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We consider the viscosity and thermal conductivity and also sound propagation in molecular gases in
mutually perpendicular constant and variable magnetic (or electric) fields. We show that for well-
defined relations between the magnitude of the constant field and the amplitude and frequency of the
variable field the change in the transfer and sound absorption coefficients shows a resonance charac-
ter. The effect depends essentially on the form of the angular dependence of the non-spherical part

of the interaction potential of the molecules.
1. INTRODUCTION

IT has been shown in a number of experimental and
theoretical papers(!™!J that the transfer coefficients
of molecular gases are changed in magnetic and elec-
tric fields. Such an effect is explained by the existence
of a non-spherical dependence of the molecular colli-
sion cross section on the angle between the relative
velocity of the colliding molecules and their angular
momenta. The precession of the molecules caused by
the interaction of the magnetic moment of the molecule
and the magnetic field (or the dipole moment and the
electric field) leads to an increase of the collision
cross-section. The transfer coefficients in an external
field have a tensor character and the tensors contain
both components which are even in the field and com-~
ponents which are odd.

A qualitative discussion given by us together with
L. L. Gorelik and V. V. Sinitsyn of the problem of the
influence of crossed constant and variable fields on the
transfer phenomena in gases enabled us to assume that
in such fields a resonance decrease of the transfer co-
efficients must take place. This assumption was experi-
mentally corroborated for the example of the thermal
conductivity of oxygen.[*?]

It is well known*3J that the motion of particles with
a magnetic moment in ‘‘crossed’”’ magnetic fields has a
resonance character when the frequency of the rotating
field is equal to the precession frequency in the constant
field. In contradistinction to the usual precession in a
constant field, in the case considered there occurs a
complicated precessional motion (the end of the angular
momentum vector M describes a spiral line) leading
to an additional increase in the scattering cross-section
of non-spherical molecules. This fact, in turn, leads to
the occurrence of effects connected with a resonance
increase in the scattering cross-section of the mole-
cules for a well-defined relation between the amplitudes
of the constant field B, and the variable field B, and
the frequency w of the variable field.

In the present paper we give a theoretical considera-
tion of the viscosity, thermal conductivity, and the
propagation of sound in molecular gases in crossed
(magnetic and electric) fields. In the following we show
that for a well-defined relation between By, B;, and w
the change in the transfer coefficients has a resonance
character and depend on the form of the non-spherical

part of the molecular collision operator. The change in
the transfer coefficients of a molecular gas in external
constant and variable fields®:'°] is not critically de-
pendent on the model for the non-spherical part of the
scattering cross section. It is thus rather complicated
to deduce the angular dependence of the collisional
cross section of the molecules from experiments in
constant and variable fields. This becomes possible if
we consider the change in the transfer coefficients of
molecular gases in crossed fields.

2. SOLUTION OF THE KINETIC EQUATION

We consider a gas with rotating molecules in a
crossed (magnetic or electric) field B

B = —iB, sin ot + jB; cos ot 4 kB, (2.1)

where B, is the intensity of the constant field, B, and
w the amplitude and frequency of the rotating field. The
linearized kinetic equation written down in a spherical
system of coordinates in which the z axis is taken
along the direction of the constant field By, has the
form ¢

oy, 9y, N
5 TN+ vMBl—— = — I, (2.2)*

where f =£,(1 + x), £, is the equilibrium distribution
function,

N= Dam"Aim,  Agn=Yim(u) (@ + Ho? ~cy),
Lm !
Agn = Yam(u), Aw=.§_uz__:v_(uz+ﬂm); (2.3)
b={ ful+x) W= + ) Wldrdrary,  (2.4)

dT' a phase volume, Yy, (u) = u?¥, (¢4, #4); u and
Hyot are the dimensionless velocity and rotational
energy. The quantities ajy, are givenint®l,

Equation (2.2) is obtained by averaging over the fast
rotation of the molecules around their axis and de-
scribes the behavior of a gas with linear molecules and
with ‘‘symmetric top’’ kind of molecules in an external
field. The quantity y is defined by the following rela-
tions:
0= cos(d/i'l)

y=dd/M, (2.5a)

for polar symmetric top kind of molecules with a dipole
moment d in an electric field;

*[MB] =M X B.
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y= :{oun%ﬁ_sm, o=0,=+1 (2.5b)
for paramagnetic molecules {O:) in a magnetic
field ) (pwo—Bohr magneton);
Y = Wroth (2.50)

for non-paramagnetic molecules with a magnetic mo-
ment Urot.

