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The topic treated is the change of the magnetic properties of a metallic film, placed in a magnetic
field perpendicular to it, when the film thickness is so small that the quantization of the motion of
the electrons in the direction of its smallest dimension becomes important. The magnetic proper-
ties of the film are then determined by five characteristic energies: the temperature, the Fermi
energy, the distance between Landau levels, their spin splitting, and the distance between dimen-
sional-quantization levels. Cases are considered in which these energies have various ratios. The
entire investigation is carried out under the assumption of an isotropic quadratic electron spectrum.

THE magnetic properties of an electron gas in a metal
change significantly if the specimen under considera-
tion is a film whose thickness is so small that the mo-
tion of the electrons in the direction of its smallest di-
mension becomes quantized. We consider the case in
which the magnetic field H is perpendicular to the sur-
face of the film. (The case of a magnetic field lying in
the plane of the film was considered by Kosevich and
Lifshitzt'). The general formula for the quasiclassical
case was obtained by them in‘?!.) We further restrict
ourselves to consideration of a quadratic isotropic elec-
tron spectrum. In this case, the energy of an electron
has the form
n2h2l2
5nl—(2n+1)“H+“0H+ﬂz‘ (1)

(ko is the Bohr magneton, i = fiyme/m, m is the ef-
fective mass of the electron, n and ! are integers, and
the signs + correspond to the two orientations of the
spin).

The thermodynamic potential £ can be written in the
form

Q=—T—

e d(Q+Q) (2)

where

Z Zln[1+expM]. (3)

=1 n=0

The characteristic energies of the problem are: the
distance 24 H between Landau levels, the energy i H
of the spin in the magnetic field, the temperature T,
and the energy €, = 7°h%/2md? that determines the dis-
tance between dimensional-quantization levels. These
are here written in dimensionless form, in units of the
chemical potential ¢:

n=2puH/L, Mm=2H/; nt=1(n=xn),
=T/t 2= n®h®/2mlid2

The values of 1, 7o, r]i, and 7 will be supposed small.
The following additional symbols will be used hereaf-
ter: &, = (5%/2m)(37%n)%2, the level of the chemical
potential for a large specimen in the absence of a mag-
netic field, and A3 = 7%h%/2mé,d>

On designating by Q‘f = ni anl: the expression un-
=0

der the sign of summation over ¢ in (3) and on applying
the Poisson summation formula, we get

{ —nE— 222 s
nT J+ b2, (4)

n={

QF:TZiln(l—{—exp
where

v e

L= ln(1—l—exp-———————xn i

[]

)cos(2nnz)dx (n=20,1,2...).
T

For n # 0 we havet®!

o A2+ W= — 1]71
I, = EZILTL' {[1 + eXp——
1__. + }“le eze?.'untz/n i
—Beexp(Zm’n-—n— (e2+1) } (5)

(7\7l’+n+ 1)/

When 7 2> 7, the integral is equal to zero because of
the rapid oscillations of the integrand. When n > 7,
we get

15 = 4 A2 < 1

§° gzeZJ!z'nn/n
‘ O =422 >1"

(er+1)2

WlHnE—1)/t

Various ratios are possible between the character-
istic energies mentioned above. We shall consider
three cases:

A<, n<AE<<i, he>1.

In each of these, consideration will be given to the
high-temperature (7 2> 1) and low-temperature
(7> 7) regions.

1. THE CASE A2<7p

In this case A, K 1, and we shall, first, neglect the
dependence of £ on H and d and set A = Ay, and,
second, expand all the expressions obtained in powers
of A, keeping only terms of the two lowest orders. We
shall hereafter denote by lo the value of / for which
7t + 212 = 1. Since /> 1, we shall not commit a
great error by treating it as an integer.

The first term in 2% we calculate as follows:

o lut
1 1 — ot — A2 1 1—nE— M2
—Slin <1 +exp—L—L>z _{ > < L
2 T 2 T
=1 =1
zz+n, 1\' hisd 1__71,,_;”,221
+exp—-—— Et xp . IR (6)

The sums of exponentials can be neglected; for the
largest terms in them, corresponding to I = loi, are
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equal to unity and the terms decrease rapidly with
separation of ! from [T, whereas the first term, con-
taining a power of Ao, has the order 1/7 > 1. The
expression (6) then becomes equal to
1 3 1
I D
Here and later (with the exception of the oscillating
terms), we shall keep only the lowest powers of 7, 7o,
and 77*; these lead in & to terms of not higher than
the second order in H.
We have further

o 0
. —_—nt — 2 2
Sy ST T R )
=t — 2t
1 (1/8 4 i
~ gl ) - gu -}

It can be shown that to the accuracy with which we
have calculated (6), we may, in summing the first terms
in (5) over I, neglect the exponentials in the denomina-
tors for I < I¥. Then the contribution to & from the
nonoscillatory parts of I is equal to

