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The angular momentum of a spin system in an antiferromagnet at temperatures low compared with 
the Neel point is calculated. It is shown that in terms of the sublattice magnetization vector field 
the angular momentum is a sum of the "orbital" and "spin" field angular momenta. Owing to spin­
spin dipole interaction the dependences of the angular momentum on the temperature and field in­
tensity differ from those of the magnetic moment. In particular, the momentum does not vanish in 
zero field when the magnetic moment is zero. 

THE properties of the gyromagnetic effect in a ferro­
magnet at low temperatures have been considered by 
one of the authors inC1J. It was shown that when the 
temperature is comparable with the energy of the 
spin-spin dipole interaction, then the temperature con­
tributions to the magnetic moment and to the angular 
momentum of the spin system turn out not to be pro­
portional to one another: their ratio is temperature 
dependent. At higher temperatures the gyromagnetic 
ratio coincides with the atomic g-factor. 

In this paper, we consider the analogous problem 
for an antiferromagnet consisting of two magnetic 
sublattices. Since the magnetic moment and angular 
momentum of an antiferromagnet in the ground state 
(at zero temperature) vanish, the temperature effects 
are in this case the main effects, and not small con­
tributions as in the ferromagnet. 

In the absence of an external magnetic field an anti­
ferromagnet has zero magnetic moment, whereas for 
small fields the magnetic moment depends linearly on 
the field. The field dependence of the angular momen­
tum is at sufficiently low temperatures, as will be 
shown, quite different. In particular, for zero field the 
angular momentum does not vanish, as a result of 
which an antiferromagnet should have a spontaneous 
angular momentum of the spin system for zero mag­
netic moment. 

1. The energy density of a uniaxial antiferromagnet 
with a positive anisotropy constant with a constant ap­
plied field Ho is C2J : 

~ h' 
-- {(M1n) 2 +(M,n) 2} -(M1 + M,,Ho)-(M1 + M2, b)--. 

2 8n 

Here M1 and M2 are the sublattice magnetizations 
(I M1 I= I M,l = M0 ); 15 is the uniform and a and a 12 
the nonuniform exchange-interaction constants; {3 is 
the anisotropy constant, n-the unit vector along the 
axis of easiest magnetization, and h-the magnetic 
field describing the dipole magnetic interaction and 
satisfying the equations of magnetostatics. 

(1) 

In the ground state the vectors M1 and M2 do not 
depend on the coordinates and are antiparallel to one 
another: M1 = -M2 =Mo. We shall denote by /J.1 and J.J.2 
the components of the vectors M1 and M2 perpendicu­
lar to the easy axis. Then 

Near the ground state the contributions J.J.1 and J.J.2, as 
well as the field h, are small compared with M0 • 

Confining ourselves to terms quadratic in the small 
contributions, we obtain 

(2) 

where :Ho is the energy density of the ground state 
which does not depend on the constant field Ho. 

As in [1], we set up the density of the Lagrangian 
1 . . 

L = -- ([~,n] ~~- [~2n] ~,)- :Jt, 
2gMo (3)* 

from. which one obtains as the Lagrange equations in 
approximation linear in J.J.11 J.J.2 , and h the equations of 
motion for the sublattice magnetizations [ 3] 

iiM; B:Jt ( 4) at= - g [M;H; eff ], H; eff = - oM; ; j = 1, 2, 

and the magnetostatics equation for the field h 

divb = -4ndiv (~1 + ~,). (5) 

Here one must choose as the genenil.ized coordinates 
the components of the vectors /J.1 and iJ.,, and the 
scalar potential cp of the field h ( h = 'V 'P). 

2. With the aid of the density of the Lagrangian (3) 
one can obtain an expression for all the dynamic char­
acteristics of the spin system of an antiferromagnet, 
forming the energy-momentum tensor C 4J: 

ii11, {)L {)<p {)L 

{)xa{)({)ll,j{)x~)- {)xaa(a<pjiix~); 

a, j3- = f, 2, 3, 4, Xt,2,3 = X, y, Z, X4 = t. 

Then, in particular, the momentum density is 

i= 1,2.,3. 
(6) 

Hence we find the "orbital" angular momentum of the 
spin system 

* [1-!jD] = I-Ii X n. 
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I orb = ~ [rp]dV, ( 7) 

the integration being over the volume of the antiferro­
magnet. 

