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The spin-lattice relaxation time T, of the conduction electrons in metals with impurities is calculated
with allowance for the thermal vibrations of the impurities. It is shown that at low temperatures the
impurity time of the relaxation times (for heavy impurities) is practically independent of the tempera-
ture, and at high temperatures it varies like a — b/ T (a, b > 0). Expressions are presented for the
temperature dependence of the contributions made to T, by the scattering of the electrons by the de-
formed phonon spectrum of the lattice and by the interference between the scattering from the vibrat-
ing impurity and from the vibrations of the host lattice, for different relations between the masses of
the impurity and the host atom and their amplitude of inelastic spin scattering.

RESONANT paramagnetic absorption by conduction
electrons is observed in a relatively small number of
metals (Li, K, Rb, Cs, Be)""*J. It is assumed that in
metals the main relaxation mechanism, which deter-
mines the width of the EPR line for the conduction elec-
trons, is modulation of the spin-orbit interaction V by
the thermal vibrations. For valence electrons, V in-
creases rapidly with increasing atomic number Z,
although no simple expression describing the V(z) de-
pendence has been described as yet. For free lithium
(z = 3), for example, the spin orbit splitting of the val-
ence level 2p is 2.77 x 10~ eV, whereas for sodium

(Z = 11) its value is 2.12 x 10° eV}, From the meas-
urements of the impurity contribution to the line width
AH' of the paramagnetic resonance on conduction elec -
trons (PRCE) in alkali metals™ "7 it follows that the
spin-orbit coupling of the conduction electron with the
impurity atom in the metal does not differ in order of
magnitude from the values for the free atom.

In investigations of the PRCE line width, the impurity
atoms are usually regarded as static defects'®®). This
causes the width AH’ to be proportional to the concentra-
tion of the impurities and to be independent of the tem-
perature—the analog of the Mathiessen rule in the theory
of electric conductivity. Allowance for the vibrations
of impurity atoms, and in some cases the appreciable
differences between the thermal vibrations of a crystal
with impurities and the vibration spectrum of an ideal
crystal, have made it possible to explain in a number of
recent papers™ ™ some of the experimental results
(violation of the Mathiessen rule in weak solutions, the
anomalies of the lattice specific heat).

Obviously, allowance for the impurity vibrations in
the calculation of the impurity contribution to the PRCE
line width should lead to the appearance of a tempera-
ture dependence of AH’. Since the magnitude of the spin-
orbit interaction changes strongly with changing Z, the
contribution of the thermal vibrations to AH’ can be ex-
pected to be pronounced quantitatively more than in
measurements of the temperature dependence of the
electric resistance.

We present in this paper a calculation of the spin-

lattice relaxation time of the conduction electrons in a
metal with nonmagnetic impurities. The spin-lattice re-
laxation time Ti, connected with the peak width of the
symmetrical PRCE line by the relation™*

AH = 21 / V3 T1p., (1)

is calculated by means of the formula

A& ¢ ofa(h) dk)“sﬁfs(/c)
T,  (2n)*\ Y 0E, OE,
X (1 — fa(K')) Wira, k + fo (k') Wip, ko] dk dK, (2)

where Wk’a, kB is the probability of the transition of the
electron upon scattering from the state with wave vector
k and spin 8 into the state k’a; f(k) is the electron dis-
tribution function.

In the calculation of Wy in the Born approximation
we use the well known relation™’

Wi = S(q, 0) / b2 (3)

Here S(q, w) is the scattering correlation function

S(g,0)= Sdteiot (V' (g,)Van(a)), (4)

w = wgg — wk’g, Vj(a) is the Fourier component of the
operator of spin-orbit interaction between the electron
and the ion of species y in the j-th site of the lattice,
and the symbol (...) denotes averaging over the Gibbs
ensemble. Since the ions of different source are located
in the lattice sites randomly, we assume that averaging
over the ensemble includes averaging over all possible
ion configurations. For a crystal containing impurities
of one species (c—impurity concentration), when the
internal state of the ion does not change during the

collision,
Vio(a,0) = Vio(q)ei®s0,  R;(t) = R;(0)+ u; (1), (5)

uj(t) —operator of displacement of the ion from the
equilibrium position, ¥ =1 or 0. Confining ourselves to
single-phonon scattering processes we obtain for Wy s

