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Using a method which employs an expansion of the molecular distribution function in a series in
generalized orthogonal polynomials, we obtain relaxation equations and relations transfer for a
simple polyatomic gas in a 17-moment approximation. We find expressions for the slipping veloc-
ity and the temperature jump in a polyatomic gas near a solid plane wall. The results obtained are
valid both in the case of an ‘‘easy”’ and in the case of a ‘‘slow’’ exchange of energy between the
translational and the internal degrees of freedom of the molecules.

1. INTRODUCTION

THE development of a formal kinetic theory of poly-
atomic gases ('™} is usually based upon a generalized
Chapman-Enskog method which is widely used in the
theory of a monatomic gas.["] In the framework of such
a generalization one explains the occurrence of second
(volume) viscosity, and also of an additional contribu-
tion to the thermal conductivity connected with taking
into account the internal degrees of freedom of the
molecules (modified Eucken correction).

It is well known that the Chapman-Enskog method is
not able to describe processes which involve essen-
tially relaxation and as a result of which one estab-
lishes time-independent linear relations between fluxes
and the gradients of thermodynamic quantities. This
deficiency becomes particularly marked in the case of
a polyatomic gas when apart from the characteristic
relaxation time 7 describing the establishment of
equilibrium with respect to the translational degrees of
freedom there occurs in the problem yet another
parameter: the characteristic time 7g of exchange of
energy between the translational and internal degrees
of freedom. In fact, a consistent generalization of the
Chapman-Enskog method is possible only in the case
when 7y ~ 7 and the appearance in the pressure tensor
of a term with the volume viscosity which is propor-
tional to the divergence of the velocity corresponds just
to this case of so-called ‘“‘easy” energy exchange.-/
When the exchange is ‘‘slow” (7g > 7), when TE may
be of the same order of magnitude as the characteristic
time 71, of the problem, the linear relation by means
of which one introduces the volume viscosity coefficient
loses its validity and the corresponding term in the
pressure tensor can be found only from the relaxation
equations for the translational and internal energies of
the gas.

Below we propose an alternative approach to a
theory of transfer phenomena in a polyatomic gas which
is based upon the use of an expansion of distribution
functions in series in generalized orthogonal polynom-
ials. The character of the expansion and the kind of
polynomials are uniquely determined by the choice of
the weight function (zeroth approximation) of a local
single-temperature Maxwell-Boltzmann distribution in
the velocities and the discrete internal states of the
molecules. The relaxation equations and the transfer
relations turn out to be in that case the natural conse-
quences of the moment equations obtained from the

kinetic equations. The results obtained are valid both
in the case of ‘‘easy’’ and in the case of ‘‘slow’’ energy
exchange between the translational and internal degrees
of freedom of the molecules under the condition that
the deviations of the energies corresponding to them
from their equilibrium values are small.

The method used in this paper is essentially a
generalization of Grad’s method(®] for the case of a
polyatomic gas. The 17-moment equations obtained
here can find an application, as could the 13-moment
equations of Grad’s, in problems about the dispersion
of sound and the structure of a weak shock wave in a
polyatomic gas, for the analysis of a flow with slipping,
and so on. As an example we consider in this paper the
derivation of boundary conditions (slipping velocity and
temperature jump) for a polyatomic gas at a non-ab-
sorbing plane surface.

2. EXPANSION OF THE DISTRIBUTION FUNCTION
AND MOMENT EQUATIONS

We shall describe the polyatomic gas through a
distribution function fj = f(v, Ej, r, t) where v is the
velocity of a molecule, and Ej the energy of the i-th
quantum state. If apart from other degrees of freedom
in the gas the rotational degrees of freedom are ex-
cited, the assumption that fj depends only on Ej is,
strictly speaking, connected with the assumption that
the density matrix for the internal states is independent
of the orientation of the angular momentum vector M
of the molecule. A paper by Kagan and Afanas’ev (8]
was the first to note the necessity to take into account
the dependence of the distribution function on the
orientation of M and v. They also made numerical
estimates of the influence of this factor on the kinetic
coefficients for the sphero-cylinder model. Int{"8] the
results of ‘67 were taken into account for calculating
transfer coefficients for a model of “‘rough’ and
‘‘charged’’ spheres. Bearing in mind that taking this
into account (when there are no external forces) leads
only to small corrections in the transfer coefficients
we shall consider the problem in the usual formulation,
used int® 2,

