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We consider the problem of finding the S matrix for a nonlinear scalar Born-Infeld field in two-dimen-
sional space x, t. On the basis of an exact solution of the classical equation of this field we obtain for
the problem of the scattering of two plane waves the ‘‘classical’’ S-matrix, which transforms the inci-
dent waves into outgoing waves. We show that in a definite approximation with respect to the ‘‘non-
linearity’’ parameter g, the quantum S-matrix coincides with the ‘‘classical’’ one. In this approxima-
tion, the S-matrix leads only to elastic scattering processes.

1. INTRODUCTION

A scalar nonlinear field of the Born-Infeld type ™2
has in two-dimensional space x, t the following Lagrange
function:

¥ = w2{l — Y1+ 2(92 — 90)} (1)

Here k is the characteristic constant of the nonlinear
field, which plays the role of an absolute scale of the
field gradient ¢y = 8¢/éx, ¢t = 9¢/ot. If x — <, then the
Lagrangian (1) goes over into the Lagrangian of the
linear field %o = (¢ — ¢2)/2, which obeys the d’Alambert
equation ¢t — ¢xx = 0. If we introduce the conjugate
field momentum n(x, t) = 6 /6¢¢, then we can write the
Hamiltonian function of this field:

Ho= g 2{V(1 + ¢29.2) (1 g2n2) — 1}, (2)

We have introduced here a constant g, which is the re-
ciprocal of k, and which will be convenient in what fol-
lows (g% = k@), and can be regarded as the nonlinearity
constant. As gZ— 0, the Hamiltonian (2) goes over into
the Hamiltonian of the linear field ¥, = (n® + ¢2)/2. The
field equation that follows from (1) or (2) pertains to the
class of quasilinear equations of the hyperbolic type EX

(1 — 220%) Pax + 2202019t — (14 293 gt = 0. (3)

In“- we solved the problem of scattering of two
plane waves in this theory. Namely, we found the solu-
tion ¢(u, v) of Eq. (3), withu =x —t and v = x + t; this
solution satisfies the following asymptotic conditions:

4]

lim @ (u, v) = $2(v). (4)

u—>o0

lim @(u,v) =1 (a),
Here wl(u) is a plane wave of arbitrary form, moving in
the positive x direction, and y2(v) is a plane wave moving
in the opposite x direction. The solution was obtained in
the form

@, v) = Pi(u -+ ulu, v)) +p2(v+v (g, v)),

where

v

w(a,v)=g § dyp"(y + v (1,0)),

—00

v(m,v)=—g | dyp (v + n(uv)) (5)

u
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(the primes of ¥1,» denote their derivatives with respect
to the argument).

It is possible to obtain from (4) and (5) the expres-
sions into which the two plane waves ¢, and ¥ go over
(t = (v = uw)/2 and in both cases of (4) we have t — —«).
We obtain the scattered waves by letting u — —« and
v — « (in this case t — ©):

lim @(z,v)=y2(v — g?Py), (6)

U—>—00

lim @ (u, v) = $1(u + g%P2),
where

Pi= wrwdy., Po= § v )dy. ™
Thus, as p = —«, the two plane waves ¥,(u) and y(v) go
over as a result of scattering into two plane waves of
the same form, but with shifted arguments. The quanti-
ties P, and P2, which determine the shifts, equal respec-
tively the energies of the first and second waves.

2. QUANTUM ANALYSIS OF THE SCATTERING
PROCESS

Let us turn to the quantum formulation of the process
of the scattering of waves in this model. It is very diffi-
cult to obtain the operators of the scattered waves Pout
by solving the Heisenberg equation for the field opera-
tor, since it is not even clear how to write down the non-
linear operator equation that follows from the Lagran-
gian (1), inasmuch as the nonlinear combinations of the
noncommuting operators ¢(x, t) may turn out to be inde-
termined operator equations at one point x, t. We there-
fore cannot transfer Eq. (3) to quantum theory auto-
matically .