In a crossed field the operator which takes the inter-
action of the rotating molecules with the field into ac-
count has in the chosen system of coordinates the form

a ~ ~ ~
v[MB] N i(yolo + valypemiot + yul_efot), (2.6)
where vo = ¥Bo, 71 = Y2¥B1; 1 is the operator of the
angular momentum of the particles.[1%]
We shall look for a solution of Eq. (2.2) in the form

£ = — 2 az,,,’xlm. (2.7)
Lm
The functions y;,, must satisfy the equation
S | 0t + i (yole + alre=9t + vl %) Yim = Aim — Dum. (2.8)

Following (¢ we split the collision operator (2.4) into
two parts:

=104 efo, (2.9)

where 1'® describes the collisions without taking into
account the rotational degrees of freedom of the mole-
‘cules, €I is a small operator which takes into ac-
count the dependence of the collision cross-section on
the rotating moments ( e is a small parameter).

We shall assume that 1‘” is the Maxwellian colli-
sion integral,e] i.e., its eigenfunctions from a com-
plete set of orthonormalized functions and are deter-
mined by the following expressions:

Fop, = dupn, (2.10)
Yo = Pimblyrirss = 2 le?t.l;m:"l.m: (u)
mptme=m
X Vi, (M) L, (u2) L™ (H o) s (0),
M = Qyr,Bre0Bi,0050 -+ Birs (1 — Sr081,0840), (2.11)

where Clllrf;h are Clebsch-Gordan coefficients,

lzmz
Lr(x) Laguerre polynomials; for linear molecules
a =0 and for symmetrical top kind molecules a = Yau
The eigenvalues (2.11) differ from those introduced
inl¢J py a factor n (n—the density) and have the dimen-
sions of frequency.

Using (2.9) we write Eq. (2.8) for xjy in the form

[g_iXIm = Am — 3}(1)Xl‘m, (2 .1 2)
where
B-1— % + 10 4 i(yol, + yilpe—iot 4 yil_eory, (2.13)

We shall look for the solution of Eq. (2.12) in the form
of an expansion in the small parameter €:

Yrm = Xh(r?-i— axzﬁ.) + azng,) +... (2.14)
We substitute (2.14) into Eq. (2.13). Separating the
equation for XE(;;I and using the explicit form (2.3) for
Alm, we get
A = D Ane~t (Pnoy Am) Yoy M0 = (I, m, 14,0, 74,72, 0), (2.15)

n
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where  Fy, Fz> = [f, F F.dI' do in the case of an
electric field. In the case of a magnetic field the inte-
gration over ¢ is replaced by a summation.

The equation for the function xﬁr’l has the form

Bty ®— — S\ By, (2.16)
Here ’
Buim = 3 hn™ ey Aim) Inon. (2.17)
We shall look for its solution in the form
tum= = DB Ciimotums ¥ty (8) it (42) L (Brog) s (0) 11y, (2-18)

where the unknown functions xz”
2Mlp

satisfy the equation

Bty = Yim, (M). (2.19)
We write xé” as a sum
PP
xl'(.,i,{, = Zaqmzhyl,h (M) eiot(ma—h), q= (lirilzrz)- (2-20)
Rk
Substituting (2.20) into Eq. (2.19) we get
2 giot(m—k) [(ikga + 7»7;) Ggm.h + Vil h41Ggm kre
(2.21)

+ Vilh,i—18gmp—t] Yo (M) = Yy, (M),

where

Yo = Yo — @, An = An + im0,

It is clear from (2.21) that the problem of determining

the unknown coefficients agm,k reduces to solving the
qmz

equation

[7 + i (vl + il + ¥i) X (M) = Yim, (M), (2.22)
where T=1¢ +imzw,
AM) = D agmaYin(M). (2.23)

R
We rotate the system of coordinates in angular mo-
mentum space over an angle ¢, defined by

cost = v /12 + v (2.24)

