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Several problems related to the dynamical formalism of the axiomatic approach to quantum field
theory are considered. A Wick theorem is derived, connecting the quasinormal and ordinary powers
of Heisenberg fields. The concept of generalized functional (variational) derivatives is introduced,

a concept which in renormalizable theories has allowed to linearize the equations proposed by
Medvedev for the current-like operators Ay. A number of theorems are proved for these operators.
An example of a theory with a finite number of nontrivial operators Ay is given and explicit repre-

sentations are obtained for the latter.
1. INTRODUCTION

IN order to construct a quantum field theory in any
form it is first of all necessary to introduce a set of
local Heisenberg operators. In the usual Hamiltonian
formalism the role of such operators is obviously
played by the Heisenberg field operators, but this ap-
proach leads, as is well known, to serious difficulties.
Another method of introducing point-dependent opera-
tors—and one which is natural in a theory based on a
scattering matrix—consists in deriving the local opera-
tors by variations of the scattering matrix with respect
to appropriate functional arguments, which can be in-
terpreted as classical external fields B 1j this case
the whole theory has to be formulated in terms of cur-
rents and current-like operators 2],

We note that such a theory could serve as the most
convenient dynamical starting point for all computa-
tions within the framework of the so-called current
algebra B3 1n themselves, such postulates as the equal-
time current commutation relations or PCAC could be
naturally interpreted in the axiomatic approach as ad-
ditional dynamical requirements, of the same type as
requiring definite degrees of growth, or of an even
stronger nature [*),

However, in order to get closer to the investigation
of such problems in the axiomatic method it is useful
to introduce the concept of Heisenberg field !?!

A@) = Tw(9(2)8) 8+ = o(e)— {dy Datv(z —y)j(y), (1-1)
where @(x) is the asymptotic out-field, and also to
learn how to define powers of such a field. Then the
dynamical principle of the theory could be formulated
in the form of the requirement
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where f[ A (x)] is a local function of the operators
A (x) of the form (1.1). In this sense the axiomatic

method somehow approaches a perfected formulation

DWe shall often use, without additional explanations, the notations
and concepts from [*?].
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of the Lagrangian method '°/, in which the principal
problem is that of representing nonlinear Heisenberg
fields as local functions of the operators A (x).

In the axiomatic approach the dynamics has to be
described by means of a set of current-like operators
Ay (X1....,Xy). These operators, as well as any other
Heisenberg operators have to be represented as infinite
Wick polynomials of the fields ¢ (x). (Finite Wick
polynomials obviously lead to a trivial S-matrix.) At
the same time we expect that a renormalizable theory
will involve only a finite number of nonvanishing opera-
tors Ap. One can reach such a conclusion considering,
for instance, the unitarity condition [6], or using the
analogy with perturbation theory !”). It would be con-
siderably simpler to establish this directly if one had
a dynamical law of the type (1.2) for the current, from
which one can further derive appropriate expressions
for the higher order current-like operators in the form
of quasilocal functions of the operators A (x). In
particular, in the framework of the Lagrangian formal-
ism such a procedure was realized with concrete ex-
amples in ref. (®,

In the framework of the axiomatic approach the
most natural product of Heisenberg operators is in
many respects the so-called quasinormal product (2%

No(A(m) ... A (@) = Twlig(@) ..o () : SI% (1 3)

It is just this product t5) which turned out to be the
most convenient for defining Heisenberg operators
which are nonlinear in the fields. However, such
products alone do not suffice, since, for example, the
commutators [A(x), A(y)] or [j(x),i(y)] consist of
ordinary products of Heisenberg operators. The same
is also true for Tp-products of currents, products
which play an important role in the theory.

It would therefore be very desirable to have at one’s
disposal something like a Wick theorem, relating or-
dinary and quasinormal products of fields. In the first
place we shall be interested in establishing such a re-
lation for products with coinciding arguments such as
can actually occur in (1.2). But it is a well-known fact
that products (of any kind) of fields at the same point
are not mathematically well-defined objects. It is
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therefore necessary each time to make a convention
as to what one means by the product of two fields at
the same point.

