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We find relativistic corrections to the thermodynamic functions of a completely ionized plasma caused
by electromagnetic interactions. The plasma itself is described by Darwin’s Lagrangian which enables

us to take relativistic effects into account up to terms of order v%/c2.

We show that the simplified

Darwin Hamiltonian can not be applied and that the papers by Krisan and Havas which use that Hamil-

tonian are incorrect.
1. INTRODUCTION

THE aim of the present paper is a study of relativistic
effects in a plasma. It is well known that for a rigorous
description of a system of interacting charged particles
we must consider the electromagnetic field to be an
independent object and must introduce apart from the
variables rj, vi which refer to the particles also the
generalized coordinates for the field. If, however, the
particle velocities are small compared to the velocity
of light and if there is no external field, in which we
include electromagnetic waves incident from the out-
side, we can describe the system up to terms of order
(v/c)? using the Darwin Lagrangian: [+

2P = St YT=Fo— 3 S (1 6813 ),

i<j
Here B =v/c, rjj = ri — rj. The dots between the ten-
sors indicate contraction over the coordinate indices,
the caret over the characters indicates a tensor, and

the tensor 3jj is equal to (a, =x, y, 2)

(1.1)

ng; = ri5/ vyl

(8i5)oap = Bap + (n33)a (ni5)p, (1.2)

For the first term in (1.1) we retain the exact relativ-
istic value in order to be able to compare the results
with those for a perfect relativistic gas later on.

The Lagrangian (1.1) contains only the variables
ri, vi referring to the particles while the field is taken
into account through the second term which describes
the interaction between the particles up to relativistic
corrections of order (v/c)? There is here therefore
no ‘‘independent electromagnetic field.”” This pro-
cedure is justified also by the fact that for a sufficiently
rarefied plasma the (average) mean free path of a pho-
ton is usually appreciably larger than the dimensions
of the system and the radiation leaves the plasma
freely. We shall in the following consider just such
‘“‘transparent’”’ systems (typical example--plasma in
thermonuclear devices).

From (1.1) follows an expression for the generalized
momentum

p— Ol _mvi | e Vig (1.3)
av; Y1 — B2 P 2c?
and the energy conservation law
2
E—Zvlm;z+zeej/1+'—ﬁﬁj 611/:‘50“5t (1-4)
— rij

1<j
It is convenient to introduce instead of the velocities
vi the simple relativistic particle momenta pj
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= m1V1/‘/ (1 - B%). We can then write Egs. (1.3) an
(1.4) in rite form

€i€; Vi -
Pi—p Y G viR) 5

iz T “2¢2

Bien)= 3y £t 3 (14 3 BB B): )

i<<j Tij

Here v(p) = (p/m)/V(1+ (p/mc)?)

If we express the energy in terms of the generalized
momenta we obtain the ‘‘total Darwin Hamiltonian’’
HD(r, P) which is, however, difficult to write down
explicitly. This difficulty is connected with the impos-
sibility of a simple inversion of Eq. (1.5). Indeed, even
if in the second term in (1.5) we put approximately
v(p) — p/m (which is legitimate by virtue of the ap-
proximation taken in (1.1)) solving through the method
of successive approximations the relation

(1.5)

(1.6)

€i€;

pi=P;— .z‘.Wéi:j.pjy (1.7)
JF+=i
we get an infinite series for p = p(Pgep):
eie; - e1€J€Jeh
i =Pi— 3ijP; P oy X ULV
d ' Ei ri2mjc? ubit E; h§ rij2m;c?rip2myc? R
(1.8)

One usually breaks this series off after the first two
terms assuming that the others are small because of
the higher powers of 1/c. The Hamiltonian obtained
through such a procedure from the energy (1.6)

PP, Eez_) (1.9)

2m;m;c?

slmpl (r,P)= y-'/mlzck_[_czp s S‘ f;—ez (1
i<<j Y
we shall call the ‘“‘simplified Darwin Hamiltonian’’.L]
Landau and Lifshitz, for instance, introduced such a
simplified Hamiltonian"’ int?} and it was used in a num-
ber of papers to construct a thermodynamics and
kinetics of a plasma.