+§_

We have finally for the case 7 > 1

anr 1217)»0

=1 tawlwr (5]
‘_17[217,*% (Bn‘“i)}} (8)

On going over to ordinary notation and differentiating
with respect to H, we get the magnetic susceptibility
-V2 m’/zuz@ /.'12__1_> __1.@2(_722_ 1>. (9)
T h3 me¢ 3 2n h2d
In the case n > 7, it is necessary also to sum the
oscillatory parts of Ip:

Qose = 2 D) (Qase) n, (10)
n=={
where
+ n 2mnin
(Qose)n= —-mBe{exp [—T(1~—ni) ]
2ninkg?l?
X
2 e‘p[ ]} (11)
s &2
As a preliminary step, we shall calculate 2 e~k

k=1
where |a| < 1. In the calculation, we shall keep terms
of the two lowest orders in a:

Ze*"'“—“s‘—a Zk2+ 5 Zk‘

h=1

In each sum, we shall keep the two highest powers of s:

(12)

§ sm+i sm
my — 13
E k mE1 2 (13)
Retention of additional terms leads, as can be shown,
to terms of higher order in @ in the answer. On sub-
stituting (13) into (12), we get

$ hind am—t (—1)m—
e Sen—tym—1nr*

m—1

h=1
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smgm 19/ - 1
)= = — (e —1 14
+5 Z Hn V0 =1, (19
where <I> (x) is the probability integral.

By using (14), we get

lox
2minh2l? 1 V 2nin '
by 0 [ .
:‘exp[ ] 2in An (I=n )] )
1 2nin
+5(“4— (1=n%) | =1).
n

Since 7 < 1, we may set @ (..
get

(15)
) = 1. As a result we

-2

(Q‘oisc) n— —

n'/z
— Re exp{
872 m2n'ithy

— n —_— _2_ —
Tt [ra—m ) a9
We have finally for n > 7
Q___.eﬁj_f@%dwm [[ii ﬂ/lz_i\]
ahc d U 2xn L15 pH ' 25 \mg 3
Y RN S
p.[I 4 Ty ‘mg? 3 7/ ]/2 wh
Xin 2cos(ﬂ—nci—zm———\cos nnﬁ>
At wH \
+E§n_2005, )co%(nnﬁ)}
2n® n=1 ) o ! (17)

M

V2 w2ty f me A "
—{E" M*(:—o—ﬂ(i—ﬁf,,—@»”

)COS T(Il—)

11 h > B nngo . m
—2—1/72—,"“11)%(1 Z ‘sm( WK —nn)cos(nnm——0>}. (18)

From this expresswn, as also from (9), it is seen
that the result in the usual expression for the magneti-
zation of an electron gas (see, for example,'®)), with
additional terms due to the dimensional quantization.
The correction to the constant part of the magnetiza-
tion has the order 1i/(m¢,)*2d. For A3 < 1, this quan-
tity is very small. Considerably more interesting is
the change of the oscillatory part. It has the form of
additional oscillations of the same frequencies, but
shifted in phase by %.m and having a relative amplitude
of order 1/(muH)Y2d.

72 “:/;me:/a'gﬂ [ ;‘ Y nngo
— n—J« T nolsin{ - — nn —

n=1

2. THE CASE n<2A3<1

By virtue of the right-hand inequality, we may first
set A = A,. In the present case the high-temperature
limit is not of interest, since it leads to results ob-
tained in the preceding section. This is due to the fact
that their derivation was based only on the suppositions
that 7 2> 1 and that A = A, and did not depend on the
ratio between 77 and A,.

Therefore we deal only with the oscillatory part of
the thermodynamic potential for n 2> 7. We have

HV & 21 1 — g2lz —
Q= = Z Z-—zcos(Z:rmA 0 la)cos(nnﬂi), (19)
_— n

ahed n

=1

Here

lo = [y2mied / nh], (20)
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the square brackets denote the integer part of the num-
ber.
The magnetization can be written in the form

2mp n2h?
—— 2S5 (e p):

[ bo— sRh22/2md2 1
S a— —2-) cos< nn—«)}
For semimetals—where, as a rule, m < mo—, the
cosine can be replaced by unity, and the series in n is
easily summed:

- 1
X E o sin 2an (21)

n-==1

M=— R;L‘; 2= R/ 2m ) -
Lo — whY/2md: 1
{1—2R m( 0 W —\1 (22)

where Rem x = x — [x]. It is seen that the oscillatory
part of M is formed by superposition of {, functions of
saw-tooth form, periodic in 1/H with frequencies

(go — m*R%1%/2md?)/2u(l =1, 2,...,l,). The picture of
the oscillations for {, = 3 is shown in the figure.

If the inequality m << m, does not hold, then by
transforming the expression under the sign of summa-
tion over n, in (21), to a sum of sines, we see that
there occurs an additional splitting of the oscillations,
connected with the spin of the electron.

