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The effect of Coulomb collisions on the intensity and direction of the spectral shift in a turbulent plasma
is considered. A mixed Kkinetic-hydrodynamic approach is developed which permits the study of those
cases when the virtual (difference) waves produced in nonlinear scattering are in the region of frequent
collisions. It is shown that in this case Coulomb collisions significantly affect the intensity as well as

the direction of the spectral transfer.

INTRODUCTION

THE theory of nonlinear wave interaction in a turbulent
plasma has been rapidly advancing lately (see 731),
The influence of the Coulomb collisions of the particles
on the nonlinear interaction was not investigated in
these references. The purpose of the present paper is
to fill this gap.

It must be noted from the very beginning the Coulomb
collisions in a turbulent plasma can be significant even
if their influence is negligibly small in the linear ap-
proximation. The reason for it is that in nonlinear scat-
tering there takes part a virtual wave whose frequency
is the difference between frequencies of two interacting
waves, and can be much smaller than the effective col-
lision frequency veff, whereas the frequency of each of
the waves is much larger than veff. For Langmuir os-
cillations, such a difference is particularly small in the
case of large phase velocities:

2 ) =
m_—_-ml—u)zz%moe(%\), . Uph= w/:e, UT2=V~)1_72£6.

At the same time, the process of nonlinear scatter-
ing leads to a decrease of w_ by increasing vyh. One
can expect in this connection that, regardless of the ini-
tial spectrum of the oscillations, the spectral transfer
will bring them into that region of wave numbers where
the collisions are significant.” This naturally raises
the question whether the collisions can change the direc-
tion of the spectral transfer. As is well known!* in a
turbulent liquid, the scale of the pulsations decreases,
which is diametrically opposite to the situation that
takes place in a collisionless turbulent plasma. It must
be noted here, however, that in the nonlinear interac-
tion in a plasma, which was described above, only a
virtual wave falls into the region of the frequent colli-
sions, whereas in a liquid all the interacting turbulent
pulsations fall in that region. Therefore the question of
the direction and intensity of the spectral transfer calls
for a special investigation. An analysis performed by
us, based on model collision integrals shows that the
intensity and the direction of the transfer can change,

1YHowever, as shown by the subsequent analysis, in a number of
cases there arises, besides the criterion w_ <, also the criterion k v
<Wetf, i.€., Veff > Wge (VTe/Vph). It is of importance in what follows
that both inequalities begin to be satified for large values of Vhp-

but the result depends on the chosen model for the col-
lision integral.’® It was also noted in '®? that in the
case of isotropic turbulence the collisions can change
the dispersion properties of the interacting waves.

In the present paper we consider the problem of non-
linear interaction in a fully ionized plasma on the basis
of the collision integral in the Landau form.®} It should
be noted that the obtained results can also be applied to
the interaction of waves in a dense plasma, for example
a solid-state plasma or a spark plasma produced in the
focus of a laser.!™

1. GENERAL RELATIONS

For weakly -damped waves, the nonlinear effects are
determined, in the weak-turbulence approximation, by
the components of the nonlinear current

78 (k)= § Susn(h, ko, o) Eu B (h — oo — ko) dly by, (1.1)
.(3)

ji (k)= g Bijis(ky ey, ko, ki) Eg B 1By 50 (e — ky — ky — ks)dley dky dkes,

We shall assume, without loss of generality, that the
functions Sjj; and Zjjls satisfy the following symmetry
condition:

Si]‘z(k, ey, kz)'z Sizj(k, ko, kj),

1.
Sijis (b, ks, k2, k) = Sija(k, k1, ks, k2). (1.2)

Maxwell’s equations with allowance for (1.1) and also
with allowance for the ordinary linear current lead,
after averaging over the statistical ensemble of the tur-
bulent pulsations, to a nonlinear equation for the squares
of the amplitudes of the fields and of the longitudinal
waves.? Defining
kyiks;

