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An expression is derived for the time-averaged stress tensor for a plasma in a high frequency elec
tromagnetic field. The initial equations are the kinetic equations in which collisions are taken into 
account. Weakly ionized and totally ionized plasmas are considered. It is shown that the stress tensor 
depends significantly on the nature of the collisions and cannot be expressed in terms of the dielectric 
constant. 

INTRODUCTION 

THERE are no known general expressions for the time
averaged stress tensor that determines the forces acting 
on an absorbing medium in an alternating electric field. 
It is therefore of interest to derive such expressions 
for the case when the stress tensor can be obtained 
from the microscopic equations. The present paper is 
devoted to the solution of this problem for a plasma. 

For transparent media, the stress tensor was found 
by Pitaevski1[1J. Let us discuss the limits of applicabil
ity of the expression obtained by him when it comes to a 
plasma. The starting point was the expression for the 
energy of the field in a dispersive transparent med
ium[2J: 

U=.!_ d(w~(E2). (1) 
Sn dw 

We have retained here only the term with the electric 
field, and the angle brackets denote averaging over the 
fast oscillations. Repeating the derivations that lead to 
expression (1), but assuming that the medium is absorb
ing, we get (we disregard the terms with the magnetic 
field) 

- <-cl_ E2 +divS)= _!_(EdD) 
dt 8n 4n dt 

= we" (E2) +_'!_{ 1 d(w(e' -1)] (£•>}. (2) 
4n dt 8n d(i) 

HereS is the Poynting vector, and E = E' + iE" is the 
dielectric constant (the term containing E "d/ dt has been 
discarded). Consequently, the change of the energy of 
matter in the field per unit time can be regarded as 
equal to the second term of the right hand side of (2) 
only if the characteristic time t1 of the variation of (E 2 ) 

satisfies the condition 

1 d((i)(e'-1)] 
t! ~ -;;;;,; d(i) . (3) 

If (E 2) varies more slowly than is allowed by the condi
tion (3), then the change of the field energy is not deter
mined by the second term of the right hand side of (2), 
and the expression for the field energy (1) is meaning
less. For a plasma, the criterion (3) is of the form 

where v is the collision frequency. Thus, expression (1), 
together with Pitaevskii''s resulti:1J, is valid in the case 
of a plasma if the characteristic time of variation of the 
field is much shorter than the free-path time. 

In the present paper we consider the opposite limiting 
case and assume, in addition, that the characteristic 
dimension of the inhomogeneity of the field is much lar
ger than the free path length. Under these conditions we 
can solve the kinetic equation for the plasma particles 
by a method analogous to the Chapman-Enskog 
method [3J • It turns out that our result differs from 
Pitaevskii'' s even when w >> v, and depends strongly on 
the form of the differential scattering cross section (but 
not on its magnitude). 

We note that we use here the temperature T in its 
kinetic definition (so that 3T/2 is the average kinetic 
energy of disordered motion of one particle). It is pre
cisely in terms of this quantity that we express the 
stress tensor. Introduction of the temperature by 
strictly thermodynamic means is impossible, since the 
absorbing medium is not in an equilibrium state in the 
electromagnetic field. We note, however, that a redefi
nition of the temperature (and consequently of the pres
sure) can change the form of only that part of the stress 
tensor which is proportional to Oaf3· 

1. FUNDAMENTAL EQUATIONS 

We start from the kinetic equations for the different 
species of particles (electrons, ions, atoms): 

of' of• e. f 1 - } aj• 
-at + va-a-+._-\Ea+-[vH]a -a-= "'Zsab(!",fb). (4*) 

Xa lfba C Va 5 

Here fa(r, v, t) -distribution function of the particles of 
species a, ea -particle charge, rna -particle mass, 
Sat -collision integral: 

Sab(/",Jb) = ~ [/"(v')jb(vt')- f'(v)fb(v1)] 

(5) 
X a(lv-v!j,l't) lv-v!jd3v1 dQ; 

a-differential cross section for the collision of particles 
a and b; v, v 1 and v', v{-velocities of these particles 
before and after collision; E and H-intensities of the 
high-frequency electric and magnetic fields, which we 
represent in the form 

*[vH] = v xH. 
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E = Re Ee-iwt, H = Re He-iwt. (6) 

Here E and Hare the amplitudes of the fields, which de
pend little on the coordinates and on the time. Summa
tion over the repeated Greek indices is implied in (4) 
and further. 

