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We use a quantum-statistical method to derive general equations to describe the behavior of the elec-
tron-nuclear spin system of a crystal containing paramagnetic impurities under the action of variable
magnetic fields. We assume that the electron spin resonance lines are non-uniformly broadened and
the dipole-dipcle interaction of the impurity electron spins is considered to be a separate reservoir.
We study on the basis of the general equations the relaxation of the spin system and the dynamical
nuclear polarization, taking spectral diffusion into account.

1. In solids containing paramagnetic impurities when
the forbidden paramagnetic resonance is saturated in a
variable magnetic field at right angles to a constant
field, the nuclei acquire a large polarization. This
phenomenon is called dynamical nuclear polarization
(DNP) and is by itself a powerful means to polarize
them.

A rigorous theoretical consideration of DNP on the
basis of the concept of a spin temperature was given
int2) where it was assumed that the electron spin
resonance (ESR) line width was caused by dipole-dipole
(d-d) interaction and that the different spins possessed
the same Larmor frequencies. These assumptions
correspond to a uniform ESR line broadening and are
not justified in the case of non-uniform line broadening
when there is a distribution of spins over Larmor fre-
quencies around some central frequency wo = ygH
(vg > 0 is the gyromagnetic ratio for the electron
spins, H a constant magnetic field parallel to the
z-axis).

Let us write out some causes leading to a non-
uniform ESR line broadening:[*] a) non-uniformity of
the external magnetic field; b) anisotropy of the g-
factor in the case of a polycrystalline sample; ¢) a
spread in the values of the internal crystalline field
caused by lattice defects; d) hyperfine interaction (HFI)
of the electron spin with the nuclei (alkali-halide crys-
tals with F-centers, semiconductors with donor and
acceptor impurities, dilute paramagnetic salt).

According to Portis (3] the electronic spin system
under conditions of non-uniform broadening can be
considered as a sytem of spin packets with different
resonance frequencies wy (n—number of the packet)
each of which contains Ny magnetically equivalent
spins so that N = ZNp is the total number of spins (it
is equal to the number of paramagnetic impurity ions).
The n-th packet is described by a ‘‘uniform’’ function
of the form ¢(w - wn) with a width A which for not
too small spin concentrations is caused mainly by the
secular part of the d-d interaction. The distribution of
the spin packets is described by the ratio gn = Np/N.
In the limit of a continuous distribution of resonance
frequencies gn — g(w — wp) where g(w — wy) isa
‘“‘non-uniform’’ function with a shape with a width
A* = 1/T¥. Both functions of the form ¢(w - w’) and
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g(w’ — wy) are usually assumed to be normalized:
S(p(m—w')dm =1, S g(0" — wo)do’ = 1.

The condition A* < A correspond to a uniform ESR
line broadening, and the condition A* 2> A to non-
uniform broadening; an intermediate case when
A* ~ A is also possible. When the broadening is non-
uniform a large number of spin packets is fitted into
an absorption line and it is just this case which will
interest us in the following.

There is no consistent DNP theory for the case
A < A*, and there are only some attemptst®%5) at a
semiphenomenological explanation of the experimental
facts. In the present paper we present a strictly
quantum-mechanical theory of DNP for the case of a
non-uniform ESR line broadening taking the d-d reser-
voir and spectral diffusion into account. For the sake
of simplicity our considerations are restricted to the
uniform case for the nuclear spin system, i.e., we as-
sume that in the DNP process it is in a state of internal
equilibrium characterized by a single spin tempera-
ture.’ This corresponds to the case of a fast nuclear
spin diffusion. Moreover, the interaction between the
nuclear spins which is responsible for establishing the
internal equilibrium in the nuclear subsystem is not
explicitly distinguished. As usual we assume that the
following inequalities are satisfied:

AN<L o <<KA < o,

where wy is the nuclear resonance frequency. We must
note that when wy > A* we get a picture of DNP where
the ESR line width does not play an important role.