We shall see below that if one takes into account
these remarks there exists a class of theories in
which the relation between quasinormal and ordinary
products of fields at one point has the form of a Wick
theorem sui generis. The existence of such a relation
is closely related to the character of the current-like
operators Ap and in particular to the presence of
derivatives of delta functions in these operators.
Therefore, simultaneously with the derivation of the
Wick theorem we have to clarify the problem of the
number and structure of the current-like operators
Ay which determine the dynamics of the theory.

2. RELATIONS BETWEEN NQ AND THE ORDINARY
SQUARES AND CUBES OF THE FIELDS A (x)

Since obviously the first ordinary and quasinormal
powers of the operator A (x) coincide, the first prob-
lem arises if one compares the corresponding squares.
First we establish the relation between
NQ(A(x)A(y)) and the symmetrized product

{A(2), A@W)} =A@)A(y) +4(y)A (). (2.1)

V\[Ie start from the generalized Yang- Feldman equa-
tion #3¢]

No(A(D)A(y)) =0 (z)o(y) : — ip(z) Sdul)‘“‘” (y — u)SO(w)

— i (y) § dzDedv (z — 2)Sw(z) 4 2§ daduDede (z — z) Dade (y — u) S (u, z),

(2.2)
for the NQ-product of two fields (the radiative opera-
tors S and S are defined in!*?!). The idea of the
subsequent transformation consists in expressing
(cf. 1%} the radiative operators in terms of currents,
their usual products and functional derivatives of
currents. The terms involving the currents and their
products can be combined into the product of fields
(2.1) and the terms involving functional derivatives
remain. This leads to the relation

No(4(2)A(y)) = /{4 (2), A(y)} —

i Te — 6 ( )
+§—Sdzdu{D tHy — u) 50 ( )

i) Dedv(z —g) }

¢ (2

t/sDW(z — y)

-Dret(z — )
adv —
Dy —u) = (2.3)

Now one can also consider the equation of motion for

the operator j(z)*%:
S — 0=, 1@+ Aela ). @4
Then
No(A(x)A(y))="1/2{A(z),A(y)} = /DD (z —y)
+?S dzdu[Dret (y — u) Ag (1, 2) Dret (3 — z) + Dadv (y — u) 2.5)

XAg(u, z)Dedv(z — 1)] 4 é— S dz duD (x — z) D (y — u)[j (u),j(2)]

x{8(y—u)0(u—2)0(z—z)—8(x—2)0(z—u)0 (u —y)}.
We have thus derived a relation between

NQ(A(x)A(y)) and %{A(x), A(y)}, and it is ex-
pressed in terms of both the retarded current com-

et al.

mutator and the operator A,. We now make precise
the meaning of the Dyson Tp-product of the currents,
or, what amounts to the same from the viewpoint of the
definition, the meaning of the retarded current com-
mutator. Namely, we shall interpret it as a formal
product of the commutator [j(u), j (z)] with the
f-function 8 (u — z), defined by its Fourier represen-
tation. In!®'1 we have established (for the simplest
case of a vacuum expectation value) that this prescrip-
tion can be formulated in terms of definite rules which
make precise the method of analytic continuation into
the complex plane.

In the case x =y in which we are interested, the
last term of (2.5) will consist of a closed chain of
0-functions, which vanishes identically for the adopted
definition of retarded commutators. Regarding the
terms contalmng Az, they yield for x =y

——Mz(x z)_i—S dzduD(z—u)D(z— z) (2.6)

x{0(z —u)A2(u,2)0(z — )+ 0(n - z) A2(u,2) 06 (z — 2)].

