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Conditions are derived for the hydromagnetic stability of an arbitrary equilibrium plasma configura-

tion confined by a quasi-uniform magnetic field.

1. EQUILIBRIUM, VARIATIONAL PRINCIPLE, AND
COORDINATE SYSTEM

THE equations of equilibrium of a plasma in a mag-
netic field B are

Vp = [jB], (1.1)*

We shall examine confined plasma configurations whose
magnetic surfaces form a system of imbedded toroidal
surfaces surrounding the magnetic axis. From (1.1), it
follows that the vectors j and B lie on the magnetic sur-
faces that coincide with the surfaces of constant pres-
sure p.

For the intrinsic stability of an ideally conducting
plasma, it is necessary and sufficient that the potential
energy'!

j =rot B, divB = 0.

1
o0 = 5 § { rot 8B 4 yp (div D)2 + (7 p) v s

+ [l ot [8B] } dx a2
be positive for arbitrary displacements § that satisfy
the condition that £ | be zero on the plasma boundary =.

To obtain the conditions of stability, it is convenient
to use a system of curvilinear coordinates x', x%, x°,
related to the magnetic surfaces in such a way that
coordinates x' and x* change along the magnetic surfa-
ces, while x® changes in the perpendicular direction. For
the coordinate x° it is convenient to select the running
volume V enclosed by the system of magnetic surfaces,
reckoned from the magnetic axis V = 0, which is a
closed space curve s. In this system, the vectors j and
B will each have two nonzero contravariant components
it =4{j*, j%, 0} and Bi = {B', B?, 0}, while Vp has only one
covariant component 8p/8x° = Vg (j'B? — j*B).

As was shown in®’®? | it is possible to introduce a
“‘natural’”’ surface coordinate system, in which x' = 6
and x° = { are the cyclic coordinates with unity periodic-
ity, the determinant of the metric tensor is g = 1, and
the contravariant components of j and B are respectively
equal to

jt=A{I11,0}, = {1, ®,0}. (1.3)
Here differentiation with respect to V is denoted by a
dot, J(V) and I(V) are the longitudinal and azimuthal
currents, while ®(V) and x (V) are the longitudinal and
azimuthal magnetic fluxes inside the magnetic surface
bounding the volume V.

The length element which defines the metric of this
coordinate system can be written as

*[jb] =j X B.

dr = eydz! + exda? + eydx® = [Va2Vad]dat

+ [VadVat]da? 4 [VaiVa2]da®, (1.4)

Here gjx = ej-ey, al =a-Vxl, a; = e;-a, 8/0xl = ¢; -V,
and the vectors e; can be represented as
e =p(®j—JB), e = j~t(IB—yj),
€3 = kie; -+ koea + VV / | VV 2.
From the equation j = curl B it follows that the functions
k: and k;, satisfy the following ‘‘magnetic differential
equations”’

kal"_‘—i—

(1.5)

€,

. 2
I‘W(J—WW [VV, (VVV) B])»
(1.6)
—d+ g (i (VYo Bl )
\VVlz J iVV|2 V , V V .

Byk, =

2. CONDITIONS FOR HYDROMAGNETIC STABILITY
If f and F denote the vectors

f =rot [§B] + BdivE+Dg, F = [je], (2.1

where D and e are defined by their contravariant com-
ponents DI = {8B'/6x*, 9B2/0x°, 0}, e1 = {0 0, 1} in the
given surface coordinate system x', x*, x°, then we can
show that the following identity holds:

div (8F)EB = (8F)F + (IF) . (2.2)

Equality (2.2) permits us to transform the expression
(1.2) into

bw = 71 § {(rot 18B] + [ie]&®)? + vo (div E)? + [iel (D — [je]) (&) g. )

We observe that the expression (2.3) differs from the
corresponding expression obtained in®? in that the vec-
tor n = VV/|VV|? is replaced by e = Vg[vx'vx?].

Denoting the derivative with respect to x* = V by a
dot, we introduce the surface functions

p=I0—Jy, Q=id—Jy, 8=yd—dy. (2.4)
The function
v dd

describes the shear of the magnetic lines of force on the
neighboring magnetic surfaces, while the function @,
which equals p®/® for S = 0, characterizes “m1n1mum
B bRl

In the natural coordinates x' =6, x* =¢,x° =V,
formula (2.3) becomes

o= _12 § {(rot 151 + ie] &2 -+ vp (divE)? — (@ + [ieP) (&) dv. (2.5)

A. The resulting expression (2.5) for the potential
energy 6w permits us immediately to obtain a sufficient
condition for the stability of the plasma
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Q + [je]? < 0. (2.6)

Let us introduce the notion of a quasi-uniform mag-
netic field, assuming small quantities of order € con-
taining the derivative of the magnetic field with respect
to V, i.e., we set B = B(x', %, €V). Thus the quantities
j, p, and S will be of order €, while Q will be of order
€. Since the vector e = e; when g = 1, and it follows
from (1.6) that the coefficients k; and k,; are small quan-
tities of order €, we have, to terms of order ¢,

e~ VV/|VV|& (2.7)

Consequently, under the condition of quasi-uniformity
of the magnetic field, the sufficient criterion for stabil-
ity (2.6) can be written in invariant form

Q+i/|VV <. (2.8)

B. The condition of quasi-uniformity also permits
us to obtain a necessary and sufficient criterion for
plasma stability.