CEL (ki) B (ko) = | En, |26 (ks + k2) ==

)

(here E° are the first-approximation fields), we write
the aforementioned equation in the form
s(k) |Ex|? = lEh|ZSﬂkk.|Ek,|2d1f1 (1.3)
-+ S Brri, | En, || Ery| 2 8(k — ky — ko) dkey dky,
where

8ni

4mi
any, = (_)[ Sk, ks by —hi) — ——— S (k_, ke, —ky) S (k, Fey, B } (1.4)

w_e (k)

2)We neglect here effects of scattering via a virtual transverse wave,
since usually they are important for a plasma of almost relativistic
temperature[?].
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Neglecting the collisions, ayy describes the effects of
induced decays and induced scattering, and Bk, k, de-

scribes effects of spontaneous decays. When collisions
are taken into account, such a subdivision is not strictly
valid. Equation (1.3) assumes the simplest form in the
case when the decays are forbidden by the conservation
laws, for example for Langmuir waves. Then Eq. (1.3)
has the form of a nonlinear dispersion equation. The
corrections to the frequency of the Langmuir waves
are small by virtue of the weak nonlinearity, and there-
fore

de |

e(k,0) = e(k, o N~ o — s | o <1,
(k,o)=¢ x + ) maw|m=mk I <1

The real and imaginary parts of ' determine re-
spectively the dispersion properties and the intensity of
the spectral transfer of the interacting waves. We note
here that, for sufficiently large vph > vTeVmi/me, the
dispersion of the waves is determined by the first term
of (1.4), and the contribution of the second term is small
as a result of the large values of €. As to the imaginary
part of w’, the most effective, without allowance for col-
lisions, is scattering by ions, determined by the second
term of (1.4), which describes nonlinear scattering, and
1/e, which enters in (1.4), describes the virtual longi-
tudinal waves referred to above. It is easy to show that
in the absence of collisions the second term of (1.4) can
be written in the form

Imsi_
lef?

~ 8 Ss. (1.5)
It follows therefore that since Im £ ~ 8(w- —k - vj),
Eq. (1.4) actually describes scattering by ions. It
should be noted that the contribution of the ions to 8, »
and X is negligibly small, since these functions con-
tain in the denominator the ion mass raised to a large
power. Allowance for the collisions modifies the pic-
ture as follows: The ion—ion collisions make a contri-
bution to €; and |€|? and the electron—ion and elec-
tron —electron collisions change the functions Z and S.

2. GENERAL EXPRESSIONS FOR NONLINEAR
PLASMA CURRENTS

1. Since the frequency and wave vector of only the
virtual wave fall into the region of the frequent colli-
sions, it is necessary to use a new kinetic ~-hydrodynamic
approach to determine the nonlinear polarizabilities
S(k-, kl, _kZ), S(kly kz, k-)’ z:(kly kZ; kl’ _kZ); and
Z(ki, k2, —ko, ki), (k- = k; — ko). If all the frequencies
are in the frequent-collision region, then we can use the
well known hydrodynamic equations (see ) to deter-
mine the components of the nonlinear currents. The
case when the frequencies of all the waves are larger
than the effective collision frequency has by now been
thoroughly studied (see '*»27), However, neither method
is suitable for our purposes. We develop here a kinetic-
hydrodynamic approach which makes it possible to cal-
culate the components of the nonlinear currents in the
case when

|‘D— — kvra| <K verr, < | 012 — kisvra|, a=e,i.