It is clear that if the operator A:(u, z) would contain
only 6 (u — z) without its derivatives the integrations
over u or z could be done and one would again obtain
closed chains of 6-functions so that the contribution of
terms with A, to (2.7) would vanish.?’ However, in
general, A, is not a local, but a quasilocal operator,
which may contain derivatives of any order of the
delta function. We shall see below that already if it
contains the second time derivative the corresponding
term in (2.5) will yield nonvanishing results. There-
fore for x — y we obtain the final expression from
(2.5):

No(42(z)) = A%(z) — 'h,DN(0) + /siMs(z, z). (2.7)

In other words, the relation between NQ(A2 (x)) and
A?(x) has the form of a Wick theorem with the con-
traction
- (z, z) = i {iDV(0) + Ma(z, z)}, (2.8)
which now depends on the current-like operator, and
not the currents themselves.
Similarly one can establish a relation between

No(A(z)A(y)A(z)) and e{A(z), A(y), A(3)}.

The starting point will again be the generalized Yang-
Feldman equation ®°! (now for the Ng-product of
three fields) and the subsequent manipulations follow
the same plan as for the case of two fields. The result,
which we write directly for x =y = z, effecting the
obvious symmetrization, is
No(A%(z)) = 43(z) — 3/,DW(0) A ()
5 (z)
So(y)

+id(z) § dy dz Dret (z — y) 2 ((3)

+ § dyazduDrt(z — ) Dre (z—z)%z‘)

Separating here, as in the case for NQ(AZ) the terms

(2.9)

42§ dy dz Dret (2 — y) =2 Dret (z — 2) A ()

Dret ( z—

Dret(u — z).

DHere, of course, it is of the essence that we have chosen x =y
before integrating over u or z. This is in agreement with the known
circumstance that one may not carry out computations in a local
theory using as intermediate regularization a simple separation of the
variables in a local lagrangian since after removing this kind of regulari-
zation there remain some additional terms.
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involving the retarded commutators and those with the
operators (the first again yield zero, if one takes into
account the adopted definition of the Tp-product) we
are led to the final result

No(43(2)) = 4%(2) + 29 (z, 2)A(a)

+ i (2)D- (2, 2) + My (z, , 7), (2.10)

where

M;(z,z,z) = 5 dy dz du [Dret (z — y) Dret (z — z) Ay (y, 2, w) Dret (u — )
+ Dret(z — y)Dret (z — u)Az(y, z,u)Dret (z — ) 4
+Drete —z) Dotz —u) As(y, z,w) Dret(y —z)L (2.11)

Thus we see that already the relation between the

ordinary and quasinormal third power of the Heisen-

berg field A (x) no longer has the form required by

the Wick theorem. Nevertheless one may expect that

a theorem of the Wick type is valid for higher powers,

but with a more complicated right hand side.

3. A WICK THEOREM FOR THE POWERS OF
HEISENBERG OPERATORS AND THE FORM
OF THE CONTRACTION o-(x, x)

One should not be surprised that in the general case
the Wick theorem allowing to expand quasinormal
products into ordinary ones, since its derivation was
based on the fact that the elementary contraction was
a c-number. One might therefore think that the situa-
tion will change if one restricts one’s attention to
theories in which the elementary contraction, i.e.,
essentially M., will not involve operators.

More precisely, one can see from (2.11) that it
suffices to require: a) commutativity of A(x) and M;
and b) the vanishing of the operator Mj:

[A(z), Mo(z, )] =0, Ms(z, z, z) =0, (3.1)
and then (2.11) could be written in the form
No(4¥(z)) = A%(z) + 31D~ (2, 2) A (2), (3.2)

which would mean that the Wick theorem holds for the
third power of A (x), in the same manner as for the
square. After this it is legitimate to expect that in the
general case for the expansion of NQ (AP (x)) in terms
of ordinary powers of the field A (x) the following
theorem will hold®.

Wick theorem. The power NQ(A™(x)) can be ex-
panded in terms of A™ (x) in the same manner as the
power: ¢ (x): is expanded in terms of the powers
@™ (x), the contractions 9-(x, x) having the form
(2.8).