The variable magnetic field acting upon the spin
system will be considered as a quantal subsystem con-
sisting of two modes - an electronic and a nuclear one
- each of which interacts in resonance fashion with the
corresponding spin-system. In final reckoning the
classical character of the variable field is taken into
account as follows: the inverse of the mode temperature
is put equal to zero and the quantal correlation func-

DThe nuclei in the immediate vicinity of a paramagnetic center are
excluded from our considerations.
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tions are replaced by classical ones. This way to de-
scribe a variable field, proposed in (8] Jeads to a time-
independent total Hamiltonian of the spin-system. The
inclusion of two modes in our consideration enables us
to formulate general equations in a form which is
suitable for describing a number of effects connected
with electron-nuclear double resonances.

To elucidate the physical importance of the quantum-
statistical procedure used in this paper we make some
remarks. In the electron-nuclear spin-system of a
crystal in contact with a variable field and with a lattice,
such as we are considering, we can distinguish two
time scales: a small time 7 and a large time T. After
the elapsing of a time 7 a certain kind of smoothing
out is approached in the behavior of the spin-system
when the details of the initial information are lost, a
quasi-equilibrium state is established in which each
subsystem in internal equilibrium and the subsequent
development in time is determined by the slowly
changing macroscopic parameters. The slow process
of evolution of the quasi-equilibrium state to a state of
complete equilibrium proceeds over a time T and is
described by a non-equilibrium density matrix the form
of which can be established based on a method worked
out by Zubarev.[”) This method makes it possible to
describe the equations for statistical averages of
those operators which commute with the interaction
which is important over the small time scale. In our
problem this condition is satisfied by the Zeeman
energies of the different spin packets, the Zeeman
energy of the nuclear spins, the secular part of the
d-d interaction of the electron spins, the Hamiltonians
of the lattice and the variable field and therefore the
corresponding degrees of freedom will be considered
as separate subsystems each of which is in internal
equilibrium at its own temperature.

2. The Hamiltonian of the spin-system of the
crystal will be written in the form?

H =50+ H,, Ho= Hs+ Ha+ H1+ HL+ T,
Hy=Hso+ Hcer+ Hsi + Hsu + H,
Wszz-ﬂuzzwnsnil, ”Iz—(ﬂlzlml,
n in m
. 1
Hq = —2— ZAUSniZSn'jz —+ E Biani+Sﬂi-1
nr'dj nij
1
Hsr = = Z {LASyi= 4+ L=Snity,  Heor= Z B;iSuitSniim,

ni n#En'ij

1 1
Ges =5 2 AhstSoi + hsSait),  Hn= 5= X {hrt e + i),

ni 1
s =— DV {vtz(im) I~ + v=2 (im) In*} Sni?.

Here g and 1 are the Zeeman energies of the elec-
tronic and nuclear spins; #7, the lattice Hamiltonian;
Jlq that part of the d-d interaction which commutes with
the Zeeman energy %y, of a separate spin packet; i

= .‘/f}s1 +_.”/l{1 where %’ﬁ and .741 are the Hamiltonians of

the transverse variable magnetic fields with frequencies
Qg and Q1 which are at resonance, respectively, with

2)Concrete expressions for Aij’ Bij and viz(in) can, for instance, be
found in [?].
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the electronic and nuclear spin systems; hdst, hIi oper-

ators describing these fields; #gy, the spin-orbit inter-
action; #gy the anisotropic part of the HFI responsible
for the DNP, #CR the interaction between different
spin packets causing spectral diffusion (8l j.e., the
process of cross-relaxation in the limits of a non-
uniformly broadened line, 5#sh and #yn the interac-
tions of electronic and nuclear spins with their reso-
nance fields (the action of the variable fields on
“foreign’ spins will in the following be neglected); 8%
(a¢ =x,y, z) the electronic spin operator at the i-th
lattice site and belonging to the n-th packet; 1%, the
nuclear spin operator at the m-th site. The operators
Spi = Sk 18, If = IX, +iIy satisfy the usual
commutation relations for angular momenta:

[Sni® Snil = == 8andijSn®, [Sni, Smol = = 28nnbi;Sns,

Ui, ] = = 8mmed®, [, Ty] = == 28I
L* are lattice operators, wy = ¥JH, ¥ the nuclear gyro-
magnetic ratio, and we assume that h = 1.