(2.1)

Let us illustrate this method by using as an example
the calculation of the nonlinear polarizability
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S(k_, ki, —kz). We expand the distribution function in
powers of the electric field: f = fo + £ + % + ¥ 4 ...,
The kinetic equation for the Fourier components f{'’
with allowance for the collision integral is of the form

oW BB BB = (L0 01 (22)
—i(o —l'v)f(z)+fiSE (E‘_ aféi‘g*)a(/c—k — k) dky dks
0} KV) Jan — Ry % ov [l 2 1 GRe
= Jan(2,0)+ Tan (1, 1) + 12 (0, 2), (2.3)
, @ ex k 3%,
—z(m—kv)](fh:—ESEh,(k—: av~>6(k—k1—k2)dk1dk2
+ Zan(3,0) + Lor (2, 1) + Lan (1, 2) + Lan (0, 3). (2.4)

Here
Iy = Zlaa’, a=¢e,li,

@

and Iy, is taken in the Landau form:®!

2nlet 9 fa (V) 8far (V) fw (V') 8fa(V)
logr = ———— - ij
ma ;Y Umar 9vyf Ma a; }U i, (2.5)
1
Ua:;=$(w26i,—wiwj), w=v—V,; (2.6)

L is the Coulomb logarithm; I(m, n) denotes that it is
necessary to take in the collision integral f™’(v) in
lieu of f(v) and f™(v') in lieu of £(v'); Ix(m, n) is the
Fourier component of the function I(m, n).

In the case when w coincides with the frequency of
the turbulent oscillations, the collision integral can be
accounted for by ordinary perturbation theory. The
equation in which w is equal to the difference in the
frequencies of the turbulent pulsations must be solved
by a method similar to that of Enskog."®’ Equation
(2.2) for the determination of S(k_, k;, —kz) has in first
approximation the solution

ieE
= (k

ot
me (o0 — kv) )

pel 2.7)
By substituting this expression into the right side of
(2.2), we take into account the corrections of order
v/w <« 1.1° Allowance for these corrections is essen-
tial, since according to (1.4) the nonlinear interaction
is determined by the symmetrical combination

S(k_, ki, —ks) + S(k_, —kz, ki), in which the contribution
of (2.7) is of relative order w_/wye and the contribu-
tion of the corrections is of order vggs/wye > w-/Wee-
Integrating (2.7) we obtain, with allowance for the cor-
rections terms, the following expression for the first-
order electron current:

2

L) , €l . Ve (1

jp = Ep——(1—i— Eenovk),
me® w /

(2.8)

4 — szl,()e'i
T
L is the Coulomb logarithm.

The solution of (2.3) should cause the collision inte-
gral to vanish in first approximation. We separate in
the collision integral the largest terms, and move the
remainder to the left side of (2.3), which we shall take
into account by perturbation theory. The main terms in

the collision integral are
Tee (0, 2) + I (2,0) + 1.:(2,0).

Neglecting terms of order (mg/mj) << 1 we get
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2nnget

a,
'“,;l:z— Uij(v ) o fk

i (2,0) = (2.9)
and Ikei(O, 2) is negligibly small because it contains

2 o

£2 ~ 1/m?.
small term

It is convenient to separate from (2.9) the

4nl_e fo(v) S( @

8/kei(2,0)= V) fer (V')aV’ (2.10)
and transfer it to the left side."” Then the zeroth-
approximation equation takes the form

Thee(2,0) 4 Inee (0, 2) + Tnei (2,0) — 8Irei(2,0) = 0. (2.11)

It is easy to verify by simple substitution that Eq.
(2.11) is satisfied by the function

8= {'iw L e (e )Z.éz.)} (2.12)
ek = J00 o T U2 2 3L’2 ) Te y .
Te Te
where
1
mfz) = S /f;z)o av, Vf) = —S V](:)O'dv,
" (2.13)
@ .
a1 mov? @, ne o < v >
TP= — v— 2T =— exp(— 5 );
k SnOS fu g L foo = (2R exp 202

n, and Ty are the unperturbed density and temperature
of the plasma. The function (2.12) is the first term of
the expansion of the difference of two Maxwellian func-
tions

@0__ me \* (_("—V)2 \ (me
Je <2uT> e s 27 e/ " \aar,

n="{ (ho+1)av, V=1 (fn+e0va,
1 U2
7= § (nt 109 5= d

3,

f2 mevz
> e“p<_ T >

(2.14)

