 1) 213 ..Jmv/mc (if 1)/15 
» 1). 

We consider below the case most frequently encoun
tered in semiconductors of the III- V type, when mc/mv 
< 1. When calculating K(w) in this case it is possible 
to neglect the dependence of the mass operator on kz, 
since the form of the peak is determined by small kz, 
and in addition, kz enters in~ 1 in the combination 
~mclmv. Using (4), (5), (7), and (11) we find that the 
absorption coefficient describing the oscillation n = 1 
equals: 

where 

K(w) = KoRe{r + i1J (ll/6)'"QCV~)}-' 1•, 

Q(x) = exp(x2)[1- Q)(x)~. x > 0, 

2" X 

Q(x)= exp(-x2) [ 1-l'~~ exp(t2)dt], x < 0, 
0 

Ko = n 1'2 e2 IP l2mc 
cno (2n) 21i2wgmo2ZH • 

(17) 

Let us consider the frequency dependence of K(w) at 
the resonance point (A = 0). In the region lr l/15 < 1, the 
function K(w) takes the form 
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2[K(w) I K0)2 = (.YB2 + ~tTJ2 I i'J +B) I (B2 + ~t1J2 /6), (18) 

where B = r if r > o and B = -lr I + 277/ffT/o if r < 0. 
The absorption in the region of optical frequencies 

satisfying the condition 1r 1/o > 1 is described by the 
formula 

2[ K~~) r =Cl'f2+TJ21f+f)/(f2+ T)2/f), r > 0; 

2[K(ro)l2= {[( -lfl+ T) )2 + ltT)2 e-Zirl/6r-lfi 
Ko \ l'l fl 6 · 

...L T) }[(-If!+-TJ Y+~~e-2lrl/6]-', f<O .. (19) 
I l'lfl l'lfl ' 6 

It is seen from (18) that at the points r1 = 0 and !'2 
= -41] 2/15 2 the values of K(w) coincide. If the point r2 
falls in the region II' I/o< 1 (i.e., if 477 2/15 2 < 1), then a 
maximum of K(w) is located between r1 and r2, and 
there is one oscillation. On the other hand, if 17/15 > 1, 
then formula (18) describes a very narrow interval of 
the absorption curve in the region of small r, and the 
main part of the oscillation is described by formula (19). 
In this case the picture changes essentially: at the point 
r 1 there is located a minimum of K(w), and maxima are 
located on both sides of this point (at r R:: ±1] 213). These 
maxima differ greatly in form: the right-hand one 
(r > 0) is more gently sloping and is determined by the 
parameter 17, while the left-hand one (r < 0) is narrow 
and tall, since its form is connected with the exponen
tial term in (19) and is determined by the parameter 
71 213/15. If the inequalities 

TJ'I•~6~T)2 

are satisfied, then the form of these peaks is described 
(within the framework of the given mechanism of inter
action) by the theory, since the largest of the discarded 
diagrams is ~71 2 /15. 

The form of K(w) for different limiting cases is 
shown in Fig. 3. In the case when 11/o < 1, the width of 
the obtained single oscillation is determined from 
formula (18), and equals 

in 'IJ l'n ao 
1\1 ~ --=-liQc = -_-liroo, 

)'6 2)'6 
(20) 

while the absorption coefficient at the maximum is 

[K(w) I Ko] = (ll I 4nTJ•)'I•. (21) 

If the magnetic field is far from resonance (lA I~ 1), 
then there is likewise only one oscillation, but its form 
ceases to depend on o, but is determined by the values 
of 71 and A. 

Thus, allowance for spatial dispersion of the phonons 

FIG. 3. Frequency dependence 
of the magnetooptical oscillation. 
Curve I corresponds to the case 
11/6 <I, curve 2-11/6 >I, 
112 /6 <<I, and curve 3- to the 
case 6 = 0, a1 ""111/3, a2 = 
( 6 I 41r112 )1/4. 

greatly influences the form of the magnetooptical os
cillations, changing qualitatively the form of the spec
trum. For example, if 11/15 < 1, then we should observe 
not two closely lying maxima, as is the case in weak 
dispersion, but only one, whose form is determined by 
the parameter o which characterizes the dependence of 
the frequency of the optical phonons on the wave vector 
q in the case of small q. The effect of the dependence 
of the form of the oscillation on the spatial dispersion 
of the phonons becomes manifest only if the condition 
nc = wo is satisfied. 

In what kinds of substances can we expect satisfac
tion of the inequality 71/15 < 1, when the influence of the 
spatial dispersion is most clearly pronounced? Since 
a2w/aq2 R:: woa2, where a is the lattice constant, it follows 
that 15 0 R:: (1/2)(a/ l 0) 2. On the other hand, in III- V crys
tals, the dimensionless coupling constant is 11 ~ 10-2. 
Therefore, satisfaction of the condition 11/0 < 1 can be 
expected in those cases when the optical length lo is not 
too large. Naturally, in this case, in order to obtain the 
resonance condition nc = w 0 (which is equivalent to the 
condition 2l5/ liJ = 1, strong magnetic fields are neces
sary. For example, in GaSb (a/ lo)2 ~ 6 x 10-2, the 
resonant magnetic field is 3 x 105 Oe, 71 = 10-2 , and 
71/0 ~ 1/3. 

Thus, in similar substances we can determine from 
the form of the magnetooptical oscillations the form of 
the spectrum of the optical phonons in the case of small 
momenta. 
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