This procedure, however, is valid only for systems
containing a small number of interacting particles. For
instance, a simplified Hamiltonian of the type (1.9) with
quantum-mechanical generalizations can be used to
consider the positronium atom.t”) It is, however, com-
pletely inapplicable to describe a plasma and results
obtained using it are erroneous. To see this we con-

" DUsually the first term in (1.9) is also expanded up to terms of
order 1/c?.
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sider in more detail the infinite series (1.8). Neglect-
ing relativistic effects for ions we shall assume that
the summation in (1.8) is only over the electrons and
we write the series in the form

. 305,
pi=Pi—e Z‘-—"Pj-}-sz 2 Z 6———'7 OJk Py

ji 1 ji ke TR
Bis B
—e > 3 SR py L, (1.10)
o kg ek 10T GRTRL

where € = e?/2mc?. If we consider the electron com-
ponent of the plasma as a continuous fluid we can con-
sider the momenta p and P to be functions of the
coordinates p = p(r) and P = P(r). Assuming in
first approximation the particles to be independent and
replacing the sum by an integral (Z; —nef drj ) we
get !

p(r;) = P(r;) —(eme) S %'PZer‘l’(ﬁne)ZS 1z O2s

-Psdl‘gdl‘g'—
(1.11)

T'y2l'23

Changing to the Fourier representation

(1.12)

¢ 4 8 - Kk . dk
@@, PO} = B erdk, 22— [(5— ey S

r,‘j k2
we have

(6 — Kk/k?

)P{i— t 1
i2dg ¢ k2d.2

1
(kdeZ)z_ (k2d2)3 +.. }
(1.13)

Pr = Pp—

We have here introduced 1/dZ = 4mnee’/ mc? the
parameter d¢ has the dimensions of a length. The sum
inside the braces is equal to k®d2/(k%d% + 1). The
parameter 1/c? occurs thus in (1.13) in combination
with the electron density ne and the real expansion
parameter turns out to be 1/ kd¢e. Performing the sub-
sequent integration over k we see easily that it is im-
possible to limit ourselves in the expansion (1.13) to
one or a few of the first terms (which all turn out to be
diverging) and it is necessary to sum the whole series.
It is therefore impossible to retain in Eq. (1.10) only
the first two terms dropping the remainder and hence
the simplified Darwin Hamiltonian (1.9) also turns out
to be inapplicable to a plasma. In particular, the
thermodynamic functions of a plasma determined, for
instance, in the paper by Krisan and Havas ta] using the
Hamiltonian (1.9) are incorrect (see below).

On the other hand, the initial Darwin Lagrangian
(1.1) correctly takes into account relativistic correc-
tions connected with magnetic interactions between the
particles and with retardation effects.

In the following we calculate the thermodynamic
functions of a weakly relativistic plasma on the basis
of the Lagrangian (1.1).

2. RELATIVISTIC CORRECTIONS IN A PLASMA

Krisan and Havas [*) determined the thermodynamic
potential of a plasma (@, V, e, 4j) = —pV starting
from a grand ensemble:

1 .
dWn . xp —(Q + peNe + wilVi — Hy 4n Ydln .,
e’ (2] e’ e’

1
TNang©

S awy, v, =1. (2.1)

NN,

For HNg+Nj they used here the simplified Darwin
Hamiltonian (1.9) which as we shall show can not be
applied to a plasma.

For our purpose it is convenient to evaluate the free
energy

gen

1 1
F(©,V,N,N;)=—0IlnZ Z =N—em S exp{-—gHNe+Ni} dFNe,Ni
(2.2)

rather than the potential Q(®, V, u). We shall under-
stand here by HN,+Nj the ““total Darwin Hamiltonian’
corresponding to the original Lagrangian (1.1). In (2.2)
the quantity dI'8€1 = [1((27h) *dPdr) is the number of
states in the phase space of the coordinates and the
generalized momenta. As it is difficult to write the
‘“‘total Darwin Hamiltonian’’ out explicitly it is expedi-
ent to change in (2.2) from the generalized to the simple

momenta p = mv/V(1 — B2) and then

e (P 1 1 P ;

Arsen— ]\—p)dI‘slmp’ 7 = NaNd S exP{_EENe”Ni}](;D 4T simp,
(2.3)

Here ENg+Nj = E(r, p) is the energy of the system

defined by Eq. (1.6), J (P/p) is the Jacobian of the
transition from generalized to simple momenta, and
the quantity dI'SImP = [1((27k) *dpdr) also refers to
the simple momenta. Introducing the notation