It is our task to show that even in the asymptotic
region of the scattered waves (6) the solution of the
quantum equations for the system with the Hamiltonian
(2) differs from the classical solution (6), if we inter-
pret there the classical quantities as quantum field

D1n an earlier paper by the author [°] it was assumed, without justi-
fication, that Eq. (3) retains its form also in quantum theory. It is easy
to note, however, that even the solution of this equation by iteration
with respect to the constant g2 depends strongly on the sequence of the
arrangement of the operators py, v; , ¥y« in Eq. (3). The question of
the correct sequence of the operators remains open.



972

operators ¢(x, t). For linear systems, as a rule, the
solution of the classical equation of motion makes it
possible to obtain the solution of the operator equa-
tion 3

Let us introduce, following Yang, Feldman [7], and
Kallen™ | the operator of the incident waves dj,(u, v)
satisfying the free D’ Alambert equation (g = 0)

62(51‘71

Ain _‘h'a'x': = U. 8
Pinut— @i =0 Or —— =0 (8)

From (8) there follows a Fourier representation for
the operator @ip:

Gin = j1 § |Gk [a* (k) e-ikx+ilkit 4 g= () gikx=ilrle]
V2 o 20k
= “1__5 ﬁi [at (k) e=ik 4 a— (k) et*v]
V2n Y2k

1 T dk .
4+ =\ —fat(— i 4 g (— k)e=ikv], (9)
= § = Sl he (—kye
where, as usual, the Bose operators a* satisfy the per-
mutations
[a*(k), a*(p)] =

[a=(k), a=(p)] = O, [a=(k), a*(p)] = 6(k — p).

(10)
We denote, in analogy with the classical problem (4),
the operator of the incident wave in the positive x direc-
tion by

%

‘1 dk
+(k) ik k) eihu
= S e e

and the operator of the wave going in the opposite direc-
tion, by

b1 (u) = (11)

©

~ 1 ¢ dk
\lz():t __{a+(_ ) k1+a (_ ) —l](L]
TS 51’

From (9) we have

(12)

in (1, 0) = $i(u) 4 y2(2).
From the representations (10) follow commutation rela-
tions for §i(u) and J2(v). We note, first, that inasmuch
as the operator ,(u) contains a* (k) only with positive
values of k, and the operator $,(v) contains a*(~k) only
with negative values k, it follows that

[$1 (), $2(v)] = 0.

Further,

[ (), Fa(w)] = o § G sin (@ — ) = e(w—w),

~ N i ¢ dk , i ,
[Wz(b)y‘;z(u)]:—»2?80—/;sm/c(v—u):——[;e(v—u), (13)
where
_ 1, >0
8(’”)‘{ —1, z<0.

We need also to know the commutators for the deriva-
tives ¢1{,2, which are obtained by differentiating the re-
lations (13):
[vi(w), ¥/@)]=

— 1,08 (2 — ') T (), ()] = Yeid (v — ).

(14)
We now assume that the operator @yt of the scat-
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tered waves has the same form that follows from the
solution of the classical equation (3), which is now taken
to mean the Heisenberg equation for the field operators
¢. We denote it by goCl ; according to (6), we have
(Apoca]u(u, v)= Y1 (u + g2P2) + 2 (v — 2Py). (15)
The meaning of the operators ¢1(u +g 2P,) and
zpz(v -g 2p,), the argument of which contains other
operators P, and P,, becomes clear if it is noted that
the operator P, commuted with ¢2, and Pz commutes
with §,. Indeed, from (11), (12), and (14) respectively
we have
b=\ Y (uydn = kat(k)a(k)dk,

—o0

o

Po= \ % (0)dv = ket (— Kya-(— k)dk,
— 0
!pluAi)ll = [pz: b= [f;h ‘l}z] =D, 1131]A= 0,
[Py, b1 @)] = iy’ @) [Pa, P2 (0)] = — ity (v). (16)

Therefore the operators in (1§) can be represented in
the form of Taylor series in P; and P;:

Bt gby= 3 —gﬂ” ),

n=0

Pi)" A (n
o — by = 3 ZEPN G

n!

