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We consider the kinematics and determine the probability of hard Cerenkov radiation in the region of 
nonrelativistic and moderately relativistic energies of the radiating particle (the earlier analysis was 
carried out in the ultrarelativistic region). We consider the conditions under which the hard Cerenkov 
radiation could be observed and distinguished from bremsstrahlung. These conditions are apparently 
realizable in present day experiments. 

THE emission of a Cerenkov photon by a fast particle 
passing through matter can be regarded as the occur­
rence of a photon elementary excitation in a medium-a 
dynamic system which consists of matter and of a trans­
verse electromagnetic field interacting with the matter. 
In a transparent medium, the energy of the photon is 
connected with its momentum q by the relation 
w = q/n(w), where n(w) is the refractive index of the 
medium (:li = c = 1). The energy and momentum conser­
vation laws impose a kinematic limitation n(w) > 1 on 
the occurrence of such a photon excitation of the medium 
under the influence of a fast particle. The condition n(w) 
> 1 is satisfied at frequencies w < w 0 , where w 0 is the 
upper limit of the ultraviolet region. This forbids the 
emission of one or several vacuum photons, for which 
n(w):::: 1, by a fast particle. However, such hard photons 
can be radiated by a fast particle with accompaniment 

dielectric constant of the medium, Nw is the number of 
"dressed" photons with frequency w per quantum state, 
and St is the sum over the spin states of the radiating 
particle with charge e (we shall assume this to be a 
Dirac particle), as given below. In the factor N + 1, the 
second term corresponds to spontaneous two-quantum 
Cerenkov radiation, and the first corresponds to stimu­
lated emission of two quanta, the vacuum hard quantum 
and the dressed soft quantum, this radiation being stimu­
lated by the soft quantum. 

We shall henceforth assume the medium to be trans-
parent. The presence of the small imaginary part of 
the dielectric constant in (1) leads in this case to the 
occurrence in (1) of a 5-like factor, expressing the en­
ergy conservation law: 

-lm = nl'>(w2n2- q•) 
w2et - q2 + ib 

nV nV 
= Zwnl'>(ro-roq)= Zron b(E0 -E-k-roq), (2) 

where wq is the solution of the equation wn(w) = q, and 
V = dw/dq is the group velocity. Between the energies 
and the momenta of the participating particle there ex­
ists also a kinematic connection expressed by the equa­
tion 

(3) 

of a photon with w < w0 interacting with the matter. This 
process was considered in ll, 2 J and called there hard 
Cerenkov radiation. In fact, hard Cerenkov radiation is. 
a form of bremsstrahlung, differing from the classical 
Bethe-Heitler bremsstrahlung only in the fact that the 
excess energy and momentum is taken then not by a 
separate nucleus, but by the entire medium in which the 
photon excitation is produced. The hard Cerenkov radia­
tion is even closer in spirit to the bremsstrahlung ac­
companied not only by transfer of the excess momentum 
but also by excitation of the atoms of the medium l3J. It whence 
is furthermore very close to the radiation of a trans- Eok ( 1 - ~·o cos tt) + Eow ( 1 - n"·o cos 9) - kw ( 1 - n cos 9') 

verse vacuum photon, accompanied by excitation or + 'hw•(n• -1) = 0, (4) 
annihilation in the medium of a longitudinal electromag;- where 8' is the angle between k and q. Up to energies 
netic wave-a plasmonl4 ' 5 ' 2 J. All these and other possi- Eo- m2/w, i.e., up to Eo- 105 m, and for win the opti-
ble processes are considered from a unified point of cal band, it turns out (as will be shown later) that k « p0 

view inlsJ. Here we shall consider the hard Cerenkov and 8 ~ e', and (4) yields 
radiation at lower energies Eo of the fast particle than 
in l1 ' 2 J-in the moderately relativistic and nonrelativistic 
cases. 

