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We consider the effect of transition through an intermediate level on the charge exchange cross section 
when the atom is produced in the excited state. It is shown that such a process may play an important 
role in the region of comparatively low velocities of relative motion. Calculations of the cross sections 
for the reactions p +He- H(2p) +He+ and p + Ne- H(2p) + Ne+ are in satisfactory agreement with the 
experiments. The possibility of using the results for a description of other atomic collisions, including 
transitions via an intermediate level, are considered. 

THE authors together with Sobel'manl1l considered the 
problem of charge exchange (reaction of the type A+ + B 
-A+ B+, where A, B and A+ and B+ are atoms and 
singly-charged positive ions) in the two-level approxi­
mation. This approximation is justified for the calcula­
tion· of charge exchange in the ground state of the atom, 
since the first excited level lies as a rule far from the 
ground level and interacts with the latter weakly. How­
ever, in the calculation of the cross section for charge 
exchange in the excited state it is necessary, in general, 
to take into account, besides the direct charge exchange 
(two-level approximation), also the competing transition 
via the intermediate level (we use the terminology of 
[al ). For charge exchange in the first excited state, this 
intermediate level is the ground state. 

Recently a number of experimental papersl3-SJ re­
ported charge exchange in the 2p and 2s states of hydro­
gen in collisions between protons and inert -gas atoms. 
The experimental cross sections have a number of 
qualitative singularities which cannot be explained by 
any of the existing theories based on the Born or two­
level approximation. In particular, in the region of not 
too large energies (E :S 20 keV) the cross section can 
have two maxima and, in addition, at these energies the 
charge exchange in the 2p state is much more effective 
than in the 2s state. 

In this paper we propose a method of calculating 
charge exchange in an excited state with allowance for 
a transition via an intermediate level, making it possi­
ble to explain qualitatively the indicated singularities of 
the experimental cross sections. The collision is re­
garded in the quasiclassical (parametric) approxima­
tion. We use a method previously developed for the ex­
citation of atomsl6 l and charge exchange/1l as well as 
its generalization to include the case of several 
levels.l7 J An atomic system of units is used. 

1. To take into account the transition via an inter­
mediate level (besides the direct transition) it is neces­
sary to solve a system of three equations: 

t 

ia,. = ~ Umnexp{i \amn('t)d.,; }an, m,n = 0, 1,2: (1) 
n-/-m. 

(2) 

The indices 0, 1, and 2 denote respectively the initial, 
intermediate, and final states; Umn (t) = U rim (t) are the 
off-diagonal matrix elements of the interaction, and 
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their concrete form depends, in particular, on the basis 
functions, atomic or molecular, in terms of which the 
total wave function of the system is expanded. 1> The 
phases O'mn(t) determine the difference between the en­
ergy levels of the system in the zeroth approximation. 

Going over from the probability amplitudes an (t) to 
the functions Rn (t) l6 ' 7 ' 9 J : 

r . . :rt] an(l) 
11, (t)""' fln (I} exp L -tQno(t)- '2 = ao(t) , n = 1, 2, Ro(t)""' 1, 

(3) 
where J.ln and nno are real functions, we obtain in 
place of (1) a system of two nonlinear equations 

t ' 
iRn = Unoexp{i ~ Uno('t)d't }- Uonexp{-i~ Uno('t)d.,;}Rn2 (4) 

t t 

+ U nm exp {i ~ Unm(.,;)d.,; }Rm- Uom exp{i ~ Uom('t)d.,; }RnRm, 

n, m = 1, 2, n =I= m, 

and the normalization condition (2) is always satisfied: 

(5) 

Separating in (4) the real and imaginary parts, we easily 
obtain a system of equations for J.ln (t): 

~n = UnO COS <Dno ( 1 + ftn2} + !lmU nm COS <Dnm + l'n!lmU Om COS f!>om, ( 6) 
.m =I= n. 