(2.15)

Since (2.12) does not contain the moments of the first-
order distribution function,® the system of equations
obtained with allowance for the small left-hand side of
(2.3) differs greatly from the hydrodynamic equations.
Integrating (2.3), we obtain the equations for the mo-
ments of the function ff( (which coincide, just as in the
Enskog method,™ with the moments of the function

{{2)0)

— ionP= —no(ng)), (2.16)
— MeNgid Vh(x) + ika(noT)gZ) + Te"lfm) - ikﬁﬂo(tzﬁ).h
kiank()
— e § By 2 5 (k — by — k) = Ris, (2.17)
/o0 Ti” + noTd (kVi®) + i (kqen)
ALY
_enoSEk, 26 (k — by — k) diy dly = 0, 2.18)
where

Ri= | movloin(2,0)dv (2.19)

3)The relative order of (2.10) is (w_/kvTe), as can be verified by
using the results of a solution of (2.3).

D1t is easy to show that if f = fy, + £(1) 4+ £() jn (2.15), then (2.14)
does not satisfy (2.11). The more general statement can also be made.

Any function f®° containing moments of first order order cannot satisfy
Eq. (2.11).
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is the analog of the friction force and the thermal force
in ordinary hydrodynamics,

mev?
o= 5 vihdv

(2.20)

is the analog of the electronic heat flow due to the col-
lisions, and
omdph = me§ [ valor) — 5 st | 170 (2.21)
is the analog of the electronic viscosity.
Usually the left side of (2.18) contains besides q and
k also a quantity

S me 1 (2)dv,

Q—_-'

which represents the heat released by the electrons as
a result of their collisions with the ions. Accurate to

terms of first order in £$), we have Q = —3(m¢/mj)

X veTE 1,

In order to close the system of equations (2.16)—
(2.18), we need to express fi’ in (2.20) and (2.21) in
terms of the sought quantities nfZ’, Vi, and T .

Let us examine the complete equatlon for f12 with
allowance for the small terms transferred to the left
side of (2.3). Then we put in the left side, approximately,
2 = £f2° in accordance with (2.12), and in the right side
we take into account the small correction to fl((zw which
is conveniently represented in the form f{* = 2o

+ foo® (foo® < f(2’°) As a result, the left side of the
sought equation becomes equal to

(D%

n vTe ) V,Sz y
2

32,

-|-—(R'v)+ Uu (Wu A,-,-)——iﬁ (aa.4+ b"-"ﬁ) ,(2.22)
@ Te
kukz; 1 Vo
A.-,-_, SE,‘EM o m(i— >6(k—k1—kz ) ke iz, (2,23)
Aiff = Ay + Aji — ¥/30:;A4, (2.24)
Wiy = ik Vi + ike; Vi — /4 (kV) 81, (2.25)
P kyiko; 0)0e
A = mezvzng EpEp, T — ko) dkydk,.  (2.26)

The last term of (2.22) is obtained from Ige(l, 1), and a
and b in this term are complicated functions of

y = (v/V2 vpe), which are of the order of unity when

y ~ 1. The expressions for a and b are not presented
here since, by virtue of the fact that a~b~ 1, the en-
tire terms in question is of the relative order

k2 uTe

—1max (m_, \<1
Ve
(see below) and is neglected.

By virtue of the symmetrization of Aj; with respect
to kz and Kk, the first term of (2.23) is small compared
with the second (~ w /Veff) which is of the order
(Ve/woe)Au and can be discarded under the same as-
sumptions (vess(y ~ 1) ~ vg). We note that the terms
containing Ajj and Aj; have the character of correc-
tions to the tensor Wj; of the rates of displacements
connected with the presence of the fields Ex and Ej_.