Then

No(4r(2)) = A(z)No(Am!(2)) +i(n —1)D (g, z)NQ(AH(f?):)é)

There arises the problem to characterize the class

31t is natural that in going over to higher order terms we shall be
led to additional conditions of the type (3.1), terms which will be made
concrete in the sequel. It is however clear from the outset that in order
for such a Wick theorem to be valid it is necessary that the contributions
from higher current-like operators Ap vanish, since otherwise one would
be compelled to introduce in addition to contractions of pairs of opera-
tors A(x) of the form (2.8) also “contractions” corresponding to triples,
quadruples, etc. of fields A(x). In other words in place of the Wick
theorem one would have to apply to the powers of the Heisenberg
fields something like the R-operation[’] known from perturbation
theory.

of theories for which the formulated Wick theorem is
valid. It is easy to see that M; vanishes not only for
A3 = 0, but also if A; does not contain terms with de-
rivatives of the delta function. Moreover, one can

show [®] that M; = 0 even when A; contains no more
than three derivatives with respect to time of the

delta functions in each argument. Only starting from
fourth-order derivatives will the corresponding inte-
gral begin to be different from zero. Thus one might
expect that the class of theories for which the theorem
holds is at any rate not wider than the class of theories
which we discovered earlier m, and where the conse-
quences of the Bogolyubov [*! and Lehmann '**1® axioms
coincide.

We now discuss the contraction 9-(x, x). If A, does
not contain derivatives ®-(x, x) = - %D (0). Ina
“‘pure renormalization’’ model **! when® AR is a c-
number of the form

Zy —K.,—K
MR (z,y) = — VZ: Na(w—y)—*‘—2—”,

N 3

(3.4)

we obtain, substituting (3.4) into (2.8)
1\ 1
- (e,2)=D-(0)+ (1= ) 510 O)+ D (0)]  (3.5)

=2 D-O+( 1= 7)),

i.e., also a c-number.
Since in genuinely renormalizable theories the
operator A, has the representation [®?

Az(z, y) = WP (2, y) + A (z, ), (3.6)

where A? is of the form (3.4) and AJ does not contain
derivatives (possibly with the exception of the first
derivative), ®-(x, x) will be a c-number, i.e., in such
theories the first condition (3.1) will be automatically
satisfied.

Finally, for the case of the Lehmann class of
theories the contraction 2-(x, x) can turn out to be an
operator, since in this class A, may contain operator
terms with derivatives. It may however happen that the
first contraction 2-(x, x) behaves effectively as a
c-number with respect to the operator A (x).

4. GENERALIZED FUNCTIONAL DIFFERENTIATION
AND PROOF OF WICK’S THEOREM

It is known *"*%! that the current-like operators Ay
satisfy the equations of motion
GA-V(Il, vany zv)

=+ 0y — 2O (¥), Av(Ty, . ..

o9 (y) zv)] = Avya (21, ..

ST Y).

(4.1)

It is convenient to introduce the concept of general-
ized functional derivative of an operator L (x):

8°L(z) E( ®

8o (y) b (y)

The derivative 6*/6*@(y) acts on an ordinary

~+ie(y°—x°>[i(y),...1)L(z). (4.2)

4)In all justice this class of theories should be named after Leh-

mann since it is exactly the class in which the Lehmann reduction
formula ['2:13] holds. N

5) The integral operators ﬁ, f, Dadv (K §$), the function 8(x—y) as
well as the rules for differentiating such operators have been described
in detail in ['4]. In}mrticular, in the case where one may set f= 1, the
operator ﬁ = 1/2312.
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product of operators according to the Leibnitz formula,
owing to the distributivity of the retarded commutator.
With this notation the equations (4.2) take the form
8" Av(Z1, ..., Tv)

ST (4.3)

e., the higher order current-like operators Ay are

obtained by iterated application of generalized differ-
entiation to the lowest order operator A;(x) = j(x).
Then if j(x( is subject to a dynamical law of the type
(1.2) we can derive the whole chain of current-like
operators by means of generalized functional differen-
tiation, after learning how to take the variations of in-
dividual terms in j(x) = f[ A(x)], and in particular,
after obtaining the expression for 6*A(x)/6*¢(y). In
this connection we formulate a lemma,.