(17)

n=>0

Further, the proposed operator &gtt, as should be
the case in the Yang-Feldman theory, satisfies the free
equation (8) and has a Fourier representation

q‘)‘mfl,(u, V)= S i;/—?‘]c {A*(k, g2) e=ihu 4 A= (k, g2) eihu}

©o

1
72n S " Y2k 18

—{ethvA+(— k, g2) + A-(— k, g2) e~ikv},

where the operators A*(+Kk, gz) are defined in accord-
ance with (15), (12), and (11):
A*(k, g%) = a*(k)exp{Fikg?Ps},

A*(—Fk, g?) = a*(—k)exp{Fikg?P,}. (19)

It can be shown that the A* satisfy the same commuta-
tion relations (10) as a*. This will follow further from
the fact of the existence of a unitary transformation
Sc1a*Scl = A%, i.e., an operator relating ¢, with (}g}lt.
The operator Sc1, which realizes the transformation

Sa +(Ein (w,v)Sa = ‘;’ocf:t (u,v),
which, with allowance for (12) and (15), breaks up into
the two operators
SHPw) S =V1 (u -+ g2Py),

5211172(”)‘9@:{]72 (v—g2Py), (20)

is of the form
(21)

We shall show that S satisfies the equations in (20)._
We note first that inasmuch as the operators P; and P
commute (see (16)), the interpretation of the exponential

Sa = exp{igzi’ii’z}.
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with the operator PP, in the argument entails no diffi-
culty. Expression (21) should be regarded as a sum of
the ordinary product of the operator P,P;

exp {ig?P1Ps} = Z ( g

To prove (20) with the operator Sc], we d1fferent1ate
Se191(w)S. and S7,192(v)S with respect to g?; with allow-
ance for the commutation relations (16) we get

 (Biboy.

8 (Sayby (w) Ser) / 9g* = Sy 1 (w), Pr] S
= PuSiiby’ () Sa ="Pad (S () Sar) /0w
0 (Scabe (v) Sc1) 1 9g® = S iPy b (v), P2l St

=— DSy’ () So = — P10 (S (v) Sa) /0v. (22)

Solving these equations with initial conditions
(81 (1) Set Vg = b1 (@); (Stahz () S dgrmo = 2 (v),
we get

Shby () Sa = Pu(w + £2Py); S (v) Sa1 = Pa (v — g28y),

q.e.d.

The operator S;) is determined by (20) uniquely,
apart from a phase factor, since the system of opera-
tors (pm and ¢out’ which are solutions of the d’Alambert
equation, constitutes an irreducible set of operatorsE ol
in the two-dimensional space x, t, satisfying the commu-
tation relations (10). Thus, an expression for Sc1 follows
uniquely from the classical solutions.

In momentum space, we can also easily prove for the
operators the equalities

Ax(xk, g2) = Sq+a*(£k)Sq. (23)

It is merely necessary to recognize that when k > 0

[a%(k), P1] = Fka*(k),
[ax(—Fk), Py] = Fka=(—k),

and then we get from these operators the equalities (19)
for A*(xk, g°). It follows directly from (23) that the A*
satisfy the same commutation relations as the a*. It is
further easy to note that the operator of the number of

incident particles
Nip = Sdlca+( Ya- (k) + gdka+ —k)a

0 0

~(—k)

commutes with S¢], and therefore S¢) leads only to
scattering processes in which the number of particles
remains unchanged. From this we get the equality of
the operators of the number of incident and scattering
particles:

Wi = Nouy = § di A+ (k, @) A= (k, g2+ § dk 4+(—
0 0

k,g?) A~ (—k, g?).