We define the macroscopic parameters of the gas:
the density n, the velocity u and the temperaturs T
by means of the relations

n=3§ rav=231 r0a, (1)

i i
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nu = Z Sv]’, dv = Z S vfiOdv,

wE(T)=3 § (tfamer 4+ o) fiv = 2 § (1/amer 4 B0 dv.
Here ¢ =v — u, m is the molecular mass. The quan-
tities (1) are given in the same way both by fj and by
the ‘‘zeroth approximation’ function " for which we
choose the local Maxwell-Boltzmann distribution of.the
form

10 = n(m | 2rnkT)"Q-t exp [— (/amc® + E;) | kT1],
0= Dexp(— Ei/kT). (2)

In addition to (1) we introduce definitions for the
average energies and heat currents corresponding to
the translational and internal degrees of freedom of
the molecules:

nEYv= 3 S %czfi dv, nEint—= > S Eifidv,
qr= S?mcch,» dv, qint= S Ecf; dv. (3)
In accordance with (1)
REY 4 nEt = nE(T) = nE+ nEoi, (9)

where
Eotr= 3)okT,  Eoint= (edkT,
(e) = Q-1 Z eiexp(—ei), & = Ei/kT,

We define also the total pressure tensor

P.=m 2 ScrcsfidV=P6rs+ﬂrsy (5)

i

where

P=2/mEY,  my=m 3 (es—1/sc2p)fidv. (6)
i

We note that in contradistinction to the monatomic gas
P in our case is not the same as the usual statistical
pressure p = 7snEL’ | since E # Egr. The distribu-
tion function fj can be expanded in a series in general-
ized orthogonal polynomials. In (o) it was shown that
when we use an expansion in the molecular velocity
space the form of the polynomials is completely deter-
mined by the choice of the ‘‘zeroth approximation’’
distribution function. If we choose as the weight function
a local Maxwell distribution the Hermite tensor poly-
nomials used by Grad,'*} occur automatically in the ex-
pansion. When there is an additional Boltzmann factor
Q' exp(-€) in f{‘” it is convenient to write the ex-
pansion for fj as a double series 1n the irreducible
Hermlte polynomials H} ?f[“’] where

= cv (m/kT) and the polynomlals pla (el) defined

as
PO =1, PO = g; — e,
g—1 \
P@ = g;Pa-H) — > (g;,Pa-HPG)y PO/ (Pe2) (1)
§=0

({...) denotes averaging over the Boltzmann distribu-
tion). The corresponding expansion has the form

1 The polynomials (7) are easily obtained as the result of orthogon-
alization of 1, €;, €f, . . ., successively, with the weight function
Q' exp(—e¢j). The first two polynomials of (7) were (together with
Sonine polynomials) used in [! ] in the generalization of the Chapman-
Enskog method (see also [*!]).
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mn
Hr,.

P

()P (er).
(8)

m+n
m,n,q=0

The expansion coefficients aMNq are, in agreement
with the orthogonality conditions for the polynomials,
determined from the relations

naME (Pany = Z § . o (PO (e5)dv. (9)

Multiplying the kinetic eqtlatlon for the polyatomic
gas (2] py Hgin n( £) pla)( €j), integrating over
the velocities and summing over i, we are led to an
infinite set of differential equations for the coefficients
a™d and the parameters n, u, and T.