The dipole interaction leads to nonconservation of 
the momentum Jorb· As follows from the linearized 
Eqs. (4), for the sublattice magnetization 

:t (1 orb),= ~ [h, Itt+ ~tz],dV (8) 

(the z axis coincides with the easy magnetization axis). 
If the field Ho is directed along the easy axis, then 

it follows from the same Eqs. (4) that 

(9) 

(10) 

can be considered as the "spin" angular momentum of 
the field of the magnetizations JJ. 1 and JJ.z, With an ac­
curacy within a factor of -1/g, this quantity coincides 
with the z component of the magnetic moment of the 
system. 

It follows from (8) and (9) that the angular momen­
tum 

(11) 

is conserved, and constitutes the total angular momen­
tum of the spin system of an antiferromagnet. In the 
case when Ho is directed at an angle to the easy axis 
the axial symmetry is destroyed, and the momentum 
J z ceases to be an integral of the motion. However, 
in this case too the quantity Jz has the meaning of the 
projection of the total angular momentum on the z 
axis. 

3. In order to calculate the observed average value 
of the momentum in the region of low temperatures, 
one must carry out the quantization of the fields JJ. 1 

and JJ.z, i.e., consider the sublattice magnetizations as 
operators. In the approximation when the Hamiltonian 
is quadratic and Eqs. (4) are linear in JJ. 1 and JJ. 2 , the 
transverse components of the magnetizations obey the 
Bose commutation relations. If one introduces the 
operators a 1 and a2 by means of the equalities 0 

fit- o=; fttx- iJ.ttY = 12gliMo a,, J.tz+ o=; J.tzx + iJ.tzY = f2gliMo az, ( 12) 

then it is readily verified that the following commuta­
tion rules hold: 

[a;(r)az(r')] = 0, [a;(r)az+(r')] = ll;z6(r- r'); j, l = 1, 2 (13) 

(it is assumed that Mt = -M~ =MoL 
The equations for the operators a1 and a2 follow 

from the linearized Eqs. ( 4) and are of the form 

ia, + gMo{ at.a, + a,,L'.az+- ( 1l + ~ + Ho) a1 - 6a2++ h- } =o 0 
Mo 12gliMo 

idz + gMo { at.az + a,zt.a,+- ( ll + ~ - Ho )a2 - 6a1+ + h+ } = O, 
· Mo · 12gliMo 

(14) 

!)The different definition of the operators a1 and a2 is due to the 
fact that the magnetic moments of the sub lattices in the ground state 
are antiparallel (M1 = Mo, M2 =- Mo ). 

where h± =' hx ± ihY. The remaining two equations are 
obtained from (14) by Hermitian conjugation. 

In order to diagonalize the Hamiltonian (2) and the 
momentum (11), we go over first of all to the Fourier 
components of the operators a1 and a2 : 

a;(r) = (2n)-'!.) ak; eikr d3k, j = 1, 2. (15) 

The Fourier component of the field h is obtained from 
Eq. (5), and is 

• -- + + 
hk = -2n·~-2 f2gliMo {k+ak, + k-a_k, + k-akz+ k+a_d k. (16) 

k± = kx ± ikY. 

As a result one obtains from (14) a system of four 
equations relating ak1, a~kr, akz, and a~kz. Therefore 
the final diagonalization is carried out by means of 
linear transformations into new Bose operators bk1 

and bk2 whose subscripts enumerate the branches of 
the normal oscillations: 

(17) 

We introduee the matrix notation: 

( ak, ) ( bk1 ) ak = + , bk = b+ , 
a-k2 -k2 

(18) 

The linear transformation is then written in the form: 

(19) 

(the asterisk denotes the complex conjugate, and the 
cross refers only to second-quantization operators). 

The requirement that transformation (17) preserve 
the Bose commutation relations reduces, as is readily 
verified, to two matrix equations 

Uu - Vv = I, Uv*- Vu* = 0, (20) 

where u = cru*a, and a is the Pauli matrix 

a=(~_~). (21) 

Equations (14) can also be represented in a matrix 
form if one goes over to the Fourier components (15) 
and takes into account (16): 

ck ) 
C ' - k 

(22) 

(23) 

and the elements Ak, Bk, and Ck are defined by the 
equations 

Ak = gliMo( ak2 + ll + P. -l-~ k+k-) 
1-' ' k2 ' 