Let us denote the contravariant components of the
displacement £ by &1 ={£g, £, £y} and introduce the
combinations y = @59 — X’Eg and ) = J£9 — IE; Then

B=ey+ed j=el-+el

§ = esko + exfc + ety = p~'(nj — nB) +Eves.
The expression for curl[§ XxB] can be written as

<Z§ a(:/ E"x)e‘ (\j:

Representing EV and u by expansions in the nonuniform-
ity parameter e€:

tv =&+ ekvi+...,

(2.9)

[
‘Tot [§B] = +W§v®)ez+(BV‘§v)e3. (2.10)

p=utep+... (2.11)

and also expanding ) and y in €V, we obtain

ap® ot 9 )}
E—ngo‘i‘e( C—XEV‘—XH/VEVO e

on® o . .0
{ - +(I)§V°+e( +<D§v’+®07 VEv")} e
+ {BVE,+ s(BVEv’+ VDVEy)} es.

We shall seek a sufficient condition of stability by the
method of successive approximations in the parameter
€. In the zeroth approximation, the quantity 6w > 0 if
curl [ X B] # 0. The requirement curl[£ x B] = 0 reduces
to the equations

XEv® = a0/ ag, (2.13)

These equations can be satisfied only if, in the zeroth
approximation (1n which S = 0), all the hnes of force are
closed né = my, and moreover, £% = £5(u, V), where
mé — n, so that B+ Vu = 017,
Further, let us write the vectors B, j, and curl[{ x B]
as

B = as[eB] - Bi[ej] + vie,

rot[EB] =

(2.12)

Oy = —ap° / 36,

BVE, =

= az[eB] + Pa[ei] + vee,

(2.14)
rot [EB] = aB + bj + ce,
where the coefficients aj, Bj, and 7; are equal to
_ leBlej] __ [eBF _eB
pet ' e T e
o — — [J"e]2 = {eB][ej] R (2.15)
pe? pe? ez’

and the coefficients a, b, and c are defined by the formu-
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las (2.12). In these notations,

(rot{EB] + [je] &v)? = {\ baz — bmﬁ—ﬂ +Ey—

B2
B1
Since all three vectors in the braces are mutually ortho-
gonal, expression (2.16) can only decrease if we discard
the last two vectors. Thus, to first approximation in e,
we obtain

“ Bl (2.16)

B1

L4 (+b BT)[e{Be]]+<c+m+wb)e}2-

1 . 7}
(v 5B] -+ (5eev)? = F (BVM!+ 57 Vevo + e [Belev?
(2.17)
In addition, discarding the positive term yp(div £)? in

(2.5), we have

9 2
0wy § (e (BYM + 550 Vet + el lBelw)

2.18
— (9 [je]?) (£+*)? ber. (2.18)
Let angular brackets denote the average along the
closed line of force B:
dl
-9 2182

Integrating along the line of force in (2.18) and using
Schwarz inequality ( a®){b?) = ( ab)?, where

(2.19)

o= (BYw+ 55 Veyo+lelBelew) | IBell,

b= |[Be]l,
we get

1 a
ow = [ {Bepy-1 (5.0 Ve + lielBelzye )

2.20
— <@+ [ie) (tv%)? Y (2:20)

Moreover, since the boundary condition &VIE =0
yields

7] 1 9
[ vamsvar = | @02 ar+5-§ v @vnrav

=2 § @onra, (2.21)
application of the Schwarz inequality
. a 2 ] 2
§@mrav § (e Jav = {§ svoss (vevn av )
(2.22)

1 2
i eorar)
leads to the following sufficient criterion of stability:

(S/2+ [iel[Be] > —<[Be]XQ + [je]> = 0.  (2.23)

Under the condition of quasi-uniformity of the mag-
netic field, criterion (2.23), according to (2.7), assumes
the form

_i 1\7V|> <|VV|2>< +|VV|2>/'

It can be shown'! that the necessary and sufficient
criteria for stability with respect to local disturban-
ces™®°®1 can be transformed into the same form. Thus,
inequality (2.24) is a necessary and sufficient condition
for the stability of a plasma in a quasi-uniform magnetic
field.