A® = Se“ﬂa"/e dp, ea® =7VYmgict + cp?,  a=e,i, (2.4)
we can write (2.3) in the form Z = Zir%l zint  where

Zil.%l is the partition function of a relativistic gas

neglecting interactions and zint the correction con-
nected with the Coulomb and relativistic interactions:

= T IR S)

1 . .
X exp [——é (Z e+ ) et + UM+ U;L‘}ﬂ . (2.5)
Here
int ere; i ene; AN~
UClgulz L_J, U:L‘; = 2 Zk J BB : On; (2.6)
Trj T'hij

h<{j R<j

(the summation is over the ions and the electrons). In

the simplest case we can restrict ourselves to take the

relativistic corrections into account for the electrons

only. If we write for them, moreover, Eq. (1.5) for the

generalized momentum approximately in the form
ez Beer

P.=p.+ Z_Pe"—,

2 Foor
es=e’ 2mc ee

(2.7

the Jacobian J (P/p) will refer only to the electrons
and will then be independent of the momenta. Then (2.5)
becomes
int .

e § 5 () 1 e[ 5 (3w o).

o (2.8)

We consider the last integral. As first approxima-

tion we can take the non-relativistic expression for the
eigen energy of the electrons:® €° = vV(m?Z? + c%p?)
= mc? + p?/2m. We then get

2)One can show that taking the next terms of this expansion into
account would exceed the accuracy of the Darwin approximation for
the interaction. However, in the Appendix we give an evaluation of
Zint a]s0 with the exact value of €°.
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o= o[z
;SH(ZRZG eApL 2@m<u Pl + 5 éezpepe r:)} (2.9)

o»l

1 0
0 1
0 0

P\ 1 |0Pe
()i

J2y. 1x J2y.

The indices Ay run here through the set (1x, 1y, 1z;
2x, 2y, 2z; 3%, ...; NeXx, Ngy, Nez) and the off-diagonal
elements of th1s matnx are according to (2.7) equal to
Jur =Je,aze’ = /2To( Bee’)ap/Tee s

One notes easily that we can use this matrix to write

the index of the exponential in (2.9) in the form
~ 3N 3N,

2 pé Lo S pbe 2 = 3 N paaa (2.11)
es<e’ Tee A=1 p=1
The mtegral (2.9) then turns out to be equal to
= (TP exp(—-1.
e S l—J (2nm€~))’/zexp \ 2m6§] ?thupu>
= (detll/aull)~"= = (2.12)

Viee(P/p)
and for the correction Zint defined by Eq. (2.8) we

have®’ 4 L
i Ucouy 3/, (P \y7 o

Zint— Sexp {— ) } Z/Jee \_p> i A
As we have here implied the transition to the limits
Nj, N¢ =, V — « with Nj/V =nj and Ne/V = ne the
Jacobian Jee (P/p) is a determinant of infinitely high
order of the form (2.10). One can show that for such
determinants the following relation holds:

(2.13)

det (1 4+ a) = exp [Spln (1 4+ a)], (2.14)

and using this we get

lim Jee (P/p) = exp{ —1/2 ) 2wl +1/5 2 > S hdwd o+ .. }

N —>00 N " ==

(2.15)

In the sums which occur here, e.g., (e; # ez 7#...# em)
N_—o0 .

" 3 Sp 69.0 : ez,...éc e

Om =222 Do D= (’2()) E —-r——r—er—"‘ ’
A Ay Am e1s,..., —1 eesTee, - Tep e

(2.16)

we can approximately change _\the summation over the
particles to an integration (%J — ne [ dr;) and we then
1

get

0, = (ﬂe_“_)m\s SM Sp Bz 325 ...

2mc? riares ... 'y

i) (9.17)

m

The trace operation refers here to the coordinate

3)The square root of the determinant of a square matrix such as
(2.11) is usually called a ““Pfaffian.”