Lemma 1. In all field theories

Avpr (T, .0, 20 Y) =

3" A (x)
e (y)

=5 (x—y)—0(x— yo)SdzD“dv(x — Az, Y)(4.4)
— O(yO—zo)Sdz D™ (x—2) As (2, ¥)-

In order to prove it we apply (4.2) to the Yang-
Feldman relation for A(x) and utilize the solvability
condition [***! for the current

8" A (z)
69 (y)

8j (2)
o (v) (4.5)

= 6(x——y)—G(x“—y“)SdzD“d"(z—z)

ret, 8 (y)
~9(y°—z°)gdzD ac-—z)é(P @

If we now use the equation of motion (2.4), the consid-
erations of Sec. 2 show that the terms involving the
commutators of the currents cancel and what is left is
(4.4).

One can also consider the generalized functional
derivative of a linear operator of a more general form

(4.6)

B(z)= S dz D (z —2) A (s) = D4 (),
where ®(x - z) is a c-function. The calculation in
(4.5) is repeated here and

8B (z)

L25@) Si(=)
8o (y)

= .5 (& — y) — 0 (z* — y°) DD*®
28 ( y)—6¢( ¥°) 36 @)

(4.7)

ret 6] (y)

D @
One cannot, however, make a transition to an expres -
sion of the type (4.4), owing to the nonlocality of
®(x - z). For us the case when ®(x — z) is a quasi-
local operator will be of particular interest, e.g.,
®(x -z)= -Kxb(x - 2).

Considering the generalized functional derivatives
of quasinormal powers of the Heisenberg fields A(x)
we prove another lemma.

Lemma 2. In all field theories

A (@) No(A™(@))+ i(n— 1) D*(0) No(4"(@)) 4 o
— i { @2 Detv(z — 2) = No(4r1(2)).

—0(y"— 200

No(d" (x)) =
8*
59 (2)

For the proof we consider the expression

Tw(:g(z)em ' (2):5) = g(2) Tw(:g ' (2):5)+
- i(n — 1) D¢ (0) Toy (: "2(z) :8) — i dzDadl(z—z)W,
(4.9)

where we have used the ordinary Wick theorem to trans-
form the fields ¢(x). Multiplying both sides from the

et al.

right by S* and replacing the field ¢(x) in the first
term by means of Eq. (1.1), as well as subjecting the
term with the functional derivative to a transformation,
we obtain

No(Am(z))= A(i)No(A""(z))-i- i(n—1)D(0

—iJazese(o— ) {2 1D, Va4 @),

It is easy to see that if one inserts 1 = 9(x -2z%)

+ 6(z° — x°) in the curly bracket in front of the com-
mutator, then taking into account the form of

D2dV (x — z) it will become the generalized functional
derivative, and thus lemma 2 will be proven.

In order to transform (4.8) further it is necessary
to make an assumption about the generalized deriva-
tive of NQ (A (x)). We first differentiate (4.8)
directly and obtain that in all field theories

YNo(Am—2(2))
(4.10)

8'No(A™(z))  8"A(x)
Sply)  8ey)
+i(n —1)D<(0)

8°No (A" ()
8 (y)

No(4Ar—!(z))+ A(x)

8"No(A"2(x))

8" p(y)

8" et
6‘<p(y)6'(9(Z)NQ(A )
If one now takes into account the expression (4.4) for
6*A(x)/6*¢(y) and the express1ons derived in the
Lagrangian formalism ! t8] for the operators Ay in
concrete theories, it is most natural to make the
following assumption relative to the form of (4.11).

Lemma 3. In the class of renormalizable field
theories we have:

8" No(Am(z)) 8" A (x)
80 (y) §(y)
Lemma 3 is easily proved by induction, making use of
(4.11), lemma 2 and the preceding considerations re-
garding the vanishing of M, and M; in the absence of
sufficiently high-order derivatives of (cf,*%1).

We now turn to the proof of Wick’s theorem formu-
lated in the preceding section. According to lemma 2,
the left-hand side of (3.3) is equal to the right-hand
side of (4.9). Substituting the expression for the gen-
eralized derivative from lemma 3, we obtain

No(4™(z))=
+i(m— 1) { D(0) — { &z Doao(z — )‘M( }N (Am2(z)),

(4.11)
— i {dzDeav(z —2)

= nNq(A™(z)) (4.12)

A(z)No(Am1(z)) (4.13)

and taking into account lemma 1, this proves formula
(3.3). Thus the Wick theorem is proved in renormaliz-
able theories for NQ( A™(x)) with the contraction
@-(x, x) of the form (3.5).