We shall look for a solution of the kinetic equation,
limiting ourselves to a finite number of terms in the
series (8) in such a way that the corresponding coef-
ficients a™™d jin (9) can be expressed in terms of the
quantities (3) and (5) which have a clear physical mean-
ing. To do this we retain in the expansion terms con-
taining the products of the polynomials H™R by P
=1, for m,n=0, 1,and m = 2, n =0 and alsc the
products of HMR by P = ¢; — (€j) for m =0, 1 and
n = 0. The distribution function in the approximation
considered has the form

1 AEt 3k
=01+ [(gZ—a)T (&1 —<e)) |

3 kT int J
m Tus [
o (b= g0 )+ o (1) ase )
k ym\: .
T et ﬁ> @ (e — Ce)) } (10)
where
p=mn, citt= (9E "/ dT)v = k[<e?> —<e*].

In using (10) the parameters determmmg the state
of the gas are the quantities p, u, T, AE tr = gtr — Etr
Trg, qtT and qint. (The approximation correspondmg to
them can be called the ‘‘17-moment approximation”’.)
The closed system of equations for these quantities can
be written in the form

dp oy du, 0P
wTP% =% Pt
Iur + _t?_q_;_ =0;

+ ﬂt@tr_ § i Elit kT ROiO
Cy 011 2 Ccy 01, 2

oy ag,t 200
+2{nrl }+3Trs +5 6:::., }+ 2Pg.s = kTR;s , (13)

dq, 7 . 0u, 2 ous 7 o Tk ar
—ag.tr tr. tr
& T3 e T3 o 5 0 T i
kT 0nys .~ 5 kTn dAE™ 5AE"6nkT
m dxs; 3 m 0z 3m ox,
5 AE"@Pn _nrsapsl 5k or _m {/ kT \%R“(’
p 0y  2m 6x,——_2—\m) T
dg,int 6ur du;  cint 9T
- mt . —_—
dt T + & + m Oz,
kTn 0AE"“ AE‘“‘ankT AEint p,,
m Oz, m 0z, m Az
int 57 kT \'1
+ P =m(— )R (15)
m

m 0z,

=0,

(11)

ar
nCVE'l‘Pn

dAEt™ cint gy,
ne— 4
dl cv oz,

(12)

drtys

(19)
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Here cy = Y2k + ¢ and we have used the notation

d/dt = a/ o+ w a/ oz, {Ars} = 1/.2 (Ars + Asr)
—Y30s4u, s = {Our [ 0xs}.
On the right-hand sides of Eqgs. (12) to (15) occur
the ‘‘moments with respect to the collision integral’’

R =N ()P (e)

ijkl

— Hplr L (8)P@(e0) fiful i siny dy dg dv dvy. (16)

m+ae
Here Ikl(g —g', x, @) us the differential scattering
Ccross section for the process (g — g'; ij =~ ki), where
g is the relative velocity of the colliding particles (the
prime refers to values determined after the collision);
i, j and k, / are the quantum states of the molecules
before and after the collision, respectively, x and ¢
are the polar and azimuthal angles describing the ori-
entation of g’ relative to g.

After substituting the expansion (10) for f; into (16)
the quantities R™4 can be expressed in terms of the
appropriate moments. As in the case of the monatomic
gas it is convenient for the evaluation of the R™MIq
from the variables v and v, to the variables G and g

in the center of mass system of the colliding molecules.

Since the I kl are independent of G the integration over
G can be done explicitly. A number of new terms ap-
pear since g’# g. The approximation chosen by us de-
scribes a state of the gas which does not deviate much
from the equilibrium state so that the terms quadratic
in the moments can be neglected in the expressions for
the RMNA compared with the linear terms. The final
results can be written in the form

R0 — —8/y(cy [ ") n2QEAEY/ kT, (17)
stoo— —‘8/5n2Qnﬂrs/py (18)
[ ET N\ 4o / gt 10 k g,int
o R, = 15 nz\Qn-F ) —Sg‘;tVlZQE ' (19)
/k_T 1, ‘01—2 ) qr / q7int
.\ m )RT __gn Q‘E P 3?’1,2 [\+ Q£> » (20)
Here p = nkT and we have introduced the quantities
Qe = (kT/am)' S § dQ(Ae)?,
= (kT/zm)" ZS dQ[y?(v2 — y"2 cos?y) — /s (Ae)?],
(cin¥i) Qp = (kT/mem)'s D) § dQ { (e — (e))T(e: — £1)?
— (en — &)y cosxl}, (21)

where

vy = (m[4kT)'hg,  v*=y>—Ae, Ae = g

—%—Ez—si—sj

and =/dQ indicates an integral operator acting upon
the function F as follows

oo

ESdQ‘F=Q—2 dezfdcpil

ijhl O 0

X [Fy3exp (—vy* — e; — &) I;;# sin x]. (22)