Bk = gliMo (a12k2 + 6 + ~ k+k-) k2 . , 

2ngliMo 
ck = -k-2-· (k+)z. (24) 

Substituting (19) in (22) and comparing the coefficients 
of bk and bi{, we obtain a system of matrix equations 

Gu + Jrv = u~, Fu + Gv = -v~, (25) 

where 

(26) 
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(Use has been made here of the diagonality of the 
Hamiltonian expressed in terms of the operators bk 
and bk:.) A 

As is seen from (23), the matrix F is singular, 
which does not enable one to express v in terms of 
u (or vice versa) directly from Eqs. (25). Multiplying 
the first of Eqs. (25) on the right by E and making use 
of the second equation, and also of the equality F * F 
= 0, we obtain 

v = [G, .F·]-'(u~•- c•u), [G, F*] == C;£·- fr·C:. (27) 

Analogously 

v~2 = G•v + [G, F]u. 

Substituting here the value of v from (27), we obtain 
the equation 

7!~~ _ {C"t + ~·?:. ,17•]C~:.'~, fr*]-1} u;'l + {[G, ft*]G2[G,F\]-1G2 
·- :?;, fr•] [G,fr]}u = 0. 

One can verify by direct calculation that the expres­
sions in the brackets are proportional to the unitary 
matrix. Since the matrices E2 and E4 are diagonal, 
we obtain the dispersion equation 

e•- 2(A"2 - Bk2 + g21l2H02)e2 + (Ak•- Bk•- g'fi'Ho•)• 
-41Cki 2(Ak- B") 2 = 0, 

whence we find two branches of the spectrum: 

e:,,, = A"2 - B"2 + g21l2Ho2 

± 2[g21l2H02 (A"2 - B"2) + IG~< I2 (Ak- Bk) 2J'''· (28) 

Substituting expression (27) in the first of Eqs. (25), 
we obtain an equation for the matrix u .. In expanded 
form this equation is a system of four equations with 
real coefficients. The matrix of this system is, as one 
can verify, of second rank. Two matrix elements, for 
instance u11 and u12 can, therefore, be given arbitrarily 
and the others can be expressed in terms of these. The 
system of equations (25) allows one, therefore, to ex­
press the remaining six matrix elements in terms of 
two. These two elements can be found with accuracy up 
to a phase factor from conditions (20). We note that the 
second of conditions (20) is a consequence of the system 
(25) from which it follows that the matr~ uv* - Vu* 
anticommutes with the diagonal matrix E. Since Ek1 
f Ek2, ·this is only possible under the condition uv* 
- vu * = 0. As regards the matrix ifu - vv, j.t follows 
from (25) that it commutes with the matrix t. This 
results in the vanishing of the nondiagonal matrix ele­
ments. Therefore conditions (20) reduce to the require­
ment that the diagonal elements of the matrix uu - vv 
be equal to unity: 

I ual 2 - I u2d 2 - I val 2 + I vetl 2 = 1, 

(29) 

Conditions (29) determine with an accuracy up to a 
phase factor two matrix elements in terms of which 
all the remaining ones are expressed. If these two 
elements are chosen real, then the matrix u will also 
be real an~ the matrix v will be proportional to 
(k+)2 ~ e 21 «Pk ( <fik is the azimuthal angle of the wave 
vector k). 

4. Let us now express the angular momentum (11) 
in terms of the Bose operators bk and bk:. From (6), 

( 7) , and ( 10) we find with the aid of ( 12) 

1l r ~ ~ ~ ~ 
J, = 2 J (a,+l,a,- a,l,a,+ + az+l,a.- a,l,az+ 

+ a1+a1 + a1a1+- a2+az- a,a2+) dV, 

where lz = -i (xafay - yajax). After going over to the 
Fourier components (15), we have 

llr ~ ~+ ~+ ~ 
J, = 2 J {aK,+lk'ak,- a_kzlk'a-kz- a_k,lk'a-k, + a1<2+l"'a"2 

+ ak,+a"' - a_k,a!k2 + a_k,a_+kt - a1<2+ak2} d3k, 

~ ( i} i} ) 
lk' = -i kx iJky - ky iJkx .. 

The latter equality can be written in matrix form: 

J,= ~) {ak+crlk'ak-a-kcrlk'a-k++ak+crak+a-kaa_k+}d3k. (30) 

Here a is the Pauli matrix (21); the operators a and 
a+ which stand on the right of a are determined by the 
column of (18), and the operators on the left of a by 
the corresponding row. 