As regards the Lehmann class of theories, one could
advance arguments in favor of the idea that this class
might contain nonrenormalizable theories for which
(4.12) remains valid.

5. SOME THEOREMS ON CURRENT-LIKE OPERATORS

Making use of the formalism of generalized func-
tional derivatives we now consider several concrete
forms of current-like operators which can be en-
countered in renormalizable theories, i.e., in theories
for which the Wick theorem has been established for
NQ(AP(x)), and lemma 3 holds. We show that in such
theories this formalism allows one to determine the
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whole sequence of operators Ay, i.e., to describe the
dynamics completely. Of course, for this we shall have
to assume several concrete dynamical laws of the type
of Eq. (1.2).

Before formulating the initial assertions and re-
sults we discuss the question of what types of terms
may enter the expression (1.2) for the current in re-
normalizable theories. As an example we consider the
theory of a scalar self-interacting field, in which the
discussion by means of the Lagrangian method (s]
yields the following form for the current operator
j(x):

N
j(e) = —4gZ,\Nq(4*(z)) + Zsdm?A (z) — (1 — Z5) (—K$)A(2), (5.1)

where ( -Kb) is the operator defined in "%, The con-

clusions which will be drawn now can be extended
without difficulty to any renormalizable theory in
which a scalar field participates in the interaction.

In order to derive the higher order current-like
operators it is necessary to learn how to form gener -
alized functional derivatives of the powers NQ(A"(x))
without derivatives, and in particular of A(x) itself.
In addition the same procedure needs to be applied to
the only operator involving derivatives in (5.1),
namely ( KG)A(x) The latter problem is simpler,
since this term is linear in A(x), i.e., it has the form
of the operator B(x) discussed above (cf. (4.6)).

In other words, in renormalizable theories there
are always derivative terms in the current j(x), but
these terms refer only to the renormalization of the
field. The latter circumstance implies (8] that the
operator A, will have the form (3.6) with derivatives
occurring only in the c-number part )\5. At the same
time it is exactly the problem of the presence and
number of derivatives in the current-like operators
which plays a decisive role in the structure of a field
theory. We now prove the necessary theorems.

Theorem 1. Assume that in a renormalizable
theory the current-like operator Ay (x,,...,Xy) (or a
term entering into this operator) has the form

n

D CalVg (A% (1)) 8 (21 — 22)..

a=0

Av($1,...,$v)= 6(xv—1_zv)- (52)
Then a Ay of the form (5.2) contributes to Ay,,, ac-

cording to (4.3), a term of the form

Avps (21, ... Zy, Tvpr) =

(5.3)
J— S a—1 _GM_.
= ZobaNeldm) S
The proof of theorem 1 follows directly from lemma 3.
Since the functional derivative of a ¢-number
vanishes, (3.6) implies that in renormalizable theories
all Ay starting from v = 3, are determined by using
theorem 1 applied only to the operator A3. It remains
to determine the form of 6*A (x)/6*¢(y) in such
theories and to indicate a method of determining the
operator A from a known current j(x).
The first question is solved by the following
theorem.
Theorem 2, In renormalizable field theories
8" A (z)
Foy) st =)

Returning to (4.4) we see that only the term A§

§(xy— ). .. 6(Tv—y — zv).

(5.4)

contributes to (5.4), the contribution being the same as

in the pure renormalization model **]. Establishing
first that
5 1 Z —Z N
DR (g, — 25 5 V5 (e o L3 pade, o
S @) == gy TN @ )= D ey (- K,
(5.5)
we find
YA@ _ A VZ)N— (A —V7Z) 5\
e V7 =) (5.6)
1— -y 8@ —y" 3
s Pe— ¥ Ky =T by N - Ko,
where in the last term the operator ( Ky operates
on €(x° —y°), yielding
D(z—y)N(mK.,)MT_ﬂzl_)(x—y) Ne—k) (6.7

X . F}
+ D(@x—y)N&' (a°—y°) —2D (z— y) N& (z° — y") F
Collecting all terms we obtain (5.4).
We now consider an operator B(x
(4.6) with &y = ( -Kd)x.
Lemma 4. In all field theories

) of the form

& (— K8) Az) _

- K8§)D*A (z, ¥)
59 () ?