3. RELAXATION EQUATIONS AND TRANSFER
RELATIONS

It is convenient to rewrite the right-hand sides of
Egs. (11) to (15) introducing the appropriate relaxation
times. The meaning of those is elucidated when we
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consider the behavior of the gas in the particular case
when p, u, and T are constant and the other moments
depend solely on the time. Equations (11) to (15) reduce
then to the following ones:

GAEY] 6t = — (2cv | 3k) ALY

O0Ttys / ot = _Tn_inrsy
aqt/ 0t = —2fs[w~t + %s(ciMt/ k) Te ] g4+ STz 'gint |
aqint/ 8t = —[1p~1 + Yorgt]qint4 Yy (cint/ k) tp-igtt (23)
Here
et = (2k [ ci"Yy nQp, Tt = 8/5nQy,
ot — &G, (29)
Writing Prg from (5) in the form
P, = (P + 2/3nAEn) Ors + Trs, (25)

we note that the off-diagonal components of the pres-
sure tensor and the non-equilibrium corrections to the
diagonal terms decrease exponentially with time with
decrements 7' and (2cy/3k) 7g , respectively. In the
case of a slow exchange of energy Tg > Ty, i.e., Trg
is damped appreciably faster than AE, The relaxa-
tion of the heat current q = q'F + ¢i?! is in the general
case described by a linear combination of exponents
with damping decrements determined by the values of
the characteristic equation of the system of coupled
equations for q'f and ™. For a slow energy exchange
the cross terms on the right-hand sides of the equations
for q T and ¢!™ can be neglected and the relaxation of
the heat current q is described by the expression

a(!) = qt%(0) exp [—/s(t/ )] + q™(0) exp [—/s(n [ pD) (¢ /Tn)]v

where we have used the relation[? TD (n/pD) 7'
for g > T (Here 1 and D are the viscosity and
self-diffusion coefficients of the gas.)

We consider now the case of slowly changing gas
flows. When the conditions

AL, < T, (26)

are satisfied, where L and 7], are characteristic
linear and time scales for the change in the macro-
scopic parameters of the gas, A and 7 the mean free
path and mean free flight time of the molecules, one
can on the left-hand sides of Egs. (13) to (15) neglect
the derivatives drrs/dt, dqt¥/dt, dg™!/dt and the
non -linear terms, as 7~ 7y~ 7p and A ~ (kT/m)
In the case of easy energy exchange we have additionally
TE ~ Ty and this enables us to neglect also in Eq. (12)
the derivative dA r/dt As a result we are led to the
relations

(cint/ cy) p diva + (cint/ cy) div i —

1/2

3/y(k / cv) div qint

— —%y(cv | k)Ta-mAEY (27)
2pers + ifs{0q, [ 0z} = —n~imy, (28)
iy (ke | m)p OT | 6z, 4 5/3(p | m) 6AEY/ dz, 4 (kT [ m) Oy | 0z,
= —fs[en™ + %o (cint/ k) Tg] gt + Yorp—ig,int (29)
(cint/ m)p 0T | 0z, + (p [ m)IAEY] oz,

(30)

= —(wt + Yote?) qr'm‘i‘ Vs (¢int/ k) Te~1g,t.