After substituting transformation (19) in expression 
(30), we find that in going over to the operators b and 
b + in which the Hamiltonian is diagonal, the momentum 
Jz retains the form (30): 

J, = ~ ) {bk+crl"'b"- b_"alk•b_"+ + b"+crb" + b_"crb_"+} d3k. (31) 

Use has been made here of conditions (20), as well as 
of the relation f~v = 2v and of the fact that the matrix 
u is real. 

The operator of the momentum J z is diagonalized 
together with the Hamiltonian in the representation of 
k.L, kz, and m where k.L = (k~ + k~) 112, and m = 0, 
± 1, ... is the eigenvalue of the single-particle operator 
l"z. 
k" 

b -b - 1 'Vb im•k 
k= kJ_,kz,rf>k--.{2~~ k_L,.h.2,me · 

f l1 m 

(32) 

If, in addition, one goes over to discrete quantum num­
bers, taking into account the finite volume of the anti­
ferromagnet and the cylindrical symmetry, we obtain 
for the Hamiltonian and for the momentum the follow­
ing expressions: 

:JC = :Jeo + ~ (e!mnk, bi;;.nk, btmnk, + 82mnk, b[mnk ,b2mnk,), (33) 

where the values of kz are determined by the condi­
tion of periodicity and the number n enumerates the 
roots of the Bessel function Jm (k.LR) (R is the radius 
of the cylinder), so that k.L = k.Lmn· 

We note that formulas (33) and (34) correspond to 
choosing as Ek1 the branch of the spectrum with a plus 
sign of the root in (28). In the opposite case one must 
interchange the subscripts 1 and 2 in (34). This can be 
followed most simply by formally assuming Ck = 0 
[see (24)]. Then, as follows from (25), in the first case 
the matrix v = 0, and in the second case u = 0. This 
corresponds to the indicated interchange of subscripts. 
In addition, in accordance with a choice of the sign be­
fore the root in Eku formulas (33) and (34) are appro­
priate when in the first place the matrix u and in the 
second the matrix v is real. (Otherwise the values of 
the index m in the energy of the spin wave E and in 
the operators b will differ.) 
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5. Averaging (34) with an equilibrium Gibbs distri­
bution, we find 

where ilj = ( b{bj) (j = 1, 2) is the equilibrium Bose 
function with lrjm,n,kz = nj-m,n,kz· Returning to the 
momentum representation and going over from the 
sums to integrals, we obtain 

J, = (:n~• ~ k 2dk ~sini'J<di'J< {(e'k1/T -1r1 - (e'k2 1T -1r1}, (35) 
0 (1 

where V is the volume of the antiferromagnet. 
Since for the indicated choice of the spectrum 

branches tk1 > Eka, then Jz < 0. This means that the 
angular momentum of the spin system is directed in a 
direction opposite to that of the magnetic field (the 
positive direction of the z axis coincides with the 
direction of the field). Owing to the dipole-dipole in­
teraction, the momentum (35) does not vanish for 
Ho = 0 and T f 0. 

Thus the relativistic magnetic interaction in an 
antiferromagnet produces at nonzero temperature in 
the spin system of the antiferromagnet a spontaneous 
angular momentum, just like the exchange interaction 
leads to a spontaneous momentum in a ferromagnet. 
As regards the direction of the spontaneous momentum, 
it is determined, as also in the case of a ferromagnet, 
by the external field which then tends to zero (as 
v- co). 

A calculation of the spontaneous momentum at a 
temperature T » ,BgflMo ~ 1 oK leads to the following 
result: 

VIi gliH0 1 T ) 3 
J ~---1-. 

z ~ a3 T \eN . . 
(36) 

where a is the lattice constant, and 8N 
= gflM0a -l [ 26 (a - a12) )1 12 coincides in order of mag­
nitude with the Neel temperature. For comparison we 
present an expression for the momentum of an anti­
ferromagnet located in an external magnetic field 
H0 ( T » gill:l 0 ) when the dipole interaction is ignored [ 2J: 

(37) 

If, for example, H0 = 103 Oe, T = 10°, and b = 102 , then 
the values obtained from (36) and (37) coincide in order 
of magnitude. 

The auU10rs are very grateful toR. N. Gurzhi for a 
discussion of the results. 
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