The new z' axis is then directed along the effective
field

Yot = ¥2 + vi2 (2.25)

This transformation of the system of coordinates

corresponds to a linear transformation in the space of
the functions lek(M)Z

Yia(M)= D Typh¥,» (M), (2.26)

where Tf{z = ik'pr{?- (cos #1). The functions Pll{zp(cos&)

are defined in[*%],
In the rotated system of coordinates Eq. (2.22) has
the form

T+ et 2 X = 3 TrupYin (W), (2.27)

p
Performing the inverse transformation to the old sys-
tem of coordinates in the solution of Eq. (2.27) we get
an expression for the coefficients agm,k:

Ggmp = D) (n + im20 + iy ege) ™ Tom,n (T~1) i,
b4

(2.28)
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Substituting (2.28) into (2.20) and (2.18) we can find
X g Formally we can write the expression for x;;’l
as follows

2D = — eKlan®, (2.29)

where K is the operator which is the inverse of K™

3. THERMAL CONDUCTIVITY, VISCOSITY

We shall consider the viscosity and thermal conduc-
tivity of molecular gases in a crossed field. It has been
shown earlier (] that the viscosity and thermal conduc-
tivity coefficients in a constant field are determined by
the expression

(3.1)

In the case considered the coefficients (3.1) which are

off-diagonal in m differ from zero. From the form of
the operators K™* and 1(1) the following properties of
the coefficients ¢/m,/'m’ are determined:

Com?, lm = (Avm, Kim)-

Cim, l’m’(t) = eimt(’m—m’)clm, l'm?y

Cim, vrm*(Bo, B1) = Cims, tm(— Bo, — By), (3.2)
Cim, v () = (— )™, v (2).

Bearing these properties of the coefficients Cim,l'm’

in mind we can write down the thermal conductivity and

viscosity tensors. The thermal conductivity tensor has

the form

2T
AiR = m {61‘11 Reciu + biobho(cio,{o — Re Cu,u) + bx%Im C11,41

1 A 3 1
+ —= (b:%01! 4 br%:t) Re 1041 + —= (br%0;! — bptb;°) Im c10,14
12 V2 (3.3)
—f— (biibhi —_ 6{‘5;1‘)39 Cit, 1-1 + (bk‘lii‘ —_ bi‘lih‘)lm Cyy, 1_1} .
Here
By By; R 1 dBy;
b0 = , bt = , bi® = ebl, bt = — — .
B, 1 B, ik &ir10; i ©B; dt

The viscosity tensor is very complicated; part of it is
completely analogous to the viscosity tensor in a con-
stant field. The remaining terms describe the time-
dependent components of the tensor.

Both Eq. (3.3) and the viscosity tensor satisfy the
Onsager symmetry principle for kinetic coefficients in
a magnetic field

xin(H) = spi(—H),  Niwm (H) = numan(=H),  (3.4)
and in an electric field
%in (E) = »n:i (E), Nirm (E) = MNimin (E). (3.5)

The relation (3.5) for an electric field follows from the
fact that the terms xj;, which are odd in the field are
also odd in ¢ and the averaging over ¢ therefore makes
them vanish. We must emphasize that it is possible that
there occur terms which are odd in the field in the ex-
pression for the ¢im,/'m’, if { — ' is an odd integer.
However, such terms do not occur in the viscosity and
thermal conductivity tensors. The latter describe the
mutual influence of viscosity and thermal conductivity
phenomena (7] (cross effect). Therefore, in a crossed
magnetic field the thermal conductivity of a molecular
gas is determined by seven coefficients, and in an
electric field by four. The viscosity in crossed mag-
netic or crossed electric fields is determined, respec-
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tively, by nineteen and twelve coefficients. The coeffi-
cients which are additional as compared to the case of
static fields describe time-dependent components of
the viscosity and thermal conductivity tensors. It is
clear from (3.3) that the thermal conductivity tensor
contains first and second harmonics of w. In the vis-
cosity tensor harmonics up to the fourth occur. We
note that all coefficients ¢y, /'m’ which describe the
time dependence of the viscosity and thermal conduc-
tivity tensors are of order €®. The other coefficients
are of the same order as in a constant field.[6]