= Jex. 1x sz, 1y
1y JZy. 1z 0 1

Jz:, 1x J2z. 1y
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where ro = ez/mc2 is the ‘‘classical electron radius.”’
Equation (2.7) corresponds to a symmetric Jacobian
matrix:

0 e, 2x J1x, 2y J1x, 22 J1m, 30 -
0 Jiy ox Ty, 29 J1ys 22 J1y, 20 -
1 i e J1z, 09 J1z, 22 12,80 -
Jox, 1z 1 0 0 Jox, 5c -
0 Jgy, s+
Joz1iz 0 0 1

(2.10)

J2z, 3x

indices x, y, z of the tensor (gee’)aﬁ- Using moreover

the Fourier representation

Oee)ap _Bup  (re)a(ree)s _ e
Teer Teer Tee” n2k2

r _ kaks ) (2.18
ekee\ﬁaﬁ 12 >,( )

we get from (2.17)
14 S dk 1
=T e ar
We shall call the length d. the ‘‘relativistic Debye
radius.”’
We get thus for the Jacobian

p g2 O3 A
Jc,y(—l?):oxp(——-z +T_ 7 —{—\,

4ange?

(2.19)

me?

\k2d,2

~exp [—'—V—S(II\ S‘“ 1~ / _1 )mw‘ = (‘\p(—gﬁ%/\ . (2-20)

The convergence of the series which occurs here indi-
cates the screening of the transverse interactions in a
plasma over lengths of order d.. Using (2.20) we can
write the correction (2.13) in the form

(2.21)

while we show in the Appendix how one can evaluate the

i int
usual Debye correction ZCoul

/i Ucour yy dr v 2.22)
Zou= exp {— i e)ou}an_ - exP(12:{d3)’ (
ite

We can thus write the free energy of the plasma in
the form

Zint=7 1'81 7Coul rae Zrel = V‘, p/P = e~Viends,

int int

F=—0mhZ=— eln(Zrel ZCoullrel) rel + ArCoul + AF g »(2'23)
where Fircelzl is the free energy of a relativistic ideal
gas while the correction terms (Debye and relativistic)
are equal to

int Ve int Ve

AF, — . AP =
120 rel 6rd,?

Coul— — (2.24)

Here d¢ = (4mge?/ mc?) ™2 = = ¢/wo e is the relativistic
and d = (E 4mge2,/®) "2 is the usual Debye radius.
Using Eqs (2 23) and (2.24) one easily determines the

corrections to the other thermodynamic functions. In
particular, we get for the pressure

7 int
P="%v = Prat + Acourt Mrar- (2.25)
where
e ; )
int
Apcoul 24nd3 ’ Aprlglt = + m . (2 .26)

For the energy we have correspondingly
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9 (FN id int int int Ve
= —@2:9@<6) = Ere + Aoyt AErgy,  AEgoy= ~ Smd
(2.27)

The correction AEIrIgl turns out to vanish and this
corresponds to dropping the radiation field in the
Darwin Lagrangian.

The authors are very grateful to Academician M. A.
Leontovich for his interest in this paper and for a

discussion of the results obtained.
APPENDIX

A MORE RIGOROUS CONSIDERATION OF THE
RELATIVISTIC CORRECTIONS

In Sec. 2 we evaluated the relativistic corrections in
the first non-vanishing approximation in v/c. In par-
ticular, we used in Eq. (2.9) the non-relativistic ap-
proximation €°= mc®+ p%2m for the eigen energy of
the particles. We shall now consider the original
Darwin Lagrangian (1.1) as a model Lagrangian for the
plasma without assuming that v/c is small. This way
of stating the problem was used, in particular, in the
paper by Krisan and Havas [3’ who, however, erron-
eously used the simplified Darwin Hamiltonian (1.9)
which made it impossible to calculate correctly rela-
tivistic effects (see below).

Equation (2.5) remains valid and for our purpose it
is convenient to write it in the form

(A.1)

The pointed brackets indicate here averaging over the
Ne + Nj electrons and ions:

dr 1y d d
=11 7' ]'[Xp_e—ef/@ pre—e:/@(...),
ite i e €

and we assume here that the limit Nj, N¢ =« has been
taken.

Using the normal Ursell-Mayer method ] we write
the exponent with the binary interaction which occurs
in (A.1) in the form

Zint— (J(P [ p)exp(—UinY ©)>.

