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The asymptotic behavior for large energies and fixed unphysical momentum transfers: Q2 - (m + J.L? 
~ am 2, of the J.L + J.L- - e + e- annihilation amplitudes is calculated by means of direct summation of the 
essential contributions of Feynman diagrams. The asymptotic expression is used to obtain explicit ex
pressions for the partial waves with complex total angular momenta J ~ (a)112 « 1 in the Q2 -channel, 
thus allowing a determination of the motion of the Coulomb poles situated farthest to the right in the com
plex J -plane. 

1. INTRODUCTION 

IT is known [lJ that the behavior of the amplitudes in 
quantum field theory at large energies S1 / 2 and fixed 
momentum transfer ( -Q2) 112 is related to the analytic 
properties of the partial wave f{(Q2) in the J -plane of 
the crossed channel, where (Q2) 12 plays the role of the 
total c.m.s. energy. It is usually assumed(2 J that the 
only singularities in the J -plane are Hegge poles and the 
accompanying Man de lstam branch points. 

On the other hand several authors[3 - 7 J have found a 
doubly logarithmic behavior of some processes in quan
tum electrodynamics. This problem is equivalent to the 
computation of the partial waves fJ(Q2) for 

Q2 < 0, J ~ 1';;: <:;;;; 1, ( 1) 
where a is the fine-structure constant. 

It turned out[6• 7 J that in the region (1) the partial 
waves in the Q2-channel have only stationary singulari-
ties: poles in the J.L- e- system and a square-root branch 
point in the J.L-e+ system. It is clear a priori that for ci 
sufficiently close to (m + J.L) 2 (m is the electron mass, 
J.L is the muon mass), i.e., in the unphysical region of the 
S-channe!, this result will not be valid. The reason for 
this is that there are bound states in the J.L-e+ system, 
which unavoidably leads to the appearance of Hegge poles 
in the J -plane, which for Q2 sufficiently close to (m + J.L) 2 

will move arbitrarily far to the right. 
The motion of the Coulomb poles has been investigated 

in several papers (cf. e.g. [BJ ), however it was usually 
assumed that there are no other singularities in the J
planes of the partial waves. Here we compute fJ(Q2) in 
the region 

I (m + ~tJ2- Q21 ~ am•«;;; m•, 1 ~ va<ii: 1. (~:) 

For such values of Q2 the leading Coulomb pole just 
reaches the region J ~ (a) 112 and the partial waves start 
depending on Q2• 

The problem of computing fJ(Q2) in the region (2) is 
interesting in two respects. Firstly, one gains consider
able insight on the general structure of the simply loga-
rithmic terms in the physical region Q2 < 0. Secondly, 
the knowledge of the analytic properties of the partial 
waves in the J -plane could be useful in computing correc
tions to positronium energy levels. 
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2. COMPUTATION OF THE ASYMPTOTIC BEHAVIOR 
OF THE: J.L+ J.L- - e+e- ANNIHILATION AMPLITUDE 
IN THE UNPHYSICAL REGION IQ2 - (m + 1J.)2 I""'am2 

We shall for definiteness consider the annihilation of 
a pair J.L- J.L+ with momenta p1 and -p2, respectively, into 
a e + e- pair, with momenta -p3 , p4 at large energies. It 
is assumed that the muon mass J.L is of the order of the 
electron mass m. We introduce the quantity S-the 
square of the c.m.s. energy: 

and also the momentum transfers 

Q = Pt -p, 

for forward scattering, and 

Q =p, +Pa 

for backward scattering. 

(3) 

(3a) 

(3b) 

The immediate reason for the fact that in the region 
(2) the previously found expressions for the partial 
waves [a, 7 J become incorrect is the circumstance that in 
perturbation theory in addition to the doubly logarithmic 
terms 

~ -!n•-( a S )n 
n m2 

there also appear large singly logarithmic terms 

~[ al'm~-tln :./l'(m+~-t)'-Q2r. 
which, if the conditions (2) are satisfied are just of the 
order of the doubly logarithmic terms. Therefore there 
arises the problem of summing large contributions of 
both types. 