The distribution functions will be sought in the form 
of their expansion in harmonics of the frequency w: 

(7) 

It is assumed that f~ and ff depend little on the coordin
ates and on the time. We substitute ff, determined by 
formula (7), into the system (4). Averaging the obtained 
equations over the fast oscillations, we get 

ofo" aj.• 1 {ea 1 oft• } 
-+va-+-Re -(Ea•+-[vH"]a)-

at axa 2 rna c OVa 

= ~Sab(!o•, fob)+-}Re.~Sab(!t•,j.b•). (8) 
b b 

Equations (8) determine s~ (the values of the functions 
fa averaged over the period of the high-frequency field) 
accurate to E 2 • 

We shall solve these equations by a method analogous 
to the Chapman-Enskog method [3J . A criterion for the 
applicability of the employed approximation will be dis
cussed below. In the zeroth approximation, the system 
(8) reduces to the conditions 

(9) 

• 
which are satisfied by Maxwellian distribution functions. 
Accordingly, we put 

fo• = <D•(w) +'ll"(w), (10) 

where w = v- u, u-hydrodynamic plasma velocity, 
w-random particle velocity; 

(11) 

-Maxwellian distribution functions of the particles, 
~a-corrections to them, and T-temperature in energy 
units, which is the same for all species of particles. 

It is assumed that the parameters na, T, and u de
pend slowly on the coordinates and on the time. We im
pose on the function ~a the additional conditions: 

~ ljl"d'w = 0, ~ ~ '!J"m.wad3w = 0, ~~a h•w'd'w = 0, (12) . . 
which mean that the functions ljia make no contribution 
to the particle concentration, the total momentum, and 
the total energy per unit volume of the plasma. 

Multiplying (8) by rna, and mav 0!• integrating over 
the velocities, and summing over the particle species, 
we obtain in the usual manner the equation of continuity 
and the equations of motion 

ap +-a (pua) = 0, (13) 
at Bxa 

(14) 

where 

(15) 

is the total stress tensor, Paf3 = Pf3a• and 

T~~= 1:, [-IEI 211a~+Ea·E~+E..E~·-IHI 2Ba~+Ha·H~+HaH~·] 
(16) 

is the Maxwellian stress tensor; p = ~anaT is the total 
pressure; p = La mana is the density; d/ dt = a/ at 
+ uaa/axa. The tensor Ta(3 is expressed in terms of 
the functions lj;a as follows: 

(17) .. 
If we confine ourselves in the equation of motion to 

terms that are linear in the gradients, then the functions 
ljia must be sought without account of the gradients. In 
this approximation, using formulas (4), (7), (8) and (10), 
we obtain equations for ff and 1/Ja: 

In (18) we used in lieu of the functions f~ their zeroth 
approximations q,a, This can be done because the func
tions ff are needed in the first approximation in E. In 
the left side of (19) we have left out the term a~ajat. 
This is equivalent to assuming that all the changes in 
the system during the free-path time are small. 

The conditions for the solvability of the system (19) 
lead in the usual manner to the zeroth-approximation 
hydrodynamic equations 

.an.= 0 
at ' 

where 

Accordingly, the quantities aq,ajat in (19) should be 
written in the form 

a<D• a<D• 1 ( )-t --=--·- ~ na RejE•. at aT 3 a 

The solutions of (19) can be sought in the form 

(21) 

(22) 

ljl" = Ga~"(w)wa~ + F•(w2) + c,•<D• + c,awama!D• + c,w2m.<D•, (23) 

where 

(24) 

The functions G;{3 and Fa should be determined from 
(19), and the constants c 1, c 2a, and c 3 should be deter
mined from the supplementary conditions ( 12). 