In the left-hand sides of (27) to (30) we have left the
terms with derivatives of q'T, ¢int, Tpg> and AE tr,
Some of those may have non vanishing values, e.g.,
when we consider inhomogeneous problems (different
longitudinal and transverse scales for changes in the
macroscopic quantities). In most case, however, these
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terms can be dropped and Egs. (27) to (30) lead to the
usual linear transfer relations:

YnAEY = _Ldiva, st == —2ners, q= —hgrad? (31

with viscosity and thermal conductivity coefficients
n =Py, t = (cintk [ cy?) prg, A= AT} him
At 15

n At 1"%?(%—ﬁ)/[1+ 5 “‘"‘ 5)]).
;.":m=scint{1+%<%—ﬁ)/[ 1+%<f’_ﬂ+ﬁ ,]} (32)

where

a=1y/tw B=r1p/Wm

ThEe]expressions obtained are the same as the results
of L3,

The equations (28) to (30) and the expressions for
the viscosity coefficient 7 and the thermal conductivity
A following from them retain their meaning also in the
case of slow exchange of energy between the transla-
tional and internal degrees of freedom. In particular,
when a —0

A= ci“t) ﬂ, (33)

55, 400
-4 M m

which corresponds to the introduction of the modified
Eucken correction int*!. However, the volume viscosity
coefficient ¢ can no longer be introduced simply, as
when Tg > Ty it is necessary to use apart from Eq.
(27) the more complete relaxatlon Eq. (12). Dropping

in it the derivatives of q'f and g™ and neglecting
non-linear terms, we have

dAEY/ di + (cint] cy) kT divu = —2fs(cv | k)t='ABE  (34)

4. TWO-TEMPERATURE RELAXATION

In the case when inelastic collisions in the gas are
relatively rare, the scheme, described in the foregoing,
of expansion in generalized polynomials can easily be
developed by choosing the zeroth approximation to fj
in the form of a product of two equilibrium distributions
in the velocities and the internal states of the mole-
cules, determined respectively at the temperatures
T!T and Tint je.,

0 m \h ) mc? E; \
1'=n \/mﬁ) Q1 (T™)exp (* Srre T fpine)-
It is then natural to assume that not only the total
energy E of the gas, but also separately each of its
constituents ET and EINt are determined in the same
way both through fj and through £{* by virtue of which

(36)

In such an approach the quantities n, u, T!Y, and Tint
which occur in the weight function and 7pg, q'* and
qmt which appear in the expansion serve as the mo-
ments which are of interest to us. The moment equa-
tions corresponding to them lead when conditions (26)
are satisfied to linear relations for 7,g and q. By
virtue of condition (36), however, the pressure tensor
is defined as Prg = nkT'F6,.g + 7o and does not con-
tain explicitly a term with the volume viscosity. In-
stead of this the complete set of equatlons includes in
it relaxation equations for T and TIM, It is useful
to establish a connection between these equations and

(35)

Et— Eff=3,kTY, ~ Eint— Egint— (¢dprint
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Eq. (34) obtained in the previous section.

As we are only interested in the relaxation of the
energy, we can for the sake of simplicity put g, qtr,
and g™t equal to zero. In that case, the expansion for
fj is the same as f!*’. Expanding (35) in a series in the

small differences (T'Y = T)/T and (TRt - T)/T
which corresponds to the assumption used earlier that
the deviations of the translational and internal energies
from their equilibrium values at a temperature T are
small, and neglecting quadratic terms, we find
fi = n(m | 20kT)*Q-1(T) exp [— (ame® + E;) | kT]

X[+ o (2 —3) (Te—T) | T + (e — <e3) (rint—1) /7). (37)

One notes easily that the expansions (37) and (10) are
the same, if we put
AEY = 3, (T — T), (38)

If we use (38) and Eqs. (11) for T Eq. (34) transforms
then to

AEiInt — _AFtr — cint(Tint _ T) .

dEnt dt = —qptcin(Tint__ Ttry, (39)

Equation (39) is the same as the usual relaxation equa-
tion for the internal energy of a gas which is used in
the theory of two-temperature relaxation.[12:13]

5. SLIPPING VELOCITY AND TEMPERATURE JUMP
AT A WALL

We shall use the results obtained earlier to derive
the boundary conditions in the case of a plane flow of
a polyatomic gas near a surface x = 0 (the x-axis is
directed along the external normal to the surface, the
y-axis in the direction of the flow). When describing
the state of the gas in the immediate vicinity of the wall
it is convenient to introduce distribution functions
fj(v, Ej, r, t) and fj(v, Ej, r, t) corresponding to in-
cident and reflected molecules in such a way that

J(v, Eiyx,t) = fH(v,Eqx, t) + f~(v, Eiy 1, t),
(v, Ei,x,t) = 0 when v, < 0, j~(v,E;,x,t) =0 when v, > 0.