As a characteristic example we consider the simplest 
diagram of Fig. 1, a for backward annihilation. We ex
pand the int<egration momentum in terms of the vectors 
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p1 and p2 by means of the use of Sudakov parameters: [SJ 

(4) 

As was shown in [& l, the contribution of this diagram to 
the asymptotic behavior is expressed in terms of a two
dimensional integral corresponding to the "contracted" 
Polkinghorne diagram[9 l (cf. Fig. 1, b): 

F, = ~· (- (2:)•) 5 d: s d'kJ. (5) 
. m'/S -k _1_''<,118 

v.J. (kJ. + 11lv~J. · v.J. (Q J. -k1. + m\vf 
X [kJ.2 --fL2][(Q+klJ.2 --m2 ] 

The analytic continuation of the integral with respect 
to k.L into the region (2) leads to the usual doubly loga
rithmic contribution from the region -ki » m2, but in 
addition, for Q2 _... (m + J.L)2 the singularities of the inte
grand come close to the integration contours with respect 
to ki and ki, which leads to the appearance of a large 
contribution from the integration region -ki ~ m2• This 
is the simply logarithmic contribution we were looking 
for. 

The spin structure of the expression (5) can be sim
plified by u~ing the anticommutation properties of the 
matrices y11 : 

'\'v_j_(k_j_ + f1)'\',._j_·Vv_j_(Q_!_- k_1_ + m)v,._j_ 
= 2(k_j_Q.- k_1_2 )y,._j_·y"_j_ + J.tmv,_!_y,.Lv,_!_y"_j_ 

(6) 

(the dots between the matrices separate the electronic 
from the muonic y-matrices). 

Introducing the new integration variables 

1/ 2a - k_1_2 1/ 2a 1 1/ 2a S 
s=y nln-;nij3, 1]=y -;lnji", p=y 7lnln2, (7) 

the expression (5) can be reduced to the form 

F,=Fo(-_!_)~ as~a1][a<s-1])-4V; -v<QZ)6(s-1]>J. (8) 
4 o o a 

.L .L 
where Fo = yJ.L • YJ.LIS is the Born amplitude and y(~) is 
the spinor "trajectory" of the Coulomb pole: 

In this expression only the most singular terms as Q2 

_... (m + J.L) 2 have been written, leading to large simply 
logarithmic terms. 

(9) 

The asymptotic behavior of the more complicated lad
der diagram (Fig. 2, a) is also determined by the "con
tracted" Polkinghorne diagram (Fig. 2, b); it was shown 
in [&J that 

e• ( a )"S rr" dfl. S rr" 
F ... =s --<zn>• i=l ~: i=·a·kj_t (10) 

vJ. (kJ.n + 11)'\'J. •.. vt. yJ. (Q- kj_n + m)yJ. •.. y_L 
, "n · "n-1 "u "n "n-1 Ve 

X [ki,.- 112] [(Q--k .. )i- m•] · · · !k1,- 112 ] [(Q- k1)1- m'] 

where the integration is over the region 

m2 /S<fln< ... <~·<~•<1, (lOa) 

1 > -k_j_n2 / s~ .. > ... > -k_Lt2 / s~. >m2 / s. (lOb) 
The condition (lOb) appears after taking the residues of 
the photon propagators with respect to all ai's as a con
dition of separating from one another the integrations 
with respect to the k.Li. U (lOa) is satisfied:[ this condi
tion is equivalent to the requirement that kl: Rl kfi. In the 
case where all -kJ.i ~ m2, this condition is automatically 

• I I z "I! • 

I Pz 

l 
b 

a FIG. 2. 

satisfied owing to the inequality (lOa). In the other ex
treme situation, when all -ki i » m2 the change of vari
ables -kii/Sf3i = ai reduces the inequality to the usual 
restriction[6 l on the region of doubly logarithmic behav
ior: 

m• 
s<a•<a•<···<a,.<1. (ll) 