Win =W(1) + W(2) + W(3),
Wi (1) = A2Ne| Vi(q) [2[2n5 (0?) 4 <(qui(2)) (qui(0)) o],  (6)
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Win(2) = h=2Ne|Vi(g) Vo(9) | < Zexp(iqu) (qus (%)) (que(0)) > '
(7)
Win (3)= 1-2Ve| V(@) [2{ 3 explia(Ri —Ry)) (quo(t)) (qu0(0)) )

%)
(8)

Expressions (6) —(8) describe respectively the impurity
scattering, interference scattering, and scattering by
the deformed phonon spectrum of the lattice.

The Fourier components of the correlation functions
in (6) —(8) can be expressed in terms of the Fourier
components of the Green’s function

Gii’m(t) = _ie(t) <uia(t)uiﬂ(0) — uJ'B(O) llf(t)), a, B =Y 2 (9)

with the aid of the relation[**]:
(u(t)uB(0)) = —2(1 — e~P)~t Im G2 (0 + i8), p = h/kT. (10)

The equations for the Green’s functions (9) for crystals
with impurities that differ in mass from the host atoms
(impurity of the isotopic type) were considered
int*®1%-8] | 1t is convenient here to use the expressions
given by Kagan and Zhernov*') for the sought Fourier
components of the correlation functions. For an iso-
tropic crystal, they take on respectively the values:

2nh sign ©

(), (67

2nh sign © [ 1 P
k) il 2 2 2 ’
M a4 v1—e—P"’( T oer— w4 v(0%)+8(* = oq) ]' (7)
@i‘z , sSigno 1 cew?y (w?) (8

M T =0 1 [0r(1— ceh(0f))— w P + [ceay (0D I

where € = (M — M’)/M, M’ is the mass of the impurity
atom, M is the mass of the atom of the ideal lattice, and
P is the symbol of the principal value;

R(0?) = (1 —e0¥(0?))* + (ne0’g(0?))?

¢ g(2) g(v?)

Va2 =g )

J(o?)=P

g(w?) is the distribution function of the squares of the
phonon-spectrum frequencies of the ideal lattice, and
1 — ew? (w?)

R(0?)

new?g(0?)

Ry 20T

y(0?) =

Substituting the expression for the transition proba-

bilities with allowance for relations (6’) —(8’) into the
formula for Ti}, we get
1 ! ! (12)
Ty T.(1) + Ty(2) +T1(3) !
where
1 4 % T ero
) “”\S bi(¢)adg + 7§b1(‘1 So ezpm_icp(wz)dm),
(13)
1
T cr—— Sa(q q3dg S _e2P° 1
—
X (T2 @)+ A2 (02 — o) | do, (14)
@2 — 04 1
1 4 %
P 3
NE) & g§ bo(q)¢°dgq
§° epo n-lcew?y(0?)do (15)

") A [ (1 — eeh (09) — 0P + ooty ()P

1003

r= 41r‘h'1p(EF N, p = #/kT, N—number of particles in
the sample, b1 = |[V1,0(q)|? p(EF) —density of electrons
near the Fermi level, and a(q) = [Vi(q@)Vo(q)|. In the
derivation of these equations we used the customary
assumptions in concerning the phonon spectrum of an
ideal crystal: w = gqs, q—wave vector of the phonon,
s—speed of sound in the sample, qo = qmax = 2kF,
kF—momentum of electron with Fermi energy E, and
o = (oS-

If we include in the elastic part of the impurity
scattering in (13) the factor exp(—W,), which depends on
the Debye-Waller factor

i @)+ Dot do,

[}

then, when W, < 1, we obtain for the temperature-
dependent part of the impurity scattering

h
Wx(Q)"‘ ¢

1

Ty = (139

rc—;} S bi(q)q®dg § th%ﬁlcp(mz)dm.

We shall find it useful to have a table of the numer-
ical values of the parameters contained in the relations
for Ti'. In the table, A is the spin-orbit splitting of the
valence electron of the free atom™) and A is the atomic
weight. According to estimates given in™®®) v ~ A
for impurities.