In this approximation, both the left and the right sides
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of (2.3) assume the standard form which was used, for
example, by Braginskil. 8] yUsing the results of that
paper, we can write in lieu of (2.19)—(2.21):

Ry = —mengve-051VEY — 0.71inck T,

(2.27)
1@ oTe
Q= 0.71m TV — BAGKTY 22, (2.28)
@ noT 7
Foma = — 0.73 =k Wap. (2.29)

Using (2.27)—(2.29) as well as (2.8) in the system (2.16)
—(2.19), we obtain the sought-for longitudinal current

@
k
@ — _K_
Ji¥ =eng 5|
1.74inqe3v, kiky 8(k_—ky—ky)
= T e SEA.Ethk— oo dkidks (2.30)

kykes QQ.

This result has been written out with accuracy

-1 2_2
Ve max (w_, k_VTe/Ve),

Q = —io_+ 051v, + i (2.31)

k2 _
”"(1—296‘L

k.2 Un

Q= —%Lm-—l—.?; 16 —

(2.32)

To estimate the order of the discarded terms, it is
sufficient to calculate, say, A3, since the remaining
terms are of the same order. ]fy virtue of the fact that
the tensor properties of Aa coincide with the tensor
properties of Wqp, allowance for Aa[g leads only to the
fact that (2.29) will contain Wyg — AaB in lieu of Wqg.
From this we get in lieu of (2.30)

Ve

@ nolk-| et
12 = § By En,8(k— ky — ko) dky dks e

%) (k_k
{(”1——049)5’124'146—“’%/1 2)} (2.33)

It follows from (2.33) that the result (2.30) is valid if
the following inequalities are taken into account

k2 UT;

'—-2—zw + 3462207 | <, (2.34)

From (2.30) follows the sought-for expression for
Sk, k,, —k,):
Ik_]noe3 1,71v, kiko

Sy by — ko) = Ml0etQQs  kiks

(2.35)

2. Let us proceed to find S(k., k2, k_). In this case,
the collision integral is decisive in (2.2). Using En-
skog’s method in lieu of (2)2), and putting k = k_, we
obtain a system of hydrodynamic equations, which have
in the Fourier representation the form

—zm_neh + lLV(‘)e ny =0, —zm,n&’; + Lk.V“)i ng =Q,
—iw-mong Vi = —zkd(noT(k + Tl y— ik_peSE (k)

+ encky I o * LR,

—zm_m,noVk @ = ‘—lk_a(noTu) +T; n“) _)— ik_pw ((:)ﬁ (k=)

—Q 1
- Rk(_)ay

k
— enoky, |

(i)e!

—3/pionoTa + noTei(k_VE*) = —ik_ g}

(2.36)

. 1) a 0
—3/2 lm—nngk _+ noT; l( h)l) ( )1
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where

R == —0.51mengve (Vi*— Vi) — 0.71noik TS,

T
0= 0.7, T, (VI — V) — 346 222 ik T8 |
eVe -
: T;
o= —39 " 7®
- miv;
nole " 2
n = —073." ( eV th gV — = K Vi bap)
J’\io(clt;i=—0.96 T ( -aV(m +k~ﬁ h a V(‘)iﬁafs) (2'37)

In order for Eqgs. (2.36) with constant Te and Tj to be
valid, it is necessary either that the frequency w_ be
larger than the reciprocal temperature relaxation time
(mg/mj)ve , or that the plasma be isothermal, Tg = Tj.
Solving the system (2.36) and (2.37), we obtain

we __ eln wi_ _ eEx e kVE®
ViF = e, Vel V= (238)
where
k_2vpe? 1 me 1
=14 (051ve+1.22 )(— ——),
" +(0'5 Vet Q /\o. + m; o (2.39)
k2 o
a)e=—lm-+t——2i<1—l.71%~), (2.40)
20742 iw— — Te =
wi:—im._+ii/1—%u o em ) (2.41)
k_2vp; — L
Q= — > io_+ 39Xt —V Ime”  (2.42)
2 v; 2o 3