As before, two regions: -klt » m2 and -kli ~m2 give 
large contributions to the integration with respect to ev
ery k.Li. Introducing the new variables (7) one can reduce 
the expression (10) to the form 

1 )" .. 
F,,. = Fo( -4 ~IT d6td1Ji ,_. 

x [a(~~ -11;)- 4 Y ;a y(Q2)6(s; - 111)], (12) 

where the integration is over the region 

0 < 1]1 < '1]2 < · .. < 'l]n < p, (12a) 

0 < s• < sz < ... < 6 .. < p. (12l:>) 
It is easy to verify that in the general case the class 

of diagrams giving a large contribution of the type illus
trated above coincides with the class of diagrams giving 
a doubly logarithmic contribution. [e, 7 l A distinction ap
pears only in the integration over the ladder variables 
~i and TJ t. where in addition to the region -kli » m2 the 
region -klt ~ m2 also gives a large contribution. This 
fact can be taken into account by means of introducing a 
term ~yo(~- TJ) into the kernel of the integral equa
tion [7l for F, the amplitude for backward J.L + J.L- -annihi
lation (cf. Eq. (12)): 

F = F0 exp ( -p2)J(p, p), 

1 ~ 'I [ 
J(s,'1])=1- 4 ~ as.) a'l]. a<s•-11•> 

9 0 

-4 V 2: y(Q2)6(6t-1]t) J e'lo(HdJ(it, 1]t). (13) 

In a similar manner one modifies the equation for for
ward annihilation 

M = Fol(p, p), 

J(s.11>= 1+ ~ S as.S a'l].[ a<s•-11•> 
0 0 

(14) 

where 
al'm11 f!J. 1 [ 1 ] p (Q') = ' !fP, =- f- -y,Ly,l. . 

y(m + f.l)' Q2 2 2 (15) 

The integral equations (13) and (14) can be easily solved 
by rewriting them in differential form, l) and looking for 

r>The author is indebted to V. G. Gorshkov for calling to his atten
tion the possibility of writing the integral equations for J(~. 71) in the 
simple form (13) and (14). The integral equations which the author had 
originally obtained were fairly involved, although they led to the same 
differential equations. 
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a solution by the method exposed in [8, 7 l: 

I p• ) 1 a+t• eol 
F=Foexp1--- Jdl . , (16) 

\ .2 211i 0_1~ D_,Jl)/D_,Jl)-'(1t/2ay(Q2) 

i a+ioo &l 
M=Fo- ~ dl , 

2nt a-ioo 1/•(l +112-1)- rn/2ap(Q2) (17) 

where Dp( l) are parabolic cylinder functions. [10J 
The factor exp ( -p2/2) in Eq. (16) appears due to the 

fact that, following Abrikosov, [4J we cut off the infrared
divergent integrals by introducing a finite virtuality of 
the external particles pf- m2 = am2 ~ m2• In the sequel 
we omit this factor corresponding to a transition to the· 
effective amplitude with the emission of an arbitrary 
number of quanta with -ki « m2, [7 J or by attributing a 
mass to the photon, A ~ m. 

3. THE PARTIAL WAVES IN THE Q2-CHANNEL FOJR 
COMPLEX J 

A convenient formalism for the computation of the 

helicity amplitudes F{\.) A(~), M{ A . A A with 
1 3J ''2 4 1 4J 2 3 

total angular momentum J and parity ±(-1)J was pro
posed by Gell-Mann et al.[uJ Using the formulas given 
in that paper it is easy to find expressions for the par
tial waves of the amplitude F'ii for 11. + 11.- -annihilation in 
the backward direction in the Born approximation: 

, 3- 3- e2 1 
J-loFo v.-'h;V,'h = Fo '1•-'k;V•-'h =- 2p2 J, (18) 

where p is the momentum in the c.m.s. of the ~-chan·· 
nel. In deriving (18) use has been made of the smallness 
of J and p in the region (2). 