A A, eV
Li 6,9 2.77-10-%
Be 9 3.72-10—4%
Na 23 2.12-10-8
Zn 65 7.17-10-2
Cd 112 0,212
Tl 204 0.96

1. Let us consider the case of a heavy impurity, when
€ < 0. This was precisely the case realized in all the
listed experimental papers on the influence of impurities
on the width of the PRCE lines®73. Unfortunately, the
measurements of AH’ were made in these investigations
at a fixed temperature (T ~ 293°K). When |e| > 1 in
(13) the function ¢(w?), which plays the role of the dis-
tribution function of the squares of the frequencies in the
impurity vibration spectrum, has a resonant character
with a maximum in the region of the quasi local fre-

quency, equal to
=2
-

In the region of low temperatures T < hw,/k, g(w?)
~ 3w/2ws,

1 9le| &
= — —\ b g3 dq,
Ti(1) T ontan 3 b@)ede
1 h og  Be /T
_t _. 2 s e 1 16
71(2) chSa(qqdq{meZP"’q—1 qu\@) ‘} (16)

For small impurity concentrations, the function that de-
pends on c in the integrand of (15) can be represented in
the form

1
D (0, ¢) & 8(0— 0g2) — 2ce0?d’ (0? — 0g%) + — cew’y (0?)—;
T @2 — wg?

(17)
It is easy to see that the integration with respect to w
in the relation for T7' (3), with allowance for the first
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term in (17), yields an expression for the spin-lattice
relaxation due to the vibrations of the crystal without
the impurity. The contribution made to AH’ as a result
of the distortion of the character of the vibration of the
ideal crystal by the impurities is described by the re-
maining two terms in (17). Retaining only the principal
terms in the integration with respect to w in (15), we
obtain the impurity part in 1/Ty(3)

(1 p\ 35__1__(1)3]6]’

ezl’“’q——1\:q— /7 E ofp* \ 8
(18)

where Jp = I'(n)¢(n), ¢(n) is the Riemann zeta function,
I'(n) = (n—1)!, and @ is the Debye temperature.

Unfortunately, there are no investigations from which
it is possible to draw any conclusions concerning the
dependence of V(q) on q. We shall therefore assume
that

ePeq

(—ZCe)rS be(q)g°dq [

Vie(q) = Ao, Ay = Ay

Qualitative results obtained under this assumption re-
main unchanged if

V(g)= Dang", n=0

and V(q) > 0 for all values of q. Calculating (16) and
(18), we get

1 9el ,, ¢ &
Ty(1) gz 1 o0 M (19)
t gt R TN T TN
@) Ao moﬁ<6>’3[2 38\5)7;]’ (20)

gt h /T \® I, 3e/T Js
) = 2CSer2E’ﬁ<*®~> ]3[ 1 ——]s——z(—(;) In qu—];:' . (21)
As seen from the table, for heavy impurities forming
true solid solutions with alkali metals (the alkali me-
tals do not form such solutions with one another in the
solid state?°") we have A; > A,. Therefore in this case
the main contribution to AH’ is made by the quantity
1/T.(1). In the region T < @, the contribution to AH’
due to the impurity vibrations ceases to depend on the
temperature, as follows from (15) and (19). Physically
this result can be attributed to the fact that the decrease
of the probability of elastic scattering with increasing
temperature, due to the Debye-Waller factor, is fully
compensated by the increase in the probability of inelas-
tic scattering. As a net result, the contribution to AH’
is made by the low-frequency part of the zero-point
oscillations, the amplitude of which for the impurity
increases by a factor

p(0?) / g(0?)
compared with the amplitude of the low-frequency
vibrations of the atoms of the ideal crystal.
The relaxation times due to the scattering by the im-
mobile impurity, T.(0) and by the ideal-lattice vibrations
have in the assumed approximation the following values:

= rcA¢# ﬁ
2.