To determine the stress tensor we need only the 
functions G~{3· In fact, according to (15), (17), and (12), 
we can write 

T "~ = - ~ ma S ljl"Wa~ d'w = -~rna S G,~ w,bwa~ d'w. (2 5) 

We shall determine below the functions G~{3 and the 
stress tensor for certain particular cases. 

2. STRESS TENSOR FOR WEAKLY IONIZED PLASMA 

In a weakly ionized plasma it is possible to neglect 
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the collisions of the charged particles with one another. 
The deviations from Maxwellian distribution for the 
heavy particles are much smaller than for electrons, 
and they can be neglected. Then Eq. (18) for the elec
trans takes the form 

The index e pertains here to electrons and the index a 
to atoms; e and m are the electron charge and mass. 
We seek fr in the form fr = EO!wO!cp(w). Accurate to 
terms of zero order with respect to m/M (M-mass of 
the atom), we can write 

s., (f,e, Ill") = -v (w)ft". (27) 

Here 

v(w) =naw ~ a(w,~)(1-cos~)dQ (28) 

is the frequency of the electron-atom collisions. Now 
Eq. (26) yields 

e 1 iilll" 
ft•= ----Ea.--. 

mv-iw iiwa. 
(29) 

We turn now to Eq. (19). Here, too, we can neglect all 
the deviations of the atomic distribution function from 
equilibrium. In addition, we can resolve the inhomo
geneity into two components-one containing the tensor 
WO!j3 with zero trace, and one depending only on the 
modulus of the velocity. Accordingly, the function lj!e 
can be sought in the form 

(30) 

where 1/;r is proportional to the tensor w 0!/3• and lj!~ de
pends only on the modulus of the velocity. Then the 
equation for lj!Y takes the form 

1e2 { [ii(1 ii!ll•J ---Re Ea.'E~ -- -----
2 m2 · iiwa. 1 1 v - iw iiw~ . 

1 ii( 1 ii!ll•)]} --3 6a~-i)- --. -i)- =Sea(ljJ!•,IlJa). 
Wy v- HU Wy 

(31) 

Assuming that 1/!r is proportional to w 0!/3• we can easily 
obtain, in analogy with formula (27), 

(32) 

where 

(33) 

Thus 

(34) 

where 

(35) 

The tensor T 0!/3 is obtained with the aid of formula 
(25). Using, in addition, the relation 

:n ~ Ba.~Wa~Wv6 dQ = ~ ( Bvb-+ 6v6Ba.a.) w', (36) 

we obtain after integrating by parts 

Ta~=-- Ba~--ba~Bw r Ill•------ d'w. ez( 1 ) v 1ii(w5 ) 

30T 3 J v2+ w2 wzaw v' 
(37) 

From (37) we see that even at low pressures, when 
11 << w, the stress tensor depends strongly on the char
acter of the collisions between the electrons and the 
atoms. Using Eq. (18) written out for atoms, as well as 
expression (29), we can find the function f~ and estimate 
the term Sea (<I> e, ff) which was discarded in (26). It 
turns out that it differs from the retained term 
Sea (fr, q,a) by a factor 0!/(iw - 0!) where 0! = mnev/Mna. 
Thus, our results become incorrect only at such low 
frequencies that the condition w >> 0! is no longer sa tis
fied. The terms connected with the deviation of the 
atomic distribution function from Maxwellian in the 
equation for 1/Je are smaller in the ratio 
(nev/navaJ(m/M) 2 , where lla is the frequency of the 
collisions of the atoms with each other. 