3. S-MATRIX IN THE INTERACTION REPRESENTA-
TION

We now turn to the standard procedure for obtaining
the S-matrix in the interaction representation. To this
end we separate from the Hamiltonian of our system
(2) the free-field Hamiltonian, from which follows the
&’ Alembert equation (8). As already noted, when g2 =0
our Hamiltonian (2) goes over into

Ho=1s[@s2 + 7). (24)
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Thus, we break up # into two parts % = (% — 36) + o,
where the difference (% — %) is denoted by #;pn; and is
represented in the form of an expansion in powers of
g®. In the interaction representation we have, in ac-
cordance with (12)

ou(2, 1) = ' (u) + ¥ (v),
n(z, 1) = o' (v) — i’ (u),

Ho= 1'% (u) + 2 (v). (25)
The equation for the S-matrix (tlim S(t) = 8) is
— 0O
i 0‘2(:) = de#ini(z)80), (26)

where
Hint(z,1) = exp{it S dz Ho(x) }(9‘{(1)-— .%o(x))exp{——it S dx.’é‘{o(z)}

= g2 {1 + (e () + $2"2(v) ) 1211 + g2 (s (w) — 2 (v) ) A% — 1}
— Ho(z,1). (27

This complicated operator expression for Jt’int(x, t)
must be understood as an expansion, in powers of g2, of
the normal products of the operators yi?(u) and y3°(v)
(. :—sign of normal product of the operators).

This expansion is of the form

Hint (U, v) = —28%:91"2 (u) 22 (v) :

+2 2 (=)™ 3 A i A () X om 0) 1, (28)

n=1 m=0

where

nl(n+1)!
mi(m+)l(n—m)l(n+1—my!
From (26) follows an expression for the S-matrix as
the T-exponent

Am,n=

S = Texp{—i S dt S dzx Hint(z,1) } (29)

In order to be able to compare the S-matrix (29) with
the expression for S,] obtained by us in the preceding
section on the basis of the assumption concerning the
form of the operator @qyt, it is necessary to go over in
(29) from the T-product of the operators §; and J2 to the
ordinary products, inasmuch as S¢] is a sum of ordinary
products of the operators P,P,. This procedure is alge-
braically equivalent to the Wick theorem for the transi-
tion from the T to the N product, except that in place of
the chronological contractions of the operators in Wick’s
theorem it is necessary to use in our case retarded
contractions. This is seen from the example of the two
operators §1(u) and J3(v):

T by’ () @) = b’ @) $y’ (@) + DI (@' —w),

T (b’ ()62’ (v) = B2’ (0) e’ (v) + D5 (v — v) (30)
where
D (u' —u) =0(t' — 1) by (@), b’ @)],
D5 (v —v) =8¢ — ) [ (v)), b’ ()],
B(t’—t)={(1)', iztt (31)

Using the Hori method**? we effec} the tl:ansition
from the T-product of the operators §{ and 3 in (29) to
the ordinary product with the aid of the operator
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exp aret;
Texp{—~i{ dt § dz Hine(z, n}= & exp{ ~i§ ardz i}, (32)

The symbol aret denotes in the case of our operators
$1(u) and J2(v)

&2

Aret _ dt d ' Dret _ _ = (33)
S ,YZS xaz{ o (U2 — uy) S () 6% (112)
2
+ D5 (02— v1) = 2

S (v1) O’ (v2) 7

For further calculations it is convenient to go over to
the momentum representation of the operators ; and
2 and of the functions Dfez

b ()= ES dp e=i7* a(p),
)= V—%S dp =7+ (p). (39)
Taking (11) and (12) into account, we obtain for the
operators a(p) and B(p) the following expressions
- T
io=V "2 L p@er o)~ o (=pa (o)
B(p)= ]/ lel, il8(—p)at(p)— 8(p)a~(—p)]. (35)

The functions Df’ezt have the following Fourier repre-
sentation:

B(ta— 1) .

o S dppexp {ip(ua— 1)},

ﬂ%}ﬂs dp p exp {ip (v2— v1)}.