(5.8)

—Kd(z—y)— 02—y (—
— 0y — 2°) (— K/ZS) [)retA2 (, ).

In order to prove (5.8) we consider the expression
(4.7). A relatively laborious computation (cf.[**)) shows
that for an arbitrary function £

0 (2" — 3°) (— K8) D (z, y) = /20 (2 — 3°) [ (z, )
(= K0 — ) B ) + (7 ) 30— ) D @)

«—

+

adv adv a
— (g ) 2@ — v D@ - @) D @) ()
Aadv ‘au‘9 )
B @y B (@, )+ 8 g 5 LD )

This implies that in this case in (4.7) one can re-
place 6j(x)/6¢(y) by Az(x,y), since the retarded
current commutator again gives a vanishing expression,
owing to a closed chain of 0-functions.

The concrete form of (5.8) for the case of interest
is given by the following theorem.

Theorem 3. In a pure renormalization model (14]

8 (— K8) Ap (z N ( Kx—K,,) 5.10
( 6(p2y) (z) A 3 (x—y) : ) ( )
Indeed, taking into account the fact that AR has the
form (3. 4) and utilizing lemma 4 we obtain the desired
result, after using the transformations described in de-
tail in
It is easy to understand that owing to (3.6) the con-
tribution from )\B to the expression (5.8) will in the
present theory coincide with (5.10). However if the
contribution of AJ to (4.4) vanishes (cf. (5.4)), the
contribution of A3 to (5.8) does not vanish. We shall
compute the contribution and find the final expression
for the operator A, for renormalizable theories in the
following section.

6. A LINEAR EQUATION FOR A,

We can now carry out the last step and derive an
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equation for A, on the basis of the theorems proved
above. The exclusive difficulty of solving (4.1) directly
resides in the nonlineaity of the equations. We shall
manage to avoid this difficulty by passing to general -
ized functional derivatives, i.e., to equations of the
type (4.3). Knowing the expression (1.2) for the current
j(x) and using theorems 1-3, we obtain for the
operator A, in a theory with j(x) of the form (5.1) the
linear equation

84 (z)

e (y)

(6.1)

;(;E;; = [—12¢ZNq (A2(z)) + Zsdm?]

—(1—12s)

Ne(z,y)=
5" (—K8) A ()
o (y)

Substituting into (6.1) the expressions (5.4), (5.8) and
taking into account (3.6) and (5.10) we obtain

Ao (2, y) = [—12¢Z,N g (A2 (2)) + Zydm?) VA; 8 (x—y)
1— Z:x ) r - )
————2 Ne(x—y)(— K,—
3 I/Zz S(x—y)(—AhN.—K)

— (1 — Z3) [— 0 (2° — y°) (—K8) D™ A0 (z, 1)

— 0" — 2% (— K8) DA (z, y)]. (6.2)
It is easy to see that in a pure renormalization

model '*) (i.e., when A= 0) the latter equation be-
comes an identity

1 — Z:k
2V 7z
In other words, this solution leads to the same expres -
sion (cf. (3.4)) for AR as the other independent
methods **). In the general case, substituting into the
left-hand side of (6.2) an expression for A: of the
form (3.2) and reducing similar terms, we are led to a
linear equation for the operator A3 only:

(6.3)

b (zy) = — Ne(x—y)(— K. —K,).

AP (&, 3) — [— 1262V g (4% @) + Zyom®] —— 3 (@ —¥) (6.4)

Vz,

— (L — Zg) [— (2" — y") (— K8) D"\, (, )
—0(y°— ) (— K8) DA (z, ).