The phases <I>mn are defined as follows: 
t 

f!J,,(t)= ~ Umn('t)d.,;+Qmn(t), (7) 

and in quasistationary conditions they determine the 
correction due to the interaction Umn• to the distance 
between the terms m and n. l6 ' 7 J The corresponding 
equations for the phases nno are given in [7 ]. 

In our problem J.la « J.l1 « 1 (the probability of charge 
exchange in the ground state is much larger than in the 
excited state) so that we can neglect in the right side of 
(6) all the terms containing J.la· In this case, J.l1 takes 
the forml7 J 

t t 

1-'1 (t) = tg ~ U10(t) cos <Dto(!)dt,::::; ~ U10 (t)cos <ll10 (t) dt. (8) 

1lThe Hermitian formulation of the charge-exchange problem in the 
two-level approximation [1] can be readily generalized to a larger 
number of levels [8 ]. Without Joss of generality, we can assume that 
Umn = Unm and Umn(t) are even functions, that is, Umn(-t) = Umn(t). 
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Substituting (8) in the equation for 1J. 2, we get 

112(oo) = 1 U20 (t)cos Cl>20 (t)dt 

~ I 

+) u.,(t\cosct>.,(t)dt ~ U10 (t')cosct>10 (t')dt'. (9) 

Inasmuch as under our conditions 1J.2 « 1, we can omit 
the normalization denominator for (5). The expression 
for the transition probability in state 2 takes the form 

(10) 
00 «r t 2 

=[) U20 (t)cosct>20(t)dt+) U21 (t)cosct>21 (t)dt) U10 cosct>10(t')dt']. 
-oc oo- -oo 

The first term describes the direct transition 0 - 2, 
and the second term the transition via the intermediate 
level 0 - 1 - 2. 

2. The transition probability (10) was obtained from 
the nonlinear system (6) in the second order of pertur­
bation theory. A successive application of the perturba­
tion theory employed here calls for substitution in the 
right side of (10) of the phases 4>mn(t) in the same form 
that they would possess under the assumption of paired 
interaction of the terms2> m and n: 

I I 

Cl>mn(t)= ) amn(T)d-r+Qmn(t)= ~ l'amn2 (-r)+4Umn2 (-r)dT. (11) 

The ~uestion of the choice of the lower integration 
limit t< ~was discussed earlier,[7• 91 where it was 
shown ~t solution of the system (1) consisting of only 
two equations yields t< 0 > = 0. As applied to the case 
considered here, this means that for direct transitions 
tig> = t~g> = 0, but t<2°i * 0 and depends on the character­
istic parameters of the problem. Its calculation in gen­
eral form is hardly possible. We shall therefore esti­
mate the role of t~~> qualitatively. When the right side 
of (10) is squared; a crossing (interference) term 
arises. The presence of t~~> * 0 produces in this term 
a factor that oscillates rapidly with changing impact 
distance and with changing collision velocity. Its con­
tribution to the total cross section is negligibly small, 
and in our approximation the interference term can be 
dropped. On the other hand, the concrete value of t~~> 
has little influence on the square of the second term in 
the right side of (10). Therefore in calculating this in­
tegral we put t~~> = 0. Since the integrands are even, 
we get 

~ I 

~ U21 (t)cosct>21 (t)dt ~ U10 (t')cosct>10 (t') dt' 

1 "' ~ 
= 2 ) u.,(t)cosct>2,(t)dt) Uto(t)cosct>,o(t)dt, (12) 

-v::~ -oo 

after which the expression for the transition probability 
takes the form 

w •• = w ..... + 1/4W._.,w,_., 

I'Vm-n = (_Iumn(t)cosCl>mn(t)dt)'. 

(13) 

(14) 

2>It is known that only two terms of a physical system can cross at 
one point of the complex plane; an exception is the harmonic oscil­
lator [1°]. 