With the aid of (2.38) we can find both S(kl, ks, k_) and
the linear dielectric constant €(k_) of the plasma. We
have

Ao (Vi —
o_Ep_

e 1454 @
e(b))y=1+ _1+lx(l)_}1)e + i

. (2.43)

HO_W;

On the other hand, neglecting the collision integral in
(2.3)® we get

vk.
W =ef fre—, 4

) 8(ky — k' — ko) dk’ dky

€2 Skiv AvEs, (kz o

Ty o3 —kyv) \ By Ov
ie2 ¢ kiks 1

o L O ke — ke — k) dh_dk,,  (2-44)
m, ¥ kiks oy -

In (2.44) we neglected the Doppler corrections to w,.
Their inclusion results in small corrections of relative
order w_/w,.

From the first equations of (2.36) and (2.33) we get

} ien, ¢ kik Ey Ep, . . 3
o= Tnfﬂ S ik: [k_| m,(‘;en:)_ 8 (k1 — ko —k )dkodk ,  (2,45)
i.e., the sought S, is
. iesno| k| (kike)
Sz (b, kepy ko) = e (2.46)
3. We turn to calculate the sum
Sk, ko, by, —k2) 4 2k, ke, —ka, ki) (2.47)

5)n this case it is sufficient to confine oneself to this approximation,
unlike the calculation of S(k_, k,, -k, ) when the collision integral must
be taken into account in first order of perturbation theory. This is the
consequence of the fact that in the nonlinear interaction (1.4) there is
no symmetrization with respect to k; and k, in S(k,, k,, k).
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- Neglecting the Doppler corrections and the collision in-
tegral in (2.4) we have

kv
W= e
_— ] ] (2)
~Z g, %(% agi‘ )6(k—/r1-—k_)dk1dk_dv
L .
z;;%s Zt‘ Enn §(k — ky— k_)dk_. dky
e
2 kk,)
_;;em “;f'o() 1) V¥ By (k — ki — k_)dky dk_
o
124 |k |(kk Ek, (2)
_ — by — k) dky
m(uS Fekyor— SOk =k — kydkydh - (2.48)
or, using (2.30),
1.71v,net
- T:m’ﬁs dhy dky diey By, By E, -
e Woe
(k) [z + o] [k — b (Kh) 8 (k= ha — ke = 1) 9 4

ook (0 — 1) ko3 Q (k2 + k3) Qe (ko + ks)

We note that the sought sum (2.47) is symmetrical with
respect to the indices 2 and 3, thus justifying the use of
(2.30), in the derivation of which we used essentially
this symmetry property. From (2.49) we get

1 .
?(Z (ki, kz, ki, —kz) -|—2 (kiy k27 _k27 kl) )

. 1,71venoetk 2 (kyks)?
- w— k12 kzz me3 (1)053 QQE : (2. 50)

3. SPECTRAL TRANSFER OF WEAK LANGMUIR
TURBULENT PULSATIONS

We shall assume that the intensity of the Langmuir
pulsations is so small that the change of their disper-
sion properties due to the nonlinear interactions can be
neglected.”” The term ‘“weak Langmuir pulsations’’ will
be used from now on in this sense. For weak waves
w_=%vhe(k® — k3)/ wee-

The spectral transfer is determined by the imaginary
part (1.4):

v, = Im SZ'(kh ko) | B, |2 ke |En,|? =|Ex.]?6(0 — o), (3.1)
where
Z,(ki, kz) = 2ﬂi{z (kh ks, ki, _kz) +3Z (ki, ka, _kz, ki)
8mi .
Tty S k) Sall, Ko k) ) (3.2)

Using (2.35), (2.46), (2.43), and (2.49) we can obtain

1.7vk 2 (kiko)? 7 ee(k-)—1 )
0ok k20 QQem2  \ (k) )