The expression for the probability per unit path, 
dwkq' that a fast particle with initial velocity Vo will 
emit a vacuum quantum with momentum k and energy 
k = lkl, accompanied by a transverse photon interacting 

9 1 1 kf - Vo COS {} 
cos ~ ---, 

Von ( Wq) v0wqn ( !llq) 
(5) 

We see that the angle 8 in the case of hard Cerenkov 
radiation lies inside the single- quantum Cerenkov cone 

cos9-q>:::< 1/v0n(wq). (6) 

with the isotropic matter ("dressed" photon) with mo- Solving (5) with respect to k, we get 
mentum q and energy w < w0 , was derived inl 2 l. It takes 
the form 

N.,+1 ( 1 ) dkdq dwkq = 2e4---S1 - Im ---·. 
v0 u>'e1 (ro)- q2 (2n) 4m2k 

(1) 

Formula (1) is suitable for both transparent and absorb­
ing media. In this formula, Et = n2 (w) is the transvers•e 
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k=roq n(roq)vocos9-1. 
1- vocostl' 

(7) 

From this we get the maximum value k = km (it corre­
sponds to ,J = e = 0) 

(8) 
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km can greatly exceed w. For example, when n = 2, the 
ratio km/w is 3.0 at Eo- m = 350 keY, 5.4 at Eo- m 
= 500 keY, 9.8 at Eo- m = 750 keY, and 15.4 at Eo- m 
= 1 MeV. If w is in the optical band, then km is in the 
x-ray band. For quanta with energy k - km, the refrac­
tive index is n::;; 1, and these quanta cannot be radiated 
as a result of the ordinary single- quantum Cerenkov 
effect, but they can be produced, as we shall show, via 
the two- quantum Cerenkov effect. In addition to the 
formation of hard quanta with n = 1, there can occur 
also the more trivial two-quantum emission of two 
dressed quanta [7 J; in this case some can excite optical 
frequencies and others radial frequencies-stimulation 
of one frequency causes radiation not only at that fre­
quency but also at a kinematically coupled frequency. 

In the moderately ultrarelativistic case, when m << Eo 
« m0/w, the significant angles J. are small J. « 1 

2/ 2 ' ' Vo = 1- m 2Eo, and (7) goes over into 

km(tr) = 2Eo2 n(wq)cos 8-1 (9) 
m2 1 + E 02tr2/ m2 Wq, 

and we obtain for the upper limit of the spectrum 

km = 2Eo2wq I m2• (10) 

This limit increases rapidly with increasing E 0 , and for 
example when wq - 10-5 (optical band) and Eo = 500 MeV 
= 103 m it amounts to km =20m = 10 MeV. At Eo 
= 100 MeV and the same value of wq we get km 
= 250 keY. As noted earlier[1'2J, the upper limit km ap­
proaches Eo at Eo ::2: m2/wq. 

In the nonrelativistic and moderately relativistic 
cases m ::; Eo, the spin sum st can be written in the form 

1 
St~-2 2 2 {-8(x,+x,) 2vu2 -8x12k_j_2/Eo' 

Xt X2 

+16x, (x, + x,)vo_!_k_!_ I Eo- 2 (m I E0)'x,x,(x,2 + x22)}; (11) 
?(f ~ -2(Eowq I m')y, x, = 2(Eok I m')y,, 

x, + x, ~ -2 (kwq I m2)y3; (12) 
Vi= n(wq)vo cos 8- 1, y, = 1- vocostr, 

Ya=n(wq)cos8'-1, Y0_!_2 =vo2 sin2 8, k_1_2 =k2 sin2 8', 
Vo_j_k_!_ = vok(cos'fr-cos8cos8') (13) 

In the derivation of (11)- (13) from the general expres-
. f [ 2] swns o , we used the smallness of wq << m. The 

quantities Y1 and Y3 which enter into these formulas are 
of the order of 1 and y2 - (m/Eo) 2, since only angles 
J. S m/Eo are significant. We get K1- K2 - mw/E~ and 
K1 + K2- (Eow/m2)2, inasmuch as in the nonrelativistic 
and moderately relativistic cases k - km is, in accord­
ance with (8) and (10), of the order of k- E 0 w/m. Each 
of the first three terms in the curly brackets of (11) is 
of order of magnitude (E0 w/m2)2, and the order of the 
remaining two is (m/Eo)\E 0 w/m2)4 and is smaller than 
each of the first three terms at Eo>> m. However, the 
sum of the first three terms has, as a result of mutual 
cancellations, the same order of magnitude 
(m/Eo) 2 (Eow/m2 ) 2 as the last two terms. As a result, the 
spin sum (11) is of the order of St - (m/E 0 ) 2. In the 
moderately ultrarelativistic case, when m << Eo 
« Eom/w, and the angle J. ::; m/Eo is small, the sum St 
takes the form 

X n'- 1 sin28(1-4 (mtr/Eo)' cos')~(:!!._)' (14) 
(ncosfJ-1) 2 , [(m/E0) 2 +tr2]2 cp Eo. ' 

where cp is the angle between the planes (p0 , k) and 
(po, q). It is seen from (14) that when the angle e ap­
proaches the Cerenkov cone, St increases in proportion 
to Y12 = (n cos e- 1r2. 