Thus, the total transition probability Wo2 is the sum 
of the probabilities of the direct transition W G--2 and 
the WG--1_ 2 = C/4)WG--1 W1_ 2, which describes approxi­
mately the transition through the intermediate level. 
There is no interference between the indicated proc­
esses, and the probability of transition through the in­
termediate level is expressed in terms of the product 
of the probabilities of the transitions between the neigh­
boring states. At larger collision velocities, the ex­
pressions Wm-n (14) go over into the first-order Born 
probabilitiesY• 6 J It is easy to verify that in the Born 
region the formula (13) coincides with the second Born 
approximation. 

The effective cross section for charge exchange in 
the excited state is also a sum of two terms describing 
the indicated processes: 

o._.. = 2n fpapw ..... , 
0 

o .... , .... = ; 1 pdpW._.,w,_., 
0 

where p is the impact parameter. 

(15) 

(16) 

The general formulas (13)-(16) can be used also to 
calculate the cross sections of other inelastic processes 
occurring in collisions of heavy particles. The simplest 
example is excitation from the ground state of atomic 
levels lying above the resonance level. In practice the 
problem reduces to a calculation of the matrix elements 
Umn and of the separation between the terms 4>mn· 

3. We shall employ the obtained formulas to calcu­
late the cross sections for the charge exchange of pro­
tons by atoms of inert gases with formation of hydrogen 
in the 2p state. We confine ourselves to the region of 
energies from 5 to 30 keV. At these energies it is ad­
vantageous to use the eigenfunctions of the unperturbed 
atoms as the basis functions for the expansion of the 
total wave function of the system. 3 > The initial, inter­
mediate, and final states are the ground state of the tar­
get atom B and the 1s and 2p states of the produced 
hydrogen atom. The ion B+ is assumed here to be a 
structureless charged particle. 

To calculate the cross section a 0 _ 2 of the "direct 
charge exchange" we can use the results of [11 • We 
shall therefore consider in detail only a 0 - 1 - 2. The 
individual probabilities W 0 _ 1 and W 0 _ 2 are also 
known.[1•6 • 7 • 111 They are given by: 

{ [ ( nw,. )' / ClltoP )']''•} 1 r W._.1 (p,v)=exp -2 -- +• -- sin2 - J U0,(p,x)dx. 
2yv \ v . v· 

-oo (17) 

Wt-2 (p, v) = exp{-2 [ A2w'! + (w"P)']'''} sin2 ~ 1 U12(p, :x)dx. 
v- V ' v -oo (18) 

Here v-relative velocity, Wmn-resonance defect be­
tween the levels m and n, and Uo1 and U12-0ff-diag­
onal matrix elements connected with the charge ex­
change in the ground state and with the excitation from 
the ground state. At large distances U1o(R) exp (-yR), 
where y = ..J2Imin , and Imin is the smaller of the ioni­
zation energies of the states 0 and 1. [l, 111 For an op-

3> A lower energies on the order of thermal it is necessary to expand 
in terms of the eigenfunctions of the quasimolecule. 
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tically allowed transition U12(R) A/R2.l6• 71 If the 
transition 1- 2 is a transition of the s - s type, for 
example 1s- 2s in the hydrogen atom, then the exci­
tation probability W 1_ 2 takes the form (17) but 
'Y = -!2f;: + .flL. • [7, 11] 

An exact calculation of a0- 1- 2 using (17) and (18) 
calls for numerical integration. However, it is possible 
to obtain a simple analytic approximation for a0_ 1_ 2 
by recognizing that the excitation probability W 1- 2 (p) 
is a smoother function than the probability W0- 1(p) of 
the charge exchange in the ground state. We take the 
function W 1_ 2 (p) at p = p 0 outside the integral sign in 
(16). The remaining integral gives the cross section 
for charge exchange in the ground state: 

ao..t-+2 = ~ r pdpWo..,(p)W,..,..(p) 
2 0 

w, ..... (po) s"" w, ..... (po) 
R: --,-- 2npdpW...,.,(p) = --4--oo,. 