It can be seen from Eqs. (18) that only one among 
the amplitudes, namely the physical Q2 -channel ampli-

tude rl~. 1..!. is not analytic in the complex J plane. 
2 2, 2 2 

This is a well-known[llJ general property of lowest or
der perturbation theory. If one takes into account radi
ative corrections this amplitude becomes an analytic 
function. [BJ 

For the computation of the helicity amplitudes for 
the case of the more complicated spin structure (16) it 
is useful to note that the operator ."P introduced in Eq. 
(9) when multiplied by the Born term behaves like a 
projection: 

f1f'2= f1f', (19) 

which is an immediate consequence of the commutation 
properties of the yt -matrices. Therefore it suffices 

to determine the helicity amplitudes for only two spin 
combinations, namely Yti y& · yti Yb and Yb • y&. The 

computation of these helicity amplitudes shows that in 
the region (2) the operator CP is the unit matrix. After 
this use of the formalism developed in [llJ leads in a 
simple manner to the helicity amplitudes for backward 
annihilation 

=~{1-,/[V2aD_·,.<¥~1) v<o•J]}. 
2p2 1t D-•1, (fn/2a J) 

_ J- e2 1[.,/2aD-•!,(Yn/2al) ] 
J-'"~-'h;%'1. =Fv.-Y.;'h-'h = -2j.. f 1l D_•,,(}n/2aJ) -y(Q•) . 

. (20) 

Comparing the expressions for rl~ . .!..!. and 
J- 22,22 

F 01. .!. • .!. .!. we note that the o Jo singularity disappears if 
2 2, 2 2 

one takes into account radiative corrections: 

F:"V,'k;'k'k = limF,v,;V•'I•· (21) 
.._.. _.r-

In addition, for J = 0 the physical amplitude Fl.!..!.!. 
____ .r- 2 2, 2 2 

coincides with the Born amplitude F;.0 .!. .!.. !. .!. , i.e., the 
2 2, 2 2 

residues of all Hegge poles vanish for J - 0. 
The helieity amplitudes (20) have the correct ana

lytic properties in the Q2 -plane, the discontinuity across 
the cut in the right-hand side being determined by the 
two-particle unitarity condition in the ~-channel: 

(22) 

Conversely, the relations (22) could be used for anal
ternative derivation of Eqs. (20). 

Similar computations for the forward annihilation 
amplitude lead to the following expressions: 

M~1..3;a 1 A4 = 0, M~t2; 1/2lf2 
e• [ J ] 

=- 2p2 1- l/2(l+l'JZ-2a/n)-p(Q2). (23) 

In this case one can also check the validity of two
particle unitarity of the type (22). 

In conclusion of this section we list formulas relating 
± ± 

the amplitudes FJ and ~ introduced above with the 
·± 

amplitudes f~A' describing transitions between states 
with spin projections U' = 0 or 1 on the momentum 
direction in the c.m.s., which were used in [6 ' 7 l: 

fooi± = 4pF~l•l,'h• lo,i± = -4pFt=•f,;'!.'h, fui± = 4pF~:.v,; 'h-'f,. (24) 

In order to verify the relations (24) it suffices to find 
± 

the limit of ffA, for Q2 - (m + 1J.) 2• 

We also note a misprint in Eq. (27) of [6 J. The sign 
in front of the term 2j/(j + (j2 - y)11 2 ) should be 

changed. In addition, in Eq. (24) fh' should be re-
··< 

placed by :rl~A'" 

4. THE MOTION OF COULOMB POLES IN THE 
J-PLANE 

In nonrelativistic quantum mechanics the Coulomb 
pole farthest to the right of the partial wave amplitude 
fz(E) moves to the point l = -1 for large energies E. 
Owing to the shift discovered by Azimov/12 J the singu
larity in l moves into the point J = l + s. 