Substituting (2) and (11) or (14) in (9), we obtain for 
the probability of the hard Cerenkov radiation the ex­
pression 

dw _ e4V(Noo + 1)S1 
M- 2 (2 ) 3 'kl\(w-wq)dkdq. (15) 

tt vonwm 

Let us discuss now certain possibilities of experi­
mentally observing the hard Cerenkov radiation. The 
main difficulty lies apparently in the presence of a 
strong background of "normal" bremsstrahlung quanta 
which can be confused with the Cerenkov hard quanta. ' 
There are different ways of getting around this difficulty. 
First, it is possible to intensity the hard Cerenkov 
radiation, stimulating it with a sufficiently strong beam 
of soft quanta with frequency w 1 and momentum q1. We 
shall assume this beam to be strictly monochromatic, 
and then 

(16) 

where N 1 is the number of quanta with momentum q1 per 
unit volume. The function in (16) can be rewritten in the 
form 

1\(Eo- E- k- w1) ~ (11 vok)ll[cos '(}-cos tr(k)], 

where cos J.(k) is expressed in terms of k with the aid 
of formula (7), 

costr(k) =vo-1[1- (w,lk)(n,vocos81 -1)]. (17) 

An important factor is that the angle of emission of the 
hard quanta is uniquely connected with their energy 
(a certain smearing is the result of the small angular 
and energy scatter of the beam of soft quanta). Integrat­
ing now (14) with respect to cos J, and also with respect 
to dq, using (5) and (17), we obtain 

(18) 

where n1 and V1 are the refractive index and the group 
velocity at the frequency w 1; t:.cp is the registered inter­
val of the azimuthal angles; St1 is expressed in terms 
of cos J.(k), which is defined by formula (17), and in 
terms of wq = w1 with the aid of (11)-(14). We call 
attention to the fact that the probability (18) does not 
depend on the registered interval t:.J of the values of the 
angle J., since J. is connected with k by formula (17). 
This independence remains in force so long as t:.J is 
larger than the scatter of the angles J., connected with 
the scatter of k within the interval dk and with the angu­
lar and energy scatters of the soft-photon beam. 

Let us compare the probability (18) with the probabil­
ity of the usual Bethe-Heitler bremsstrahlung, which 
has in the moderately relativistic case the order of 
magnitude 

(19) 

where Na is the number of nuclei per unit volume and 
eZ is their charge. The order of magnitude of the ratio 
of (18) to (19) is 

R = dwk ~ ~~-k~ (m/E0 ) 4 ~ 100 !!..!_ _1_(m/Eo) 2 ( 20) 
dw t' e2 Z 2Na yt2w1 '(}~'(} 'l'Na y1 f}~f} 
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It can amount to 100% and more at reasonable values of 
the quantities which enter in it. Indeed, the ratio k/w 1 

~ n(Eo/m) 2 can be, for example, ~ 10 when m/Eo ~ 'Yl 
~ 10-1 • At small Z2 ~ 10-100 Na- 1022 em-\ and 
.J - 10-2 we obtain R = 1, taking N1 = 1016-1017 kV /cm2 

(this corresponds to an optical-quantum beam intensity 
108-109 W/cm2 ) and t:..J = 10-4 • 

The use of a coincidence circuit (for the optical and 
hard bremsstrahlung quanta) should greatly facilitate 
the observation conditions, making possible, although 
with difficulty, even the observation of spontaneous hard 
Cerenkov radiation (see the brief discussion in [ 2 J). An 
appreciable attenuation of the background of brems­
strahlung quanta could also be obtained by passing the 
charged particles through a channel in matter,-with a 
diameter smaller than the wavelength of the soft quanta. 
In this case the Cerenkov radiation will be produced as 
before, but not bremsstrahlung. 

Observation of hard Cerenkov radiation would be of 
interest for a confirmation of the correctness of the 
usually employed quantum description of photons in 
matter (single-quantum Cerenkov radiation arises 
already in the classical theory, while the quantum cor­
rections are small and are difficult to observe). The 

dynamics of formation of a dressed photon in matter, 
which was not taken into account by us or by other 
workers, could affect also the probability of the hard 
Cerenkov radiation. Stimulation of the emission of x-ray 
photons by optical photons is also of interest. 

I am grateful toN. N. Toptygin, A. Z. Dolginov, A. A. 
Rumyantsev, V. V. Rumyantsev, and D. A. Varshalovich, 
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