We consider #n, #d, #1, #1,, #h as subsystems and
denote by Bp, Bd, BI, BL, and B =0 the corresponding
inverse temperatures.®) The spin-system as a whole
will thus in the process of absorbing the energy of the
variable field be in a quasi-equilibrium state. Under
those conditions we can apply the method of construct-
ing the non-equilibrium density matrix worked out by
Zubarev.[”] The equations of motion for the Heisenberg
operators of the subsystems have the form

{1.72,1_ 1., = A4, A
= W A =Ra(t), == [, )= Ri (1),
dg:!-[d_1ﬂ~ 5 d}t’h_l S o
T —T[de,.%’]——Kd(l), at —T[.%h,gﬁ——}\n(t),
d 1 - =
o =L A= R ()=~ { 2 En(t) + Ra()+ Ki(1) + Kh(t)},

(1)

where K (t), Ki(t),... are current operators, Q(t)
= ei"th'”"t( Q an arbitrary operator in the Schro-
dinger representation). The last equations are a con-
sequence of the energy conservation law in operator
form.[®J Following Zubarev(”), we can use Egs. (1) to
construct generalized integrals of motion and using
then the non-equilibrium density matrix p for the
stationary case. In the high-temperature approxima-
tion for the magnetic subsystems we get

3)The possibllity to characterize the d-d reservoir by a single
temperature is connected with the fact that (3 contains terms such as
.1
SV = D) A StShey (),
ij
which commute with the Zeeman energy of the packets but do not com-
mute with the energies of the d-d interaction of separate packets. Jfﬂn
causes a fast exchange of energy between different d-d reservoirs with-
out changing the Zeeman energy and leads to an equalization of the tem-

peratures of these reservoirs over a time which is of the order of the small
time 7 which we mentioned earlier.
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exp(—PBrHL) _
- Spexp(—BL# L) { Zﬁ"‘%’“ Br#H 1 — Bata
B o
1
+—ﬁ:S dn S ette ¥ ( > (Bn— BL) Bn(t) + (Ba— Br) Ra(?)
0 — n
— Bu) Ky () — Bua(t) | &Pt} (2)
One shows easily that
Hon = _ﬁn<ﬂn2>, ?f, = '—ﬁl(c‘%’ﬂ), %d — —Bd(”dz>, (3)
where (...) =Tr(...)/Tr 1, Q = Tr pQ. Similarly
K}:Lu ZLln ﬁ, +L1d(ﬂd_ﬁ1)—L1hﬁL,
Ku= 2 Lun (B — BL)+ Lus (Bs — Br) + Lna(Ba — B) — LunBr,
Ko = Laa(pa— w = Bu)+ Lar(Br — B)— L. (4)

Br)+ 2 Lan (B

The kinetic coefficients Ljix are determined from the

formulae
8L 0

L{k=LM_—SdLS b

- Cexp (—BLL)y
x (e7P ‘Ix,e‘mLI\ (t) &Ly dt. (5)
The symmetry properties of the kinetic coefficients
used in (5) are the usual Onsager relations. The trans-
ition to the limit € — + 0 in (5) must be made after the
integrals have been evaluated.

In the stationary case neither p in (2) nor as a re-
sult the quantities occurring in (3) and (4) are time-
dependent. In the following we assume that Egs. (3)
and (4) remain valid also when B7, fn, and Bdq depend
on the time. This assumption physically corresponds
to considering a quasi-static process when the dis-
persion of the kinetic coefficients can be neglected.
Averaging Egs. (1) using the density matrix p(t)
evaluated by means of (2) with the change By n,d
— BI,n, d(t), and bearing in mind what we have said,
we get the following equations for the inverse tempera-
tures:

dpr K, dBn

T TS

K. dBq Kq

G2 A P

To evaluate the kinetic coefficients we must con-
sider the interaction #,; between the subsystems to be
a small perturbation. In second-order perturbation
theory the correlators ( KK(t)) which occur in (5)
have the form

(6)