(A.2)

exp(=UmY/0)= [ (1 +fi) =14+ D fu+ N+ D ffi+... (A.3)
i<j i<j

We shall call the quantity
. e 1 7\ ~
fy=exp (—Uym/0) — 1 =G0 (14 5B OB E:3) (4.9

an ‘“‘energy bond’’ of two particles. From the Darwin
Lagrangian (1.1) we get
p/m
), (A.5)

YLt (p/mey?
so that the Jacobian for the change of variables can be
written in the form (a)) =0)

oL S 4 ~
Po=-—=p+ 3 vip) By ()
av; e r;52¢%

14+an  ap Qg3
()= |me|=| o trem m = itatl
p Pip Az1 Age 1 +ag. - - (A 6)

The indices X and i go through the set (1ex, 1gy,
lez; 2¢X, . ..,Nez; 1ix, 1jy, 1iz; 2iX, 2iy,...,Njz) so
that the Jacobian (A.5) is a determinant of rank

3(Ng + Nj) — . Such a determinant can be expanded

in powers of the quantity & (summation over ¥ = x, y, z):

€;€; ~
6..
rij2m;c? R

Qe jp =

Bpv pigDiv/mic®
— A.7
(T it tmes) A7

which we shall call a Jacobian bond’’. Then we have
J=14Zu0(a) + Zp@(a) +Zp@(0) + . .. (A.8)

Here Eu(k)(oz) is the sum of all principal minors of
rank k of the matrix a)y = J)\ - pu-

We can then write Eq. (A.1) in the form

Zint=(Jexp (—UIM/0)> =1 4+<Zp®(a) + = + Sp@(a)
+2u® (@) f + > 4 Ep@(a) + Zu® () f+ Zp® (a) ff + = + ...

(A.9)

Each term of this series is formed from ‘‘energy’’ and
‘‘Jacobian’’ bonds of the particles combined in a group.
If we depict an f bond by a full-drawn and an @ bond
by a dotted line we can assign diagrams such as the
ones drawn in the figure for the group of third order
in f or a:

N

a b c d

A FaN e

It is well known ] that for the evaluation of the usual
Debye corrections (without the relativistic terms) it is
sufficient to limit oneself in the sum (A.3) to consider-
ing ‘‘connected loops’’ of the kind b. Unconnected
chains of the kind a disappear when the quasi-neutrality
of the plasma is taken into account. Considering the
minors in the expansion (A.8) one can see that the bonds
aji occur in them necessarily in the form of connected
loops of the kind c. Terms with intersecting bonds of
the kind d can be dropped as taking them into account
exceeds our accuracy. In this approximation we can
average independently the loops with ‘‘energy bonds”’

f and ‘‘Jacobian bonds’’ @. In other words, we can in
Eq. (A.1) approximately assume that

Zint— (J exp (—UIt) ©)) = (I){exp(—Tt/0)).  (A.10)

As we noted before the following formula holds for
a Jacobian of the kind (A.6) -

det (I + &) = exp[SpIn (1 + )]
= exp ( Do — Yz ) arp a4 1/ Zﬂluuuvavx...). (A.11)

A similar expression is also obtained when we calcu-
late the average value of the Jacobian. Since the
Jacobian bonds in the expansion (A.8) are averaged
independently the factor in Eq. (A.7) for the a, de-
pending on the momenta gives when we average over
the momenta

By __ DipPi/mic >_(5 :,
(U + (ps/me)Th [+ (ps/mye)2pe/ — 70 SP

= (—o)=)

and we see easily that we get for (J) the expression

(A.12)

) =exp<fﬂ+ o2 (A.13)

04
2 TVTJF"'\’

where
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S S '-‘S drydry.. dr,

neeoEa \™
Om == ( Z‘ ‘é) Sp(ﬁm Bs.. 6m1)

oy o 2Mac? rialeg. .. Tm
Vo Ek Ly W_E_ (A.14)
43 Y (R2d2ym d2 Mac?

a=i, e

(cf. Egs. (2.17) to (2.19) in the text). Collecting the
series in the exponent in (A.8) we get by analogy with
Eq. (2.20) in the text

{J> = exp (—-V/?)ﬂdga). (A.15)

~ We now consider the second factor in Eq. (A.10) for

Zint (see (A.3)):
Cexp (Ut /@)Y = <4+ Zf+3ff + Sfff+...>.  (A.16)

It is well known!®J that in Mayer’s theory one proves
that for a gas consisting of one kind of molecules with
binary interactions depending only on the coordinates
this quantity reduces to an exponent with a sum over
irreducible integrals:
?,"V SS.-.S(znf)drldl-z...drs], (A.17)

——
s

Mg

¢exp (— U™Y@)> = exp [V

B

Vv
>

where n = N/V is the gas density. In our case of a
plasma containing electrons and ions where the inter-
action depends on coordinates and velocities we have