Let us consider the dependence of the coefficients
Cl'm’. Im On the magnitude of the constant and the
variable fields and the frequency. We can in accordance
with the expansion (2.14) write the coefficients (3.1)
also as power series in €:

1) ) @
Crmt, tm == Crmt, tm ~+ €Clrmy, 1m = €2Cime, tm + . . . (3.6)

It is clear from Eqs. (2.3), (2.15), (2.17), and (2.29) that
the field-dependence occurs only in cf,;n I'm
?)

oy
Crrm tm = Ay, KT 0 ). (3.7)

Using the explicit form of Azy and ' and the sym-

metry properties of the operators K and 1 we can
write Eq. (2.37) as follows
ngv)u, Im == <Xz(m‘), i(‘)kA,,m,). (3.8)

Using Eqgs. (2.17), (2.19), and (2.28) we find that the
coefficients c!% are equal to

!'m’,lm
Cl, im = eiottn-m) 3 gimglm' (3.9)
n,n’
G""' = Z Cll:‘"xlzmzcl{;"mx’lzmg’61A1|”5le’6m,m,'6r|r,'
mit+me=m
m+my’=m’
X ALy 1 (Hyo) M295(0), @gm oL (Brog) 9 (0) ). (3.10

The quantities BL™ were defined in (2.17).

We consider the change in the time-averaged trans-
fer coefficients in a crossed field. Such changes in the
transfer coefficients are described by the coefficients

c(z,) ’ for which m’ = m. Using the relation
'm',lm

Z |Pimpt(cos ®) |2 =1, (3.11)
P

which follows from the unitarity of the representation

of the rotation groupt5) we can write Eq. (3.10) in the

form

Gnnr = A~ 10nns + AGnn’, (3-12)

m l'm
AGppr = — Ap~! Z Cl["lxl,'"lzchm‘Lmléhl”blgl,'émlmll

mitmy=m

X By Sryre (L2 (Byo) MPep5 (6) , Adgumym L, (Hror) 9+ (0) ), (3.13)

.
» T (3.14)

From this it follows that the change in the coefficients
iy 1m in @ crossed field is equal to
b

i 1
ACI('?!; m = Z Bntn'm AGpe.

n,n’

(3.15)

Equations (3.12) to (3.15) completely describe the
dependence of the time-averaged changes in the trans-
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fer coefficients of polar, para- and non-para magnetic
gases on the magnitude of the constant field, the ampli-
tude and frequency of the variable field, and the pres-
sure (P) since as we indicated above in (2.5), (2.11),
and (2.25) o ~ Bo, ¥1 ~ B1, An ~ P. For nonpara-
magnetic gases Egs. (3.12), (3.14), and (3.15) remain
as before, but (3.13) simplifies as yo and y; are in-
dependent of M:

m 'm
Z Cl;m,llmgch'ﬂhlzmaéllll'alzlzlbmlmll
mdme=m

AGpp = — At
(3.16)

X Gm;m;’6r|r,'6r=1'2'Aaqm,m,-

Even and odd effects are described, respectively, by
the real and imaginary parts of expressions (3.13) and
(3.16). From Egs. (3.12) to (3.16) it follows that the
effect is, generally speaking, larger in a crossed field
than in a constant field since all terms with different
mz give non-vanishing contributions in the sum over
m; and m.. In the case of a constant field in the ana-
logous expressions terms with mz = 0 did not contri-
bute to the effect.l’] For arbitrary values of yo, ¥1, w,
and A the behavior of the changes in the transfer co-
efficients in a crossed field is rather complicated.