1
R(t)=K°(t)— S dty S diz[[KO(2), F:°(t1)], H10(t2) ],
0

0

(7

where the index 0 indicates operators taken in the
interaction representation according to the usual rule
Q°(t) =exp(ifot) Q exp(—-i#ot) and where we have
borne in mind that terms linear in %, do not contribute
to the quantities which are of interest to us. Straight-
forward though cumbersome calculations of the kinetic
coefficients, using Eqs. (7) and (5) lead after neglecting
unimportant terms to the following set to determine the
inverse temperatures:

&2_ Zg Bn—Br  PBa—BPL
di T’L "Tls(ﬁ’n) T1a
= S euta Wi (0 — w0 — or) { s + 2N 0 g,
I

nn’
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- Ta %‘g"]’ds(m,,) Tar
1 .
— == > gnZnWiCR(0n — ©n) 0n (@ — On’) (Be — Bn)
mdzn*n’
_lelz CR _ _ Wp = Op’— O1
IV(L)dz E gngn,{W‘ ((On On’ (D])— Or

ns=n’
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WOn — Oy (O
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—ZZgﬂ

The relaxation times and transition probabilities are
determined by the formulae

1 w? e
A vy, _
T st 2 bn§ @(0) {L (0+0n+0r1) +L(0+0n—or) }do,
1 W on ¢
Tratan) — Bart o ) 7@ (0 F0n ) =L+ on—on)da,
1 nw? 17 _
T 8w1—2§g"m—1§mw¢(m){L(U)-f‘ﬂ)n'*'ﬁ’l)"‘L(“"*""“ o) }do,
oo} = PO )i (62)
. S (@)L (0 4 on)do
= )] (0] Wn
Tsd((l)n) op(w)L( )
1 _N[ or? 1 .—1—_ N] (l)[ 1 A
Tsi(0n) N @ Tis(on)’ Tar N o Tra
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- aN ’
WiCR (0 — o - _[ B 2|vt
1R (on — 0nr = @) flu\}co,? ZJ; 2|vtz(m)

— vt (m+i—j) IZ-]cp(mn—mn'i or),

2
WaR (0 — on) = 251 (5" Bi2) a(on— on),
\7,
J

A
W(Qs—ontor)= 16:))1282@(95_“)":}:0’)’
I
nws?
PVS(QS—~o)n)=—§—~(p(9s—-(o"),
2
Wi(Q — or) = %ia(sz, — w1). (9b)

Here Ny is the number of nuclear spins f = N/N, the

concentration of paramagnetic impurities, Ny the num-

ber of sites in the crystal lattice of the sample; the

dashed sum Z’ indicates a summation over all sites;
&

1
— W i = S
UZ__W;_LJ | vtz (im) |2, 0 = ————————.
inm <<Z Sinz)>
in /

The correlation functions hs,I(t) describing the vari-
able field are taken in the form

hs(t) = Chs™(t) hs™) = 20152 cos Qst,
hy(t) = Chr0(t) hrt) = 20472 cos Qrt;

wiS = ySHiS, wil = yIH,I, where H,S, H,J are the semi-
amplitudes of the variable fields. We assume S =1
=72 so that (Sp;Spi ) = (I Im) = 72 and

(HD = iNio, (KD = Yilnor, (# =Noi (10)

L(w), ¢(w), ¢,(w) are Fourier transforms of corre-
lation functions:®

_ Sexp(—Brd#r)L(t) L+)
T lexp(—pLtL))

$Suit (1) Sui™)
<Su S f’>

here Sp; (t) = exp (i#gt) Spj exp (—ixqt).

It is natural to expect that the contribution from the
B-term in #q will be small in the correlator ¢(t)
compared with the contribution from the A-term since
the first is determined only by the spins of a given
packet while the second is determined by the spins of
all packets. Because of this we shall not take the B-
term into account in actual calculations of correlators.
Thanks to that ¢(t) is independent of n and the con-
sideration can be appreciably simplified. We must note
that in deriving Eqgs. (8) we used the approximation

L(1)

P()=

=q¢(=1), a@)=k®) (11)

(St (8)Snrin & Sunrdjir {Snit (1) Sni™),

i.e., we neglected the correlations in positions of
different spins.