(__ int _ & - npen’t
<exp v, p\>> exp[V 252 oS VAR A

sB 3
o>

XSS...SeXp{-@‘I 2+ 0} (311f,) [1 (drdp)] (A.18)
sets; e SeT8

A similar expression was also obtained in the paper
by Krisan and Havas[®J put they determined the thermo-
dynamic potential Q(®, V, n) = —pV and the fugacities
ze and zj occurred therefore instead of the electronic
and ionic densities ne and nj. The largest difference,
however, consisted in the fact that in Eq. (A.18) the
quantity fjj is defined by Eq. (A.4) while in their case
they had

€; €;
@ri,- <1 o

corresponding to the ‘‘simplified Darwin Hamiltonian’’
(1.9). We draw the attention of the reader to the differ-
ence in sign in front of the relativistic corrections in
(A.19) and (A.4) (the difference between B =v/c and
p/mc can be considered to be unimportant). Just this
difference in sign (a plus sign for us and a minus sign
in31) made it impossible for Krisan and Havas to
perform their calculation consistently. Indeed, using
Eq. (A.49) for fjj and considering only connected loops,
we find®

N
PiPi  ~
2m1; mjc2 ’ IJ/ ’

fu— — (A.19)

4)Because of the linearity in one of the vectorsv (or p in [*]) the
unconnected chains disappear from the relativistic terms and also the
mixed type connected chains containing Coulomb and relativistic terms.
If the quasi-neutrality of the plasma is taken into account the con-
nected loops from the Coulomb terms disappear.
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1 .
PR Y —@ 0 0. d
ASeAST 5 .{ _ exp ( %24“%5 ) (Z1073) Esi( r dp)

()

o Tieles . .

drydr,. . .dr

Sets;

. rSe*-‘iv 1
s Ls,
et
.dr
se+s;
Sp (81s- s . .

Tspts; 1

6se+si, l) ]

se—f—ai

x[1+2<7> B ])dk(kz)

Substituting this expression into (A.18) an
the sum we get
1 .
<exp<—6U1ﬂf>>

=P [’16 | E‘ \k”dZ\ T av gdkzzsik/?:it” - (A20)

(A.20)

d evaluating

We introduced here the usual and the ‘‘relativistic’’
Debye radii:

4 o 2 23\~
i / S mnaez) 7 dc=< > !mngc,a (ﬁ;)) /.

(A.22)

ﬂLL

For the single-type integrals of sums occurring in
(A.21) we find

Sdkz \ s >S—Sdk[£l?—ln< 1+£ﬁ>]=%§" (A.23)

and we have thus for (A.21)

<°Xp (._ _@13 Uim) > =P (mzzszr F:aﬁ>'

It is further easy to show that when we average over
the relativistic Maxwell distribution we get the rela-
tion (cf. (A.12))

(A.24)

v2

E:/\(i_ Ka(v)

Slx’g(x)%, (A.25)

v

YT= B Y= () =

where v = mcz/®, while K,(x) is a MacDonald function
so that therefore the length d¢ is the same as the
““relativistic Debye radius’’ de introduced in (A.22).
Combining the results we find

. 14 14
int___ int —
Zint—= {J) <exp < —U )> exp( o G:r[dc3> , (A.26)
so that we find finally for the free energy
F=—0n(Za 2= F 3 + AFdou+ AT 1, (a.27)

where

AFS — Ve /6ads,
which in form is the same as Eq. (2.24) in the text, but
now dc is defined by Eq. (A.22) which only goes over
into Eq. (2.19) of section 2 when & <€ mc®.

In contrast to our results Krisan and Havas %/
erroneously using the simplified Darwin Hamiltonian
and Eq. (A.19) following from it for fjj, where the
relativistic correction differs in sign from the corre-
sponding correction in our Eq. (A.4) obtain (cf. (A.21))
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int 14 o 17 1\
zia=ew[gal a3 (5]

§=2

14 1 1
= exp {WK dk[— -7;2d62 —1In <1 — A—decz-)]} .

Here, in contrast to (A.21) — (A.23) the integrand has
a singularity at k®d2 = 1 and to remove the divergence
of the integral the authors needed to introduce arbi-
trary assumptions (they made the artificial substitution
k? —k® + (1/d)? after which the final equations of
ref.[*) lose their independent interest).
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