So far we have assumed that the temperature of the 
electrons and of the atoms are the same. There is no 
need, however, to make this assumption. If the elec
trans are heated by the field, then the electron distribu
tion function should be sought in the form 

where foo is the isotropic part of the distribution func
tion, which is determined, with allowance for the elec
tron heating, and 1/Je is proportional to the tensor w 0!{3· 
Then the expressions (34) for 1/Jr and the (37) for the 
tensor T0!/3 would retain the same form, the only differ
ence being that they would contain foo in lieu of q,e. We 
note that the determination of the isotropic part of the 
distribution function in a heating field has been the sub
ject of a number of papers[4J. If the electron tempera
ture is much higher than the temperature of the heavy 
particles, then 1/JI is small compared with f~o in a ratio 
m/M. It should be born in mind that in this case the 
electron pressure Pe, which enters in expression (15) 
for the total stress tensor, is given by 

Pe = 1/s ~ foomw2 d3w = n.T •. (38) 

3. STRESS TENSOR FOR A PLASMA AT LOW PRES
SURES 

In the case of low pressures, when wT >> 1 (T-time 
between collisions), we can solve the equation for ff (18) 
by iteration, assuming the collision integrals to be 
small. Tl:en we obtain in first approximation 

(39) 

where 
1 ea i)<lJa 

/l"o =~--Ea.-. 
l(J) ma iiwa 

(40) 

The zeroth approximation f~0 makes no contribution to 
the second term of the left side of (19), and in the third 
term for f~ we can confine ourselves only to the zeroth 
approximation. We then obtain in lieu of (19) 

The functions 1/!a can be sought in the form (23), and we 
put 
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(42) 1e2 (e 2 \ Ga~" =- -Ba~rpa ~+X" I, 
8w2 T2 e2 , 

where xa is a new unknown function. We chose this form 
of G~{:l because xa = 0 corresponds to the result of 
Pitaevskii [lJ (provided the temperature is suitably 
redefined). 

In order to simplify the equations for xa, it is con
venient to use the identities 

(43) 

( i)(Jlb) ( i)rpa ) 
Sab ([J", ,- + Sab -, rpb = 0, 

fiua OVa (44) 

( 
i)2rpa \ ( arpa i)rpb) 

Sab --, liJb +Sab -,-
OL'a OL'~ ) OVa au~ 

( 
i)rpa firpb ) ( i)2(Jlb ) 

+Sab -,- +Sab rpa, -- =0. 
au~ OVa OVa av~ 

(45) 

The first of these identities, in which cpa and cpb are 
arbitrary functions of the velocity, follows from the in
variance of the collision integral with respect to the 
Galilean transformations 1 >. The other two identities are 
obtained by differentiating the equation Sab(q,a, q,b) = 0. 
Using formulas (39) and ( 42) and the foregoing identities, 
we transform the system (41) into 

For simplicity we confine ourselves here to the case 
of a fully ionized plasma. We use the indices e and p for 
electrons and ions, respectively. Then, neglecting the 
collision integral, which contains xP (it can be shown 
that it contains the electron/ion mass ratio m/M), we 
obtain the following equation for xe: 

- AP Sep(lD•, $Pwa~) = Sep (rD•x•wa~, $P) (47) 
mz 

+ s •• (rD•, rD•x•w"~) + s •• (lP''x•wa~. lP'). 

Neglecting terms containing the ratio m/M, we can 
obtain 

(48) 

(49) 

where 111 and vt are determined by formulas (28) and 
(32). in which a should be taken to mean the electron-
ion collision cross section, and na should be replaced by 
the ion concentration np· In the case under consideration 
it is necessary to choose for a the Rutherford cross 
section and to employ the usual procedure of cutting off 
the collision integral at small scattering angles. We 
can then obtain 

I) This property can be readily obtained also from the explicit form 
of the collision integral (5), Replacing v by v + ov and the integration 
variable v1 by v1 -ov, we get 

s.b{v + Ov) = Jf<p"(v' + 6",L<p•(v-;' + 0~) -_<p"(v+ 6v)<p•(v, + 6v)] 
X cr(Jv-v,j, !t) lv-v,jd'v,dQ, 

where v' and v'l are the velocities of the particles after the collision, if 
the velocities were v andv1 before the collision. Expanding both parts 
in terms of ov, we obtain relation ( 43). 

( zez )2 
Vt = 4nnpw - !., 

mw2 (50) 

where Ze is the ion charge and,\ is the Coulomb logar
ithm. 