In principle this equation can be solved directly. For
this it is necessary either to combine all terms in-
volving A3 in the left-hand side and then to divide both
sides of the equation by the operator obtained in this
way (in the spirit of (s ), or to use iterations, utilizing
as a zero order approximation the first term of the
right-hand side of (6.4). In either case it is desirable
to simplify first the integro-differential operator in
the square brackets of eq. (6.4).

For this purpose we consider it in more detail,
replacing for convenience the 6-functions by €-func-
tions:

t4e(@®—y° $8) D
— L) Ry B @)

-

L@ (KA (e ) = — 5 1A @ )
1 ~ 1 e(@®—y") P (6.5)
— 5 (—K) DAY (2, y) + 5 =5 (— K DAL (2, ).

In the last term the operator (-Kx) can also act on
€(x° - y°). After doing this the terms involving D
disappear from (6.5) and as a result we obtain that the
operator we are interested in has the form

— IS0+ 58 @ — 19 DA a1 = — i A0 ), (6-6)
where account has been taken of the fact that A3 does
not contain derivatives, and use has been made of the
rules of differentiation listed in [**],

Substituting (6.6) into the fundamental equation (6.4),
combining the terms with A} and dividing by the ap-
propriate operator, we finally obtain for A in such a
theory

2
1+ 2Z)— (1 —Zy) ]

X [— 128Z:N g (A? (2)) + Zdm?] VZ_ & (c—y).
3

A (2, y) =

(6.7)

If it is not necessary to differentiate this expression
further [“], one may set I = 1, so that the current-
like operator A;(x, y) of the form (3.6) becomes

1 12¢Z,

Aa(z, )= (=1 JKo(z— 1) ——

Zs No(Ax(z))8(z—y) (6.8)

Om?

in agreement with previously derived expressions of
the Lagrangian method (5,81

It is obvious that all higher Ay in this theory can
be obtained from (6.7) in a simple manner by applying
theorems 1 and 2. In the case 1= 1 one also obtains
the expressions already derived earlier:

24gZ

Moz, 0= =A@V E—1OE =2, (5.9)
24gZ

Ao 0,50) = =B — )b —2)d(x =), (g.10)

and all higher Ap vanish. Thus the number of non-
trivial operators Ay, in a renormalizable theory with
j(x) of the form (5.1) turns out to be finite. Naturally,
all these results can be carried over without undue
difficulty to other renormalizable theories.

7. CONCLUSION

In this investigation we have succeeded in establish-
ing the relation between the powers NQ( A (x))
(which are easily defined in the axiomatic method [*°])
and ordinary powers of the Heisenberg fields A(x). It
turned out that the relation between these objects de-
pends in an essential manner on the character of the
current-like operators Ay and can be reduced to a
Wick theorem for a quite definite class of theories,
characterized by the number of derivatives. In re-
normalizable theories the corresponding contractions
turn out to be c-numbers.

The establishment of such a connection allows one
to determine the operators A, successively, starting
with the expression (1.2) for the current in renormal-
izable theories. This is achieved by introducing the
operation of generalized functional differentiation. It
is remarkable that this operation allows one to
‘“linearize,’’ in a manner of speaking, the nonlinear
equations of form (4.1) for the Ap only in a definite
class of theories. The examples considered in Secs.

5 and 6 show the effectiveness of this method. In
particular we have succeeded in providing a construc-
tive example of a nontrivial theory with a finite num-
ber of nonvanishing Ayp.
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In recent months there have appeared a number of
papers noting the contradictions inherent in the tradi-
tional concepts of current algebra, and the necessity
of adding to the corresponding relations of terms in-
volving the derivatives of delta functions.™® In the
light of the preceding discussion one can guess the
source of such difficulties (the corresponding investi-
gations have not considered explicitly counterterms,
in particular such including derivatives). It should be
expected at the same time that the equal-time com-
mutators should be related to the corresponding
operator A,. Therefore neglecting the latter might
lead to a vanishing of the equal-time commutator. In
order that this does not happen and the theory be non-
trivial it is necessary that A, contain both an operator
and a c-number part, and this is realized in our
method.
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