3. THE CASE A, -~ 1

In the circumstance it is necessary to take into ac-
count the dependence of § on H and d. At not too high
temperatures ( T < €,), the energy levels described
by quantum numbers [ =2 are practically empty.
Therefore we omit the summation over ! in the formula
for Q. For 7 > 10 we get

Q=72 Vy T{ 1/@—:-:0—;11_”0},)

2sthe d \2pi |
— o — wH + pol 1 — eo— pH — poH
+F u\/c ney T ho )}L : {1n(1+exp§—————£° )

F—_ p—
+ ln< 1+ oxp- - O—J;—{Iiiog-»\/

(23)

Here

I ydy

Fue)= é 1+ exp(z—y)

is the Fermi integral. In the lowest order with respect
to wH/T and woH/T, we get

e p ,’ m2

(24)

: 1+ exp

eus . ) Eo"’llH*Z\i1
Zn/zul Smg? 3 T )
This expression contains the unknown quantity
¢(H, d). To eliminate it, we use the equation
n= -V (8Q/6¢) g (n = electron concentration). In
the lowest order in #H/T, we get

{—eo— uH
n:T2 ﬁcudln\\1+exp———T ) (25)
On comparing (24) and (25) we have finally
= _exp ! TEnd \) (26)
L= nﬁ2d<m0 {1 SXPY mT >I

If in this formula we let T — ©, we get the known ex-
pression for the susceptibility of a nondegenerate elec-
tron gas.

In the low-temperature limit, when T is less than
the distance between any energy levels of the spectrum,
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One division of the axis corresponds to « period of the oscillation in
a bulk specimen.

the thermodynamic characteristics of the system are
most simply derived by a simple calculation of the
energy of the Ground state.
Each energy level is degenerate, with multiplicity
eH V
2mhc d
The number of completely filled levels will be

N7 2nhicdn
A A 217
¥ [pH:I [ eH ] (@7)
The energy of the system is
. 2
Neo+ wH {N (s +1)— pH%— pHs}— woll (N — piHs),
Fe s— even,
Aao+pH{\s—p11_+pH }—poH{ (s+ 1)pH — N},
s— odd
(28)

Since we are considering the case T — 0, we may set
the free energy F equal to E. We have

— u{n(s+1)—p'H(s+1)2+p’H} —po(2p'Hs—n),
1/ 0F s — even
M= —7<73ﬁ> N = —uw{ns—p’Hs2 +p’H} + m{2(s+ 1)p’H—n},
s— odd
(29)
Here p’ = p/V.

It is seen that the expression for M, along with
terms proportional to H, contains terms independent
of H (of course only in the range wH > T), propor-
tional to the electron concentration. The value of M
undergoes a jump corresponding to a change of s by
unity, every time that n/p’H = 27hcdn/eH assumes an
integral value. These jumps cease when H = Hpax
= 2@hcdn/e, after which M = (4o — p)n. For Bi with
d~ 10" %cm and n~ 2 X 10" ¢m™?, this value is
Hmax ~ 7 X 10* Oe.

In the case uoH < T < wH, which can occur for
semimetals, the last terms in (29), connected with
electron spin, disappear.

4. OTHER CASES

Besides the cases considered above, in semimetals
there can arise a situation in which the energy of the
Landau quantization exceeds the Fermi energy, calcu-
lated in the absence of a magnetic field.

At the lowest temperature, less than all the charac-
teristic energies, two cases must be distinguished:
€ < uoH and €, > uoH. In the first of these, the energy
of the system is

E— Np— ) H 4 p Hs<s+1><2s+1)

o+ (N — pHs) (s + 1)2e0(30)
and therefore the magnetlc moment is

M = (po — p)n + p’(¥38° + /25 + %/es). (31)
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It is seen that M is independent of H and undergoes a
jump upon change of s by unity; this is similar to the
case described by the expression (29).

When €, ~ UoH, the spin sublevels may be con-
sidered degenerate, the multiplicity p of the degeneracy
is doubled, and in (31) the term Won must be dropped.
If uoH < T < €, then we get the same situation.
Finally, if €, < T < uH, then the dimensional quantiza-
tion ceases to have an effect, and the magnetization is
described by the usual formulas, with allowance for the
dependence of ¢ on H (see, for example,t*)).

Until now it has always been assumed that T <X ¢;
but for semimetals the degeneracy temperature is very
low, and the nondegenerate state is also of interest. It
is easy to show, however, that in a film perpendicular
to the magnetic field, the dimensional quantization will
not change the magnetic properties of a nondegenerate
electron gas. In fact, in the classical statistics the
free energy consists of two terms, of which one is de-
termined by the energy of the electrons on the Landau
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levels, and the second by the translational motion along
the field. The dimensional quantization changes only
the second term; but it is independent of H, and upon
differentiation it drops out.
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