As kinetic boundary condition we take that part of
the incident molecules is reflected specularly (without
a change in the distribution in the internal states of
the molecules) and that the other part is initially ad-
sorbed by the wall and afterwards emitted with a
Maxwell-Boltzmann distribution with the temperature
To of the wall, i.e.,

Fr(vs, vy, v2, Ei) = (1 — a) f~(—vx, Uy, vz, E)
+ wnexp [—(omv? -+ E;) [ kTo].

The coefficients « and a are connected with the
condition that there is no build-up of molecules at the
wall, i.e., with the condition ux = 0. In a rigorous ap-
proach we should give each of them an index i as the
reflexion coefficients can, in principle, depend on the
internal states of the molecules which interact with the
surface. However, it then turns out to be practically
impossible to express the macroscopic boundary condi-
tions in terms of the usual parameters of the polyatomic
gas which are obtained by averaging over all states of
the molecules. Assuming thus for the sake of sim-~
plicity that a and k are independent of i, multiplying
(40) by vx and using the expansion (10) for fj we are
after integrating over v and summing over i led to the
condition

(40)
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[ m >‘/« Ty 1 AEY  qup )
= —_ 1 _—
=0 m) T\ T3 Ty,

The relations for the slipping velocity and the tem-
perature jump are found from the condition that the
tangential component of the momentum current and the
normal component of the energy current vanish at the
wall. Multiplying (40) successively by cxCy and
Y2mc? + E; and using (10) we have after the appropri-
ate integration and summation

2—a ey | 1/ 2m N2 gt 7 2m )'/7 / 1 AEY™ g,
A, I T ST i LYV —
a p " 5\akr/) p " \aukrT “\ + 3 kT * 2p> ’
z—a/:rtm.\2 qx 1 AEw 1 AEt nxx)
. | B —
a \SILT/ 2 6 kT+ +\ Taar Tt 2p
1 Eom‘(T)—Eomt(To mu,,]
— =0. 41
[ + kT 4kT 0 ( )

Substituting into (41) the relatlons (31) for mxy, mxx,
AEYT , and gy, and also gy = -A tr 5T/ay and neglect-
ing terms quadratic in the gradlents we are led to the
formulae

__ 2—anv qou, 1 AT (42)
Byl sm0= a T; oz ' 5 p 6y
{44 <™ —a _h OT  (5+*/sm) Ouy
2 /ATI"”“— a nki oz dnk oy " (43)

Here AT =T - To, V = v (8kT/mm). When changing to
(43) we used the expansion

Ef"(T)= Eii™(To)+ ( o ) AT +...= Eg™(To) + ¢"AT + ...

The first term in (42) has the same form as in the case
of a monatomic gas. It is interesting, however, that the
second term describing the ‘‘thermal slip’’ depends
sctJlely on the translational part of the heat conductivity,
Atr,

Bearing in mind that c¢ift = cy - %k, and intro-
ducing ¥ = cp/cy the expression (43) for the tempera-
ture jump can be transformed to
2—a 4 . A oT

or , t4%sm ou (44)
v+ 1 neyo oz

ney(y+1) dy

The first term of this expression is the same as the
result given in Kennard’s book,'*4) which was obtained
from elementary considerations assuming that the flow
of molecules of a polyatomic gas incident upon a wall
carries along an energy

ATIx:O =

1191

5 1. or
E-=" —-~—kT+cmtT>+—7»—,
2 oOx

where the factor 7 is introduced to take into account
the correlation between the translational energy and
the molecular velocity.
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