“The expression ¢; (t) = [¢(t)]2 occurs as a consequence of the
approximation
$Spi (1) S35 (8 Spirie S 30> =SS i (1) Sporir > <S5 (1) Siooird (=, 1 == ),

which is valid at not too low concentrations of electronic spins. A
more exact expression for the cross-relaxation function of the
form ¢, (wp~wp ') was calculated in the paper by Kiel.[!°]

The probability WER (wy, - wy’ — wp) describes the
electron-nuclear cross-relaxation, a process in which
an inversion of the spins of two interacting packets with
frequencies satisfying the condition wp - wy’ = wy is
accompanied by the inversion of the nuclear spin. The
term WFR neglecting the d-d reservoir was introduced
phenomenologically in the papers by Kessenikh et al.l®]
The term containing WER( wp — wp’) leads to spectral
diffusion considered in the papers by Portis and
Kiel.'®) W(Qg — wp + wp) is the probability for for-
bidden transitions, Wg(Qg - wp) and Wi(Q[ - wy) the
probabilities for the usual ESR and NMR; TjL,
Ts1,(wp), Tqr, the spin-lattice relaxation times for
1, #n, and Hg.

If we neglect the d-d reservoir, the spectral diffu-
sion, and the electron-nuclear cross-relaxation, we
obtain the equations which were applied in the paper by
Lambe et al.['] to explain the so-called ‘“‘distant
ENDOR.’’ Since it is impossible to solve Egs. (8) in
the general form we shall consider some particular
cases. In the following we assume wg << wi and
neglect thus the d-d reservoir.

3. We consider first the relaxation process in the
case of fast spectral diffusion. We denote by T,, the
time during which in the electron Zeeman subsystem
(EZS) internal equilibrium is established with an in-
verse temperature Bg common to all spin packets. Let
the relaxation time for the nuclear Zeeman subsystem
(NZS) be larger than the time T,;. Under those condi-
tions the relaxation is described by the equations

d — — d| — -
B BB BsTBu s Bs—B | Br—Br (g
dt T Trs dt Ts TSI
where
11 i 1 1 1 1
u T TRty Ts | IR
11 1 11 1
T1s TCl'g Tis ' st TL.‘S’; Ty

1
“per = Wen § dog(0— 00)g(0— 00— or),

18 —oo
C
Tst _ Tsr _ wsi _ s
T1s Tff T1s Cr
nN !
Wen =1 s { S Bizvte(m) = vts(m = ) |2),
41\1(01“ \ im

cs and cy are the specific heats of the electronic and
nuclear subsystems and

cs/cr = Nag [ Njo,2.

One can show('?] that L(w) = L, = const for a two-
phonon electron spin-lattice relaxation process and
L(w) = Lyw? for a one-phonon process. Hence, in the
first case Tyg = 0 and the relaxation times are deter-
mined by the formulae

1 v? 1 1 1 1

‘—=—ﬂL2+‘T(I:ST, T—S=3‘llz+77 !

T 42 Tglﬂ ’

o ST
while in the second case 1/Tig = m2wiL,/2 wIz, and

1 v? ot 1
— = ——nwel + ——
Tr 4o TCR’
18
1 1 v? o,
= — o noeLy.
TIS TC;}SI 2(012

1

1
— = nw L _
s nw oLy + T’;?’
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We consider the case TICS < TiLs TSI < Tgr,

when the EZS and NZS are more strongly coupled with
one another than with the lattice. Then 7g ~ Tgl ,
0 e TfSR and the relaxation for two- and one-phonon

processes proceeds as follows: equilibrium between
the EZS and NZS is fast established, during a time

Wt =1/Ti5 +1/Tsr,

after which equilibrium with the lattice is slowly estab-
lished with a relaxation time

cs 1 T cr 1
cs+cr Tse | es+er Tin

In the other limiting case when Tgr, < TR, 71 the

EZS comes into equilibrium with the lattice faster than
with the NZS and there are independent relaxations of
Bs and Br: the EZS comes fast into equilibrium with
the lattice with a relaxation time 7§ ® Ts1,; after that
the NZS tends to equilibrium more slowly with a re-
laxation time 7.