)

1 Azq“"h(T\s

2 . 2
T “ooM\e/ ? (22)

For samples of lithium containing Zn or Cd impurities
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with concentration ¢ ® 2—-5 at.%, used in the measure-
ment of the PRCE line width in(J , it is easy to see that
in the temperature interval 0 < T < Tpelt (Tmelt—
melting temperature) we have

T1(0) / Tro << 1073,

Substituting in (16) and (22) the values of the parameters
listed in the table (qo = 3.2 x 10° cm™ for Li and 10° cm™
for Na) for the samples of Li + Cd and Na + T1, we get
a = T1(0)/Ty(1), a(Li) =—0.83, and @(Na) =—0.12. Thus,
at low temperatures, the contribution made to the im-
purity width of the PRCE lines by the part that depends
on the impurity vibrations is of the same order as the
width due to the scattering by the immobile impurity.

The ratio A)/Az < 10 is realized, as can be seen
from the table, under the condition |€| < 1 (the impuri-
ties of Be and Li). In this case the quantity T71* — T1s
will increase with temperature like T:%(2), and the tem-
pefa.ture dependent part will be approximately 1/10 of
T1(0).

Finally, let us analyze the temperature dependence
of that part of AH’ which is due to the deformation of
the lattice vibration spectrum by the impurities (21).
The most convenient samples for the separation of this
part against the total PRCE line width are alloys of me-
tals with close values of the spin-orbit coupling con-
stants, since the T1(1) and Ti%(3) contributions depend
on the concentration and are proportional to A% and A2,
respectively.

When T/® < 0.1, the term containing Js in (21) can
be neglected. The remaining expression

1 1 A
ry =1~ 25— 1)

coincides qualitatively with the analogous expression
for the resistance in the theory of the electric conduc-
tivity of metals with nonmagnetic impurities, developed
by Kagan and Zhernov U133 1t can thus be assumed that
the deformation of the lattice spectrum by heavy impur-
ities leads to an increase in the density of the number
of phonons in the low-frequency region.

With increasing temperature, T1%(3) increases mono-
tonically and reaches a maximum value at a tempera-
ture

(217

Tm=9V 1 Ji—17s
15|e| Ts

For the alloy Be + Mg, for example, T, = 72°K
(e =—1.77, A(Mg) = 4.95 x 107 eV, @(Be) = 950°K).

2. Let us consider the region of high temperatures.
When T = ®/2 the integral with respect to w in (13),
which contains the temperature factor, becomes equal
to

h
4kT

|
4kT (1 — &)

do2p(et) =

o8

Such an integral was calculated by Iosilevskil and

KaganJ. In other words, in this temperature region

the scattering by the impurities makes a contribution to

the line width, equal to
1

2
—= crAE?i-( 1

h Qo’ h 1 ’
T : ) (227)

T M AT (1—e)
It can be shown™" that at high temperatures the
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integrals with respect to w in the expressions for T7%(3)
(formula (14)) and T:'(2) (formula (15)) become respec-
tively equal to

y(@?)

__kT°§ do? 1
- o 1 02— g

A= A(wg) kT
ho -

A —,
20 &

o HTT ey =t
b howg?
Calculations of inte rals of this type were performed by
Kagan and Zhernov-'’<. Substituting these results in
(14) and (15) we find that at high temperatures, for all
values of €. we get

1 1 kT ¢
R = Ta =) V0l de (29
1 _ @7
D= R g (24)

Let us consider now the case of a light impurity
(0 < e<1.A < Ap). For small concentrations of im-
purities of this kind (see < 10 at.%) at low temperatures
we have
1 1 - 1
e

Ty Ty

When € > 0 this quantity, as follows from (21), in-
creases monotonically with temperature. We note that
were it possible to select a solution such that €A, < Ay,
then we would have T:*(2) > T1Y3). In this case, in the
low temperature interval, Ti'(2) increases with increas-
ing T and reaches a maximum value at T = J3®(2€J4)_1
In the region T < ©/2, the temperature variation of
that part of AH which depends on the impurity concen-
tration is determined by relations (23) and (24).

In conclusion we note that if V(q) = Aq, then all the
relations between the values of Ti'(i). where i = 1, 2, 3,
remain valid, and only the temperature behavior chan-
ges. It is easy to see that this reduces, apart from
constant factors, to the following substitution in the
presented expressions:

T n+2
17‘/6%\"],.—><6) Tnt, n>0.
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