On the other hand the asymptotic formulas (16) and 
(17) allow us to compute correctly only the state of 
even signature, since the presence of the signature fac
tor in the Sommerfeld-Watson integral describing the 
contribution to the asymptotic behavior of the negative 
signature state leads to the effective loss of one loga
rithm of S. This means that in order to find the odd
signature partial waves it is necessary to know the 
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asymptotic behavior of the amplitudes F and M to a 
higher degree of accuracy. Therefore Eqs. (20) and (23) 
describe only the motion of one Coulomb pole corre
sponding to bound states, or "virtual bound states"l13 l 

of the e± 11 ± system with quantum numbers: 

J = 2n, n = 1, 2, ... ; l = J- 1, n, = 0 (25) 

(nr is the radial quantum number). 
We first consider the motion of the Coulomb pole in 

the J-plane of the 11-e+ system for the Ci-channel. Its 
trajectory can be obtained from the vanishing of the de
nominator in the partial waves (23): 

J = ~(Q2) +a I 2n~(Q2), (26) 

where 

(26a) 

In the physical region of the S-channel, i.e., for Q2 < 0 
the Regge pole is situated on the second sheet of the J
plane, to the right of the branch-point J = (2ahr)1/2, 
and therefore does not influence the asymptotic behav
ior of the process of forward 11 + 11- annihilation into an 
e+e- pair.l6 l As Ci increases the Coulomb pole moves 
to the left, reaches the point J = (2ahr)112 exits via the 
cut onto the first sheet of the J -plane, and as Q2 in
creases further it reaches the points J = 2, 4, ... , lead
ing to bound states with the quantum numbers (25). 

In the Q2 -channel of the 11-e- system it can be seen 
from Eq. (23) that there are an infinity of Regge poles. 
Their trajectories can be found by solving the following 
equation 

(27) 

where 

(27a) 

In the physical region of the S-channel, i.e., for 
Q2 < 0, the quantity y(Q2 ) is of the order a « 1, i.e., 
the position of the Regge poles is determined by the 
zeroes of D-1 ; 4 (l). These zeroes are situated between 
the bisectors of the second and third coordinate quad
rants and asymptotically approach these bisectors (cf. 
Fig. 3). Making use of the asymptotic behavior of the 
functions Dp (l) l10l one can determine the positions of 
the zeroes: 

lln I= (2(1/.<pn + n/4 + 2nn)/sin 2<pnJ'h 
for;lnl>1, n = -1, -2 ... , 

(28) 

As Q2 increases the function y(Q2) increases in ab
solute value, going to -oo as Q2 - (m + /1) 2• In this 
case the position of the Regge poles is obviously deter
mined by the zeroes of D_514 (l), which are situated in 
the sector I cp I < % 7T and tend asymptotically to the bi
sectors of the second and third quadrants (cf. Fig. 3) 

llnl = [2(-3/z<Pn+5n/4+2nn) ;sin2<pn]'f, for \n\~1. 

n= -1, -2, ... , 

( l'2n ·) cos2<pn=llnl-2 
1 -3lnllnl-2lnr(5f,) . (29) 

The trajectories of the various Regge poles, 

FIG. 3. The J-plane for the 
partial wave FJ(Q2 ). The closed 
curves separate the regions within 
which the Regge poles J = Jj('y) 
move around for all complex values 
of 'Y. The dots denote the positions 
of these poles for 'Y = 0 and 'Y = oo. 

The crosses denote points where 
these poles "collide". 

Jmt 

[ 

J = Ji(Q2) are different branches of a single non-schlicht 
analytic function J = J(Q2). This function has an infinite 
sequence of square -root branch points, corresponding 
to the collision of neighboring Regge poles: 

~,y2a D_•;,()'~/) =0. (30) 
dl n D_•1,("yn/2al) 

In Fig. 3 the "collision" points of Regge poles are de
noted by crosses. Utilizing the asymptotic behavior of 
the functions Dp(Z) it is easy to find the positions ya, b 
of the branch points: 

y ;aiYn"l =[ 2( -;q>n"+ t +2nn )/ sin2q>n" r, n>1, 

cos2<pn" =[ -7ln.[1Yn"l V n J-2ln l'2n J/ n-lyn"l', 2a r(5/.)l 2d' 
n=-1,-2, ... , 

cos 2q>nb = [ -5ln(4 Y 11 IYnb I ) - 2ln (_.!_ l'21n/ )]('IV n I Yn" I( 
. 2a 2 r( •) . 2a (31) 