(2.24)
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3. STABILITY OF THE PLASMA IN THE NEIGHBOR-
HOOD OF THE MAGNETIC AXIS

It is convenient to write the stability criterion (2.24)

in the form
+\ <|\7V|2> <|VV|2>

- IVV|2><IVVIZ> <|VV|2 > ) =0

Here the first term defines the stabilizing action of
shear, the first term in the parentheses describes the
stabilization by minimum-B, while the term in the
second parentheses is positive by the Schwarz inequal-
ity. We note that averaging along the line of force may
be replaced approximately by an averaging over the vol-
ume of an infinitesimally thin layer between neighboring
magnetic surfaces

(3.1)

(f)~—~Sfdr

In the neighborhood of the magnetic axis V — 0, and
all quantities appearing in (3.1) may be expanded in
powers of V. In this connection, the terms appearing in
the first parentheses are of order 1/V? and it suffices
to calculate them in a rough approximation, whereas the
second parentheses contain mutually compensating terms
of order 1/V*, and care must be exerted in calculating
them in order to preserve all quantities of order 1/V=.

Using the approximate relations

® ~ OV =~ B, 1=IV=jwo, (3.2)

where o is the cross-section area, and Bg and jg are
taken on the magnetic axis s, we obtain

<1VVIZ> <|vv|z> <|V1V|2>Bs”ﬁ%.

To calculate the second parentheses in (3.1), we take
into account the fact that jg(s) = const - Bg(s) and repre-
sent j and B as

(3.3)

i=jc+i, B=B,+B, (3.4)

where j; and B, are small quantities of order V.
Up to terms of order 1/V?, we have

<|VV|2>< |vvlz> < [VV]2

\/182B12+Bs i —'2(13 s) (]lBl)S
|VV12/ \ V7|2

Bijr \2 isB1 sJt isB1
4 ]VV|> |VV|2><IVV|2> :
It is possible to show that the last three terms on the
right side are of order unity and they can be neglected.
To transform the remaining terms, we use the equil-
ibrium equation |Vp|® = j°B® — (j - B)® expanded in B, and
ju

(3.5)

|Vp]2 jZB2 + B2i2 — 2(jsBs) (i1B1) — (isB1)? (3 6)
, — (Bai)? + 2(jsBy) (Bsjs). :
As a result, we find
2 1
< |VV|2>< |VV|2> <'vV11 > = < Vv z> (8.7

(s (SR

Here the expression in the parentheses can also be
written as
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(3.8)

. . . 0Bs ajs 2 a ]
sB - B 2 _~ — by \ 2 — _i
(3B1 — Bijy) (]s FramEE 30 ) ° (B‘pap Bs)’
where p is the distance from the magnetic axis s.
If the longitudinal flux & is taken to be the argument
of all the surface functions, then the stability criterion

in the neighborhood of the magnetic axis s can be written

as
) <|—V15|2>{p' (527—v)
~2{{og5z) V01 )}=0

where the primes denote differentiation with respect
to &.

Let us consider separately the stability condition for
configurations without longitudinal current jg = 0, and
for axisymmetric configurations, which cannot have
equilibrium without a longitudinal current.

A. In the absence of a longitudinal current jg = 0, the
stability condition (3.9) reduces to the minimum-B re-
quirement:

(3.9)

—p << - B2V |V, (3.10)
Representing the plasma pressure p as
p=npo(1 — @/ D3), (3.11)

we obtain a condition on the ratio of the plasma pres-
sure to the magnetic pressure 8 = 2p/B5:

B 20V V. (3.12)
B. For axisymmetric configurations'” we have
Be =1ILa($)/r, s =0 (%) —La($) 1" () /1, (3.13)

Y= —x/2m,
where r is the distance from the axis of symmetry,
R~—r =p cos w, R is the radius of the magnetic axis.
Since ¢ is proportional to V, then according to (3.9), we

get
(%)

Ao (1B ()} =0

The stability condition (3.14) is valid for all arbitrary
axial sections of magnetic surfaces.

For magnetlc surfaces with circular cross sections,
where & = Bsﬂp V = 21°Rp®, the stability condition
(3.14) can be written as™®

*14 (i;/)u <Té’;)72>{382§—13’( ! +;zfa)} =0. (3.15)

For cylindrical geometry this condition becomes
Suydam’s criterion'®. For toroidal geometry, it re-
duces to a bound on the longitudinal current: Rjg/Bg =< 2.

The author is greatly indebted to Academician M. A.
Leontovich for discussions on this work.

b4
\|chT2>
(3.14)
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