Let us consider the case of large magnitudes of the
fields. We require that the inequalities

[Yett — @] > An, Yo, @ > An. (3.17)

are satisfied. The real part of Eq. (3.16) then takes in
the case of a non-paramagnetic gas, and taking (3.11)
into account, the form

Im, I'm
Re AGnn’ = 7\1»_‘51,1,‘61212'6m.m|'6m,m,'6r,r1'arzrz'Ghlz )
ml'm Im I'm Im l'm
Gy, = 2 Cromitom,Climitym, + Cl.m.lzocl.rmlzo[1
mp+m;=m
my#0

P2 (cos 81)] = S — Ol Py 2 (eos 0), (3+18)

where Py, isa Legendre polynomial of rank I,

(P(l)ﬁ (cos ¢) = Py, (cos ¢)). The sum in Eq. (3.18) corre-
sponds to a saturation of the even effect in a constant
field when ¥ 2> A,. The second term describes an
additional change in the transfer coefficients in a
crossed field. When the angle ¢, is changed the mag-
nitude of the second term goles through a maximum

when it reaches the value C;m clm | The rela-
1imy 22071 m, 1,0

tive increase in the time-averaged coefficients C‘?
l!'m,Im

with [ =1’ in a crossed field as compared with their
value in saturation in a constant field is thus determined
by the expression

(Crimazo)*/[1 — (Ciimti0)?): (3.19)
For instance, for the coefficient ¢i0,10 Which determines
the change in the thermal conductivity coefficient in the
direction of B, this quantity is 7.

It is clear from (3.10) that the dependence of the
effect on the parameters w, o, and ¥: in a crossed
field shows several maxima. The collection of maxima
and the relations between w, Yo, and 7 in the point of
maximum are determined by the model of the collision
integral operator I which takes into account the
mixing of the rotational and translational degrees of
freedom. We consider a model of I’ for which the
magnetic elements I}’ occurring in Egs. (2.17) and

non
(3.15) are non-vanishiong only for ‘‘transitions into a
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state’” with n = (/m,2000). Then the second term in
(3.18) has the form

CilmsoCrmss (1 — P32 (cos 91) ) (3.20)

and reaches its maximum value for cos® =Y, or
(3.21)

Equations (3.18) to (3.20) are approximately true for
polar and paramagnetic gases if we substitute into them
the values of v, and y; containing the average values
of the angular momentum M. Il

The exact expression for the Cl?llz, M for a para-

magnetic gas in the case, of the collision operator
considered above, has the form

Im,I'm Im l'm
Gl,z = Z Cl;m.Zm,Cl,m.Zm;.

m+m=m
My5=0

4E—/v)*+1
[(g_mm, (3.22)

+ CzI‘TnllzuCz,l::mﬁT Zu—j § e—M 5
where & =2Bo/By; 7= 2w/By; v defined in (2.5b).
From (3.22) and (2.5b) it follows that for oxygen the
resonance curves must have two paired maxima for
the states o = +1 and ¢ =0 when we use the chosen
model for 1(1).

In the case of an arbitrary model for the collision
of the molecules and when the inequalities (3.17) are
satisfied, there will be in Eq. (3.15) be a sum of squares
of Legendre polynomials P2 (cos #,). From this it
follows that an experimentalf study of the dependence of
the effect on cos #: enables us in principle to establish
the angular dependence of the non-spherical scattering
of the molecules.

It is necessary to note that in a paramagnetic gas
such as oxygen another kind of resonance behavior of
the transfer coefficients in a crossed field is possible.
This is connected with the fact that a rotating field of
frequency w will cause transitions of molecules
changing the quantum number ¢ from +1 to -1 and
vice versa, if hw = @, where «a is the energy gap be-
tween the states with ¢ = +1 and o = -1. For oxygen
@=198cm™ and w = 7.5 X10* Hz.l'®J It is clear that
then the precession of a paramagnetic molecule and
with it the change in the transfer coefficients caused
by a constant field disappears. A similar situation may
occur apparently also in the case of polar gases with
long linear molecules or asymmetric top kind molecules
with a small asymmetry parameter. For such mole-
cules the presence of a pair of close-lying states dif-
fering in the direction of the dipole moments (for
linear molecules the splitting of rotational states is
connected with transverse oscillations) is character-
istic. The energy difference between these states is
appreciably less (in frequency 10* to 10° Hz) than for
oxygen and depends on the rotational moment of the
molecule.

4. SOUND PROPAGATION

Let there be a sound wave excited with a frequency
wo. Its propagation in a constant field is described by
the distribution function

f= fo(1 4 yeikr—iont), (4.1)
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In the presence of a rotating field of frequency w this
wave excited additional harmonics of frequencies

Q = wo + nw(in is an integer) the amplitudes of which
are small, if |Q | # wo. In the opposite case resonance
occurs.