Therefore for a non-uniform broadening in the
case when cross-relaxation plays a determining
role for the NZS, B1 relaxes to 8. At the same
time for a uniform broadening cross-relaxation is
in general absent in the relaxation process for the
nuclei which is caused by the anisotropic part of the
HFI and B tends to B3 or PB1, depending whether or
not the electronic d-d reservoir is taken into account.
Because of this the saturation of the usual resonance
influences the NZS differently: for a non-uniform
broadening when the cross-relaxation mechanism
dominates the temperature 1/8y and also 1/Bg in-
creases compared to the lattice temperature 1/pp,
while, generally speaking, for uniform broadening 1/87
& 1/BL, if the d-d reservoir is neglected, and 1/8]
~ 1/|Bq| < 1/BL (i.e., nuclear polarization is obtained)
in the opposite case when saturation does not occur
strictly in the resonance point.

In conclusion we must note that when Tip, < TCSR,
Tgr, K TgIR when cross-relaxation is unimportant the
one-phonon process has an interesting singularity:
when the ESR is saturated Bs =~ 0 and in the stationary
case By~ 3By, i.e., the temperature of the NZS is re-
duced by a factor three.

This effect is of a general nature. It occurs also for
uniform broadening and is a consequence of an additional
relaxation term containing Tis in Eq. (8) for f1 which
is non-vanishing in the case of a one-phonon process
and which is normally neglected.

4. We turn now to a study of the behavior of the spin
system under conditions when in the electronic sub-
system the spin-lattice relaxation and allowed transi-
tions play the major role while in the nuclear subsys-
tem the electron-nuclear cross-relaxation plays the
main role. In that case Egs. (8) become

A=

S S dodo’g (0 — ) g(0" — o) Wi°R(0 — o’ — 1)

xfps 4 LB TOBO Y

[OF§
[B(®) — BL] / Tsr. = —2Ws(0 — Qs) B(0) (13)

One usually uses for a consideration of non-uniform
broadening the following approximations:
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(0 — w0)*Y
- 2A*2 IN

1
g(0— @) = exp{ —
8 ") ¥2nA*z

T, 1

Iz . (14)
I 1+T22((1)—Qs)2

P(0—Qs) =

Using (13) and (14) we easily get

o, Sy -
,_ﬁL{i :‘li 2_ S (0 — 00) 82(0 — 60) (0 — Qs)do } (15)
where
- A 1 -~ _¥Ys+1
— Q= A=
?(® s) At (0— Q9 T,

It is clear that A has the meaning of the width of a
packet taking saturation into account (s is the satura-
tion parameter). Assuming that s 3> 1, but @ = A/A*
<1 and evaluating the integral occurring in (15) in
zeroth approximation in the parameter @, we get
finally

—aQs(Qs—U)u)_ l-

ﬁ1=ﬁL{1—2}/ A exp| (16)

_ (RQs—wo)? ]\
X
Equation (16) shows that saturation of the usual reso-
nance in the center of a non-uniform line does not lead
to nuclear polarization. When af2g /A* >> 1 and the
saturation occurs at frequencies Qg = wo + A*/2 we
obtain maximum polarization determined by the formula

2:: QsA (17
e A%
The result obtained can easily be understood on the

basis of a simple model. We separate from the multi-
tude of spin packets three with frequencies w,. w;

= wz - wy, and w3 = wz t w1 and consider them as an
isolated system described according to (8) by the equa-
tions

Br== ~Pr.

3

z gngnfqp((o (l)nﬁn + (!)n’ﬁn’) = 01
T (Ba — Bu) [ T = —2Ws(0n — Q5) . (18)

Saturating the allowed resonance at the frequency Qg
= w, and neglecting the width of the packet we get

n— On— 01) (01f —

Qs 83— &1
Br~ —be or &+8& (19)
We must note that notwithstanding the fact that we have
only taken the anisotropic part of the HFI into account,
the saturation of the allowed resonance leads to a nu-
clear polarization effect similar to the Overhauser ef-
fect (the usual Overhauser effect is obtained for iso-
tropic HFI[*®J), Changing to a continuous representa-
tion of the spin packets we get in accordance with (19)