'! 0 (19) 

Using the explicit form of W0_ 1(p)l11 and retaining 
in the approximate calculation the correct dependence 
on the velocity at small and large velocities, we can get 
for p 0 = p0(v) the following value: 

() _l'~ 
Po v - 2/B-1 ' 2JB-1>0, (20) 

where IB is the ionization potential of the target atom. 
Within the framework of the rather rough approxima­
tion made here, it is meaningless to use the exact form 
of the pre -exponential factor in the probability 
W 1_ 2(p 0) (18). Since at low velocities its order of mag­
nitude is % and it is proportional to ( A/vp0)2 at large 
velocities, we can obtain a qualitative description of this 
factor by replacing it with [2 + (vp0(v)/A)2r 1• 

As a result we obtained for a0_ 1_ 2 the rather sim­
ple approximate expression 

{ [ Affi21 ( ffi2tPo)"J'''} 1 [ ( vpo )"]--" ( ) o...,.._2 ~ oo,exl) -2 ~+ -v-. 4 2+ T . 21 

Here a01 is the cross section for charge exchange in 
the ground state of the hydrogen atom. The constants in 
(19)-(21) for the charge exchange in the 2p-state of hy­
drogen are A = 0. 7 and w21 = 0.375. 

The results of the calculation of the total charge ex­
change cross section in the 2p-state of hydrogen, for 
collision between protons and He and Ne atoms are 
shown in Figs. 1 and 2. We see that the developed 
method leads to satisfactory agreement with the exper­
imental dataY• 51 In the case of charge exchange of 
protons in He, the main contribution to the cross sec­
tion in the 6-40 keV region is made by "charge ex­
change via the intermediate level" 1s of the H atom, 
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FIG. I. Cross section of the 
process p+He :4 H(2p) + He+: I -
experimental data [3], 2 - experi­
mental data [5 ], 3 - result of pre­
sent work. 

FIG. 2. Cross section of the process 
p + Ne-+ H(2p) + Ne+: I - experimental 
mental data [3], 2 - experimental data 
[5 ], 3 - result of present work. 
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and the "direct charge exchange" plays no role in the 
indicated region. In the case of the Ne atom, the maxi­
mum near 8 keV is due to "charge exchange via the in­
termediate state" 1s, and the next maximum at~ 15 keV 
is due to "direct charge exchange." At energies lower 
than 10 keV the "direct charge exchange" plays prac­
tically no role, and at energies larger than 15 keV the 
contribution from the "charge exchange via the inter­
mediate state" is in turn quite small. 

It is impossible to write out a simple, approximate 
formula similar to (20) for the cross section a0_ 1_ 2 in 
the case of charge exchange in the 2s -state of hydrogen. 
We note only the main qualitative features of such a 
cross section. The cross section for "charge exchange 
via an intermediate level" is in this case also propor­
tional to the cross section a 01 for charge exchange in 
the ground state, but the corresponding maximum of the 
cross section is reached at higher energies. At colli­
sion energies < 25 keV, we have a(2s) < a(2p). The fore­
going singularities result from the fact that the matrix 
element of the 1s -2s transition has an exponential, and 
not a dipole character as in the case of the 1s-2p tran­
sition. 

Thus the competing transition via the intermediate 
level can lead, at medium energies, to the appearance 
of an additional maximum in the charge -exchange cross 
section in the excited state. At higher collision ener­
gies, on the order of 100 keV and more, the effects con­
sidered here, of the strong coupling between the initial, 
intermediate, and final states, cease to play any role. At 
high collision energies the charge exchange cross sec­
tions can be calculated by using the first Born approxi­
mation. 

In conclusion we note that transition via the inter .. 
mediate level can play an important role also in other 
problems of the theory of atomic collisions. The im­
portance of this process for the excitation of levels ly­
ing above resonance by electrons in atoms of alkali ele­
ments has already been noted. [121 

We are sincerely grateful to I. I. Sobel'man for a 
useful discussion. 
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