Far from the resonance the nature of the change in
sound propagation in crossed fields is the same as in
the case of a constant field and is described by formu-
lae containing the quantities Cl’m’,lm-[”] The role of

the rotating field in this case reduces basically to an
additional decrease in the sound absorption.

We consider the resonance phenomenon. For the
sake of simplicity we restrict ourselves to resonance
at the lowest possible sound frequency (we assume that
the frequency of the rotating field is given), i.e.,

@ == o0 + AQ, (4.2)
We shall look for the distribution function in the form

=f0[1-{—x.,_exp{ikr—i(%—i—AQ)t}

AQ oL 1.

+x_exp{ikr+i(%—AQ>t}+Ax]. (4.3)
The other harmonics whose amplitudes are small occur
in Ay and we shall not take them into account.

The functions x, and x_ satisfy the equations

(¢o = v12T/m)):
(—ig—isa+ ieoku) 2, + volet, + il = — T,

(i > — AR+ icoku) A+ Vol + val g, =— Ty (4.9)
To solve (4.4) it is convenient to write X, and x_ in
the form

X = Xa® + x=M, (4.5)

where the x‘i are independent of the direction of M.

The functions x‘i and xlf are determined from the
equations

. © R N
i (—— 5= AQ + coku) XY= — Oy v —e]Wy M,
Tt + 1ud x M = — T M 0y ¥,
i (% — AQ 4 ¢ku ) A= — Oy u eIy M
(4.6)
volox M + le_hM —- j(t»x_M_ aj(l)x_u_

We have used in (4.6) the fact that the ultrasound fre-
quency (and kco) is small compared with the collision
frequency, i.e., with the non-zero matrix elements of
the collision operator.

From ﬂl}/f second and fourth of Eqgs. (4.6) we can
express x, in terms of x‘i and substitute the expres-

sions obtained into the first and third Eqgs. (4.6). We
have

i (¢.“21_' AQ + coku ) xo = —TOp. L Ayt et BunsY,  (4.7)

Ap = 10 [ 4 101, (4 1O 11, (w5)
. . N . 4.8
Bo=—T9 (L4100 @4 I i e @+ 1.
As the operators Ai and Ei are bounded we can solve
Eq. (4.7) by perturbation theory methods with respect
to the parameter €. The corrections to the sound
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velocity and absorption coefficient are expressed by
the equations

v 2
Y= g2 ~Re QO y® = — > I; Q®),
o 14

in which Q‘® is determined from the equation
(1% — A0, (— 282 +10% & (LA ) (4 10
F RO B Oy L By @ = 0.

Here x‘j‘:’ is the solution of equations whose explicit
form was given in(:7]

(4.9)

(F io FiAQ + icoku) x:” = — @, (@, 1.0 = 1.
(4.11)
Solving (4.9) we have
20 = 21AQ™ + (1. A1, + . A1
— 12407 + <3, A2, — (V" A x Oy
— O By Oy (3 O By Oy, (4.12)

Assuming Im 2 and ReQ® to be quantities of the
same order we get for the order of magnitude of the
ratio of the relative magnitudes of the changes in the
sound velocity and absorption the expression

o WoeWrot

or 0t ei,

(wrot and wiy are the frequencies of the rotational and
translational relaxation). We need therefore take into
account the change in the sound velocity only if we

~ wpot+ In the opposite case it changes appreciably
less than the absorption.

The matrix elements { x ©*A x{) and

x‘i‘”*ﬁixi’w are for small sound frequencies

(wo < €xo) of order € 2 and for high frequencies of
order unity. Therefore, at high frequencies the reso-
nance is narrower (resonance width ~€?) than at low
ones (width of order unity).

It follows from (4.12) that a resonance change takes
place if the matrix elements { x{’*B_,x{’) are non-
vanishing. However, the operators ﬁi tend to zero as
B — «, For high fields, therefore, there will be no
resonance sound absorption. The effect will be appre-
ciable only for such fields that v; ~ v ~ wip.

In conclusion the authors express their gratitude to
L. L. Gorelik and V. V. Sinitsyn for useful discussions
of the work.
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