Br & —Pr(Rs — o) s/ A™. (20)

The remaining spin packets, apart from those selected
for the non-uniform line, are not saturated but they
make an additional contribution to the nuclear relaxa-
tion and in connection with this there occurs a ‘‘loss
factor’’ as in the usual Overhauser effect which leads
to a decrease in the polarization effect. The loss factor
is equal to the ratio of the total relaxation time to the
relaxation time of the process leading to the nuclear
polarization and in our case it is of order A/A* SO

that if we take all packets into account we must have

(21)

po=0, B1=ps= B,

fr & —BLaQs(Qs — wo) / A™
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The factor exp {-(Qg — wo)?/A*? } in the frequency
range considered is of order unity and its absence in
the approximate Eq. (21) is connected with the neglect
of the relative weight of the packets.

5. The stationary equations describing DNP
neglecting cross-relaxation spectral diffusion, and the
d-d reservoir have in the case of a two-phonon process
the form

Br—Be

n
7IL

=2 § dwg (o — 0) W(Qs — o — wy) [ Br+ = [3((0)-!
.,3, [OF3 A

0

—2 S dog (o — o) W(Qs— o + 1) [51 _m_u; B () }1

—

B(w)—Br _

— —2Ws<szs-m)p(m)—zN_Aj{W(Qs—m—m,)

x[B)+-21p "+ Wi@s—o+on[ 80—} . (22)

We assume that
2W(0) TreS>1, Zl;lv—'W(O)TSL<1.

(These conditions do not contradict one another as TS,
<K TIL.) We can then neglect in the first equation the
relaxation term and in the second one the terms con-
nected with forbidden transitions. As a result we get

Br= ;1’— S do-0g (0 — o) B(0)[W(Qs— o + o1)— W(Qs— 0 — ay)]

X{ S do g(0— o)W (Qs—o+ o)+ W(Qs—o— m;)]}_‘,
T B@) = Bu/ [ + 2T Ws(Rs — o). (23)

We introduce the quantltles T, =79 (0), T¥=1ng(0),
s = = 2Tg1Wg(0) = (yH,)?TsLT,. It is clear that 1/T,

& A, 1/T# = A*. Bearing inmind that 1/T,<wy> 1/T#
< 98, wo and assuming that (wyTz)? > s, we get
_ Qs _dg(Qs — o)
ﬂ'_BL{1+ £(Qs — wo) dQg } (24)

If Qg is sufficiently far from the center of the line
Qs dg (Qs — wo)
g(Qs -_ (1)0) dQs

The result (25) differs from Eq. (7.29) given by
Jeffries(*) in which for the derivation for the enhance-
ment of the polarization absolute rather than relative
fractions of the spins taking part in the production of
the nuclear polarization were used; in this connection
there also occurred an extra factor

A{g(Qs — wo+ 01) + g(Qs — 0o — w1)} = 2Ag(Rs — o).

in comparison with (25).

6. We now turn to a study of the influence of the
spectral diffusion on DNP. To do this we must first of
all solve the equation

— 1
_E_((D}Tﬁi =— S do’g (0" — 00) WyR(0 — )0/ (0’) — 0 ()]
’ - (26)

Br~ PL (25)

o0

—2Wg(w — Qs)B(m).

We assume that g(w’ — w,) is a slowly varying func-
tion compared to WSR(w - w’) and B(w while
B(w’) in turn varies more slowly than W§ R(cu -w’).
Similar assumptions are made for the derlvatlon of any
diffusion equation. Removing g(w’ — w,) from under

ZVIADADZE, and KHUTSISHVILI

the integral sign and expanding B(w’) in a series near
the point w’ = w we get the equation

a?
————3“‘);")—kza(m)=—km+k2%q>(m~9s)ﬁ<w>v (27
where
1 1
B= 1, Do g egWeniad
Acy? = S (ﬁ),—u))z(pl(ﬁ)/*(ﬂ)dﬁ)/q WCR — WzCR(O) .
3 .(0)

In form Eq. (27) is the same as the diffusion equation
and was first used in Ref.[8J. D is the diffusion coef-
ficient, 1/k = V(DTsL) is the frequency distance over
which the spin excitation is transferred during a time
Ts1, when spectral diffusion is taken into account.