D (uy— uy) =
D (ve—vy) = — (36)

In formula (32) it is now necessary to substitute aret
and [dtdx #;p¢(x, t) in the following form:

52
Aret = S dti,zg dps.z{Ai(talh, bops) =—
‘ bay, (Ih) da, (PZ)

62
+ Az (t1ps; tap2) — (37
e ) (o) e 20 el
where
8(t — ¢
Ay 2 (Lpy; bope) = — ‘% p1,20(p1 + p2),
SdtSdz.%’,-m(x,t)=— Sdtz( ) ZAmn
2AmA-1)
X Sdpi +Apaimi1y 84s - - - AGe(ns-m) exp{2zt > p]}
=1
2Am+) 2An-+H~m) . . ~ .
Xﬁ( D e+ 2 Qj> tar(p). . @i (Paomtn) Be (1) -« - Be(Gatnttom) :
! ! (38)

The operators at and Bt are labeled in the expressions
(37) and (38) with the index t; this is connected with the
fact that although these operators do not depend on the
time explicitly, t is an ‘“‘ordering’’ product in the
T-product of the operators in (32) (see™)). For the
total Hamiltonian #jn¢(x, t), defined in (38), it is im-
possible to carry out the operation (32) of the transition
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from the T-product to the ordinary product without an
expansion in powers of the parameters g?.

It is our task to show that if we confine ourselves to
the first term of (38), which is proportional to gZ, then
the operation (32) can be performed, accurate to g in
the argument of the exponential, without a series expan-
sion, and the resultant expression coincides exactly
with S, obtained in Sec. 2.

Let us consider the expression

9 o
S, = Texp{vl;(i S dt S dpy,+dqy, 2 exp {2it (p1 + p2)} 8(pr+ P2+ 1+ @2)

—o0  —o0

X (p)au(p B (a0 Be(an): = s oxp {Farmcn) |, (39)

H,(t) is the first term in the expansion (38). We shall
perform all the operations connected with the varia-
tional differentiation, accurate to g in the argument of
the exponential, as a result of which we obtain

Sy = eXp{ ig ﬂ dpy,2dgs,28(p1+ p2)

—o0

8(gs + g2) :a(pr) o (p2) B (1) B (g2) : } (40)
Substituting here the expressmns for the operators
a(p) and B(q) in terms of a* from (35), we verify that S,
coincides with S;]. Indeed, in the argument of the ex-
ponential (40) we have

§dpag:apa(=p)::p@)p(—a):=§ ufpdq'—p'zm

X {:[0(p)at(p)— 6(—p)a~(—p)1[6(—p)a*(—p)—08(p)a=(p)]:
X:[8(—g)a*(q) — 0(q)a~ (—a) 1[0 (@) a* (—q) — 6(—4)a~(1)]:)
=\ dppar(p)a(p) \ dgaat(—a)a(—q)=PiP,. (41)

0 0

Thus, our statement is proven: S; = exp {igzlsllsz}.
Consequently, our approximation for finding the
S-matrix leads to S¢), which, as already noted above,
gives only elastic scattering processes.

The exact S-matrix, which is determined by the total
Hamiltonian Hj,¢(t), contains terms that lead also to in-
elastic processes. This follows from the form of the
S-matrix in the normal form, obtained from perturba-
tion theory up to order g* inclusive:

A igh . a ~ T a A
S=1+ Lg21tulﬂz-|-7 : {P12P22+P12$ dglq|B(g)B(—q)

delplA

+ b2 \dplpl a(—p)+ dglq|B(9)B(—q)

dp pf

i
+(ﬁ1 + mz (OS > 2m332( 5
- dpufa(pr) @ (p2) @ (ps) @ (ps) + B(p0) B (72) B (pa) B (pa)]

x6\2p1> Sdpp}

The last term leads to the possibility of inelastic proc-
esses even in this order of perturbation theory. The
parameter € is due to the factor exp(—|t|), which is
introduced in #in¢ in accordance with the adiabatic
hypothesis and which appears in the vacuum matrix ele-
ments of the S-matrix. In our case, the vacuum is

+ $ap...
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defined with respect to particles of sort @ or g (with
positive or negative momentum p). The infinite integ-

rals f dpp are due to the causal contractions of the
0

operators on going from the T to the N product.

It now becomes clear that the exact operator of the
scattered waves is not equal to ‘?)Clllt’ since they are ob-
tained from ¢jp with the aid of different S-matrices,
and they coincide only in the approximation made above,
in which there are no inelastic processes.

In conclusion, the author thanks D. I. Blokhintsev
and N. A. Chernikov for continuous interest in the work

and interesting discussions.
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