One can verify that the Riemann surface of the function 
J = J( y) consists of a first sheet with excised sector 
3/ 4 7T < cp < % 7T, covered by an infinite number of branch 
cuts and an infinity of second sheets, each of them being 
connected to the first sheet through one branch cut (cf. 
Fig. 4). As it moves over the first sheet of the y-plane, 
the trajectory J = J ( y) moves along the region I of 
Fig. 3. To any second sheet of the y plane there corre
sponds its own pole in the J -plane, which, as it moves 
over the second sheet, encircles a certain region (in 
Fig. 3 the positions of the poles for y = 0 and for y = oo, 

(28) and (29), respectively, is indicated inside these re-

FIG. 4. The first sheet 
of the Riemann surface of the 
function J = J("(). The posi
tion of the square-root singu
larities 'Y~ b,is given by Eq. 
(31). 
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gions). Thus there is a oo.e-to-one correspondence be·· 
tween the points of the Riemann surface of y and the 
points of the J -plane. 

We now investigate what happens with the singulari·· 
ties of the partial waves (20) under analytic continua
tion from the region Q2 < (m + J1.) 2 of the first sheet of 
the Q2 -plane into the region Q2 < (m + J1.) 2 of the second 
sheet. Under this continuation y(Q2 ) varies from nega-
tive to positive values, and for large positive y > 0 Eq. 
(27) acquires a new solution, in addition to {29 ): 

J = y(Q2) + O(a I y), {32) 

i.e., for Q2 sufficiently close to (m + J1.) 2, J can reach 
the points J = 2, 4 leading to "virtual" bound states£13 J 

with quantum numbers {25), for electron-Jl.- meson scat
tering. However, as can be seen from Fig. 4, this ana·
lytic continuation leads us onto the first sheet of the 
y-plane for the trajectory J = J(y), necessarily coming 
from one of the second sheets, to each of which corre·· 
sponds its own pole in the J -plane. Thus, depending 0!11 
the path in the Q2-plane, each given Hegge pole Ji(Q2), 

in moving from the region Q2 < (m + J1.) 2 of the physical 
sheet of the Q2-plane into the region Q2 < (m + J1.) 2 of the 
second sheet, can be continuously moved to the physical 
points J = 2, 4, ... , leading to "virtual bound states"£13 J 

in the e-Jl- system with the quantum numbers (25). A 
similar situation, when to one bound state or resonance 
there correspond several Hegge pole might also occur 
in the theory of strong interactions. 

In conclusion we discuss the question whether it is 
possible to compute corrections to the positronium en·
ergy levels with the help of formulas of the type {26) 
and (27). It is known£14J that the principal corrections 
to the nonrelativistic expression for the bound states of 
the J.L -e+ system are of the order ma 4, whereas {26) 
formally yields a correction ~ ma 3• This, of course, ils 
not contradictory, since Eqs. {26) and (27) are valid 
only for J ~ (a) 112• Therefore, if one adds to the de
nominators (23) an expression of the type af(J), where 
f(J) is a function analytic at J = 0 satisfying the only 
condition 

/(!) = 1 I 2n!, 1 = 2, 4, ... , 

then, without modifying ~ for J ~ (a) 112 we can 
achieve the required order of the corrections to the e!11-
ergy levels. At the same time the introduction of af(J) 
is equivalent to a summation of singly logarithmic 
terms ~an ln {S/m2). Therefore the requirement that 

the corrections to the nonrelativistic expression of the 
energy of the bound states be of order am imposes a 
severe restriction of the type {33) on the structure of 
the singly logarithmic asymptotic behavior. 

I use this occasion to express my gratitude to V. N. 
Gribov for a stimulating discussion of the problem, to 
v. G. Gorshkov for repeated help during this investiga
tion, to G. v. Frolov and other participants of the the
oretical division seminar of the Physico-technical Insti
tute for a discussion of the results of this work. 
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