The simplest result is obtained in the case of the so
called Lorentz gas, when the electron-electron colli
sions are neglected (this can be done, strictly speaking, 
if Z is sufficiently large). In this case we get 

x• = -1 + ~( v,- !__!_ av,), 
v 1 m w dw 

(51) 

and we obtain for the tensor T a{:l the expression 

e2ne ( 1 ) 16 
Ta~ =- 4mwZ Ba~-p;ba~Bw ·15· (52) 

This expression differs only by a factor 16/15 from the 
expression that follows from the Pitaevski1 formulas 
(if we redefine the temperature in such a manner that 
the term proportional to Oaf:l is included in the pres
sure). 

At small values of Z, when it is necessary to take 
into account the electron-electron collisions, Eq. (47) 
can be solved only numerically. We have performed 
such a calculation for the case Z = 1 by the Chapman
Enskog method. The function xe was expanded in 
Laguerre polynomials 

(53) 

To determine the coefficients ak, Eq. (47) was multiplied 
by L~2 (mw2/2T)wa{:l• and integrated with respect to the 
velocities. The obtained infinite system of algebraic 
equations for the coefficients ak was solved by succes
sive approximations. The n-th approximation corre
sponds to retaining n + 1 terms in the expansion (53). In 
the first approximation the result is ao = 0.39, in the 
second ao = 0.10, and in the third ao = 0.12. The fourth 
and fifth approximations do not differ, at the indicated 
accuracy, from the third, we therefore used ao = 0.12. 
With this value, the tensor T a{:l is given by 

(54) 

One of the main assumptions used above was that the 
change of the field is small during the free-path time. 
Otherwise, collisions can be neglected. Then the elec
tron kinetic equation in the zeroth approximation with 
respect to the gradients is 

of e of 
-+-Ea- =0. 
fit m OVa 

An exact solution of this equation is 

f = /F(r, v- V(t)), 

where V(t) satisfies the equation 

dV -
mdt = eE, 

and ;r is an arbitrary function. Using formula (6) for 
E, we get 

eE , 
V = Re---e-,wt. 

-iwm 

In order to eliminate the arbitrariness in the choice of 
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the function .'!, we shall assume that the Plasma was at 
equilibrium at t--oo, and then the field, E was 
adiabatically turned on. 

Thus, we must put 

f=ll>(w-V(t)), ( m )''' ( mw2 ) <ll(w) = n -~ exp --
2nTo 2To 

and assume that w has a small imaginary part i6, where 
6 is the adiabatic -switching parameter. Hence 

-p.ba~ + TaP= -m ~ fwawp d3w = -nToba~ 
e -1 4nne2 

+--Bap, e-1=---, (55) 
16n mw2 

which coincides with the result of Pitaevskii:'. Here To 
is the temperature prevailing prior to the adiabatic 
switching on of the field. It is connected with the kinetic 
temperature 

< 2 i mw2 ) 
T= -.) --fd"w 

3n 2 

by the relation 
e2 

T =To+ 12mw2 Bw. 

Formula (55) can be written in a form that is con
venient for a comparison with formulas (52) and (54): 

( 1 ) ne2 
-p.6ap +Tap= -nTbap- Bap- 3 6apBrr 4mw2 • 

If we retain in the left side of (19) the term 81/Ja/at and 
use the fact that in the case of adiabatic switching we 
have 

o'!Ja I at = 2.S'!Ja, 

then we can verify that the collision integrals can be 
neglected only if 6 » v. 

We note in conclusion that the nondiagonal part of the 
average electromagnetic stress tensor Ta/3 + T~13 with 
allowance for collisions does not have automatically the 
property of continuity of the normal components (unlike 
the case when the tensor Ta/3 is determined by formula 
(55)). This means that the plasma cannot be at rest on 
the interface between two media if the field is not per
pendicular to the boundary and is not parallel to it. 
Continuity of the normal components of the total stress 
tensor should be ensured by the viscosity. 

The authors thank L. E. Gurevich for useful discus
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marks and hints. 
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