Assuming that Qg lies in the region which is suf-
ficiently close to the center of the non-uniform line we
shall look for a solution of Eq. (27) with the boundary
conditions®’

B(o1) = B(w2) = B,
Equation (27) with the boundary conditions (28) is
equivalent to the integral equation

shik(w — wi)]

B(w)=Br + J (0, 01) — I (w2, U“)TA) =

(28)

1,2 =00 F A"/ 2.

(29)

where

sk S B(0)e(w — Qs)sh{k (0 — o’)]do’,
T»

il

J (0, 01) =

and in accordance with the slow nature of the change in
g(w - wy) compared to B(w) we neglected the fre-
quency dependence of the diffusion coefficient. Since®

kT, <<, Qs — 0y >>1/Ts, — Qs>1/T,,
we have
I (o002 2 B(05)3h 1k (0 — 03)1 (0 — 0), (30)
where
(0=2)= § ¢@dz, 0=, Ho—09~1,

f(o1— Qs) = 0.
According to (30) the approximate solution of Eq.
(27) has the form
k
(o) = pr+ 7 {shl (0 — )1 /(0 — 29)
_ shlkon = 9lshlkw o0l Vo
sh kA

B(Qs) = aL{1+fnk sh k(0 —

Qs)Ish[k(Rs — 04)] (31)
sh kA*

If we bear in mind that our consideration is valid only
provided the conditions ka* > 1, k(w, - Qg) > 1,

5)The choice of w, , in (28) is not necessary. All results remain
valid as long as w; and ’032 are chosen such that k(wg-w,)> 1,
k(w,y-wgo) > 1.

6)The derivation of Eq.(27) given above assumes that the
condition k/T, < 1 is satisfied; on the other hand, if k/T, > 1 spectral
diffusion does in general not play any role.
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k(Qg - wi) > 1 are satisfied we get finally

Br
B(o)= oy
We assumed that [w — Qg | > A. Here s’ = suk/2T; is
the ESR saturation parameter in the case of non-uni-
form broadening. As k/Tz < 1 saturation sets in for
non-uniform broadening at a larger amplitude of the
variable field than in the case of uniform broadening
which is physically completely understandable since the
energy of the variable field absorbed at a given fre-
quency g is redistributed among many spin packets
because of spectral diffusion.
For strong ESR saturation s’ > 1 and

B(o) = Br{l —exp (—k|o — Qs[)}. (33)

It is interesting to note that one can easily obtain the
solution (33) by taking into account the influence of the
saturating variable field using the additional boundary
condition B(Qs) = 0 as was essentially done by
Portis.[8]

Substituting 8(w) from (32) into (33) we get after
straightforward calculations the following expressions
for the inverse temperature of the nuclear subsystem

145 (1 — ekor) Qs  dg(Qs— wo)

Tt+s {g(Qs——mg) a0, 1}‘ (39)
For strong saturation and sufficiently far from the
center of the non-uniform line

Qs dg(Qs — o) ) (35)
£(Qs — wo) dQs

When kwy 22> 1 spectral diffusion is unimportant and
the old result (25) is obtained; if, however, kwy < 1
due to the spectral diffusion the polarization effect is
decreased by a factor 1/kwr. Physically this result is
completely understandable. It is clear that kwj
= V(Tq/TsL) where Tq = wf/D is the time for dif-
fusion over a distance wy. If Tq < Tg, the influence
of the boundary condition in the point w = Qg on the
inverse temperature S(Qs + w]) determining the
nuclear polarization dominates under the influence of
spin-lattice relaxation, i.e., saturation of the usual
resonance at the frequency g will also cause satura-
tion at the frequencies Qg + wi and the effective polari-
zation is approximately reduced by a factor V(Ts1,/Tq).
In the opposite limiting case when T4 > Ts1,,

B(Qg £ w1) is mainly determined by spin-lattice re-
laxation and equal to B1,, i.e., spectral diffusion does
not affect the DNP.

{1+ [1— exp(— k| o — Qs])]}- (32)

Br =P

fr=pr(1—ehor)
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