The first term of (3.3) corresponds to the contribution
of the current of the third power in the field, and the
second term corresponds to the second power, and
€(k_) = gg(k-) + £i(k_) + 1. If we neglect the ionic term
in €, then these contributions cancel each other com-
pletely when €g > 1. The resultant compensation effect
is similar to the compensation of the nonlinear and
Compton scattering in the collisionless case.'®

2 (ky, ko) = —i (3.3)

6 Landau absorption of Langmuir waves is assumed to be expo-
nentially small, whereas absorption due to collisions is of the order of

Vo
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Since w_. <« k_vg , the region of applicability of
(3.3) has, in accordance with (2.1), the form

hvreT Ve,  hvpi << wi (3.4)

By virtue of these inequalities, the phase velocities of
the waves are sufficiently large, and the Doppler cor-
rections in (3.3) are negligibly small compared with the
ionic contribution. Then

4. T4vok_%e?e; (k) (kikz)?
3 (ki ke) = — :
et ko) = i gm0 Q0.0 ()

(3.5)

Under the conditions w_ << k_vmj, i.e., of sufficiently

large phase velocities, if

Mo Tame (3.6)
Woe Te m;
we get in the case of
max (ve?, Viwoe) > k-_2wrd > vevile [ T, (3.7)
the value
1
2
Yk, = IE I2 6t| k1|
_ S 0,69ve20_T; (kiks)? |Ex,|?dk,
T K [T (A 5T/ T et mamavrd (3.8)

The inequality (3.7) is satisfied if (T¢/T1)° < mj/mg,
which always takes place for an isothermal plasma

(Te = Ti). We emphasize that, just as in the absence of
collisions,'? the redistribution is such as to decrease
the frequencies of the turbulent pulsations. We note
that the condition for the appearance of the nonlinear
interaction (3.8) is (see footnote ®’) v > vo. Recogniz-
ing that T cannot differ greatly from Tj, we obtain
for Te S Tj

m; W

me oy’

i.e., it is necessary to have W/n,T¢ > Vmg/mj. The
question whether the change of dispersion under such
intensities can be small calls for a separate analysis
(Sec. 5).

In the other limiting case, when (3.6) is satisfied but
(3.7) is violated, namely

Veoe ﬂ!< k_ 2vrd << vevi -Zji , (3.9)
m; Ti
we have
kikz)2 0.120—v,? E\,|2dk
=(00eS (kike)? 0.120—v, I kl 2 (3.10)

kek?  k bvrst dnneTe(1+3/5Ti/Te)?’
In this case the direction of the spectral transfer
corresponds to an increase of the frequencies of the
turbulent pulsations. The region in which (3.9) takes
place vanishes if (3.6) is violated. Thus, in order for
(3.10) to take place it is necessary to satisfy (3.6) with
a large margin.

To estimate the degree to which (3.6) is satisfied, it
is convenient to rewrite this inequality in a different
form, introducing the number of electrons in the Debye
sphere

Np & e [ Ve.

(3.11)

We then have in lieu of (3.6)
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mi\'h

1<ND<(§—:)%( (3.12)

me

For an isothermal plasma Tg ~ Tj, the plasma density
should be sufficiently large, and its temperature should
be small. When Te > Tj, condition (3.12) is satisfied at
much lower temperatures and larger densities. The
spectral transfer prevails over linear damping if the
following inequality is satisfied:

W [ noTe > k_2vpe? [ v2. (3.13).

Let us consider now the nonlinear interaction under
the conditions of an inequality that is the inverse of
(8.6),

Ve Ti, me
o ST, mit (3.14)
We have
_ 0,13ve2v,m_m,- (kgkz) 2 |Ek2 '2 dkz
o, = —ou | A vz (1 To/ Ty g dmmal, ~ 5-15)
The order of magnitude of the increment (3.15) is
VeVi m;
v noTe Ve 'k—lzyTe2 -m'-e;
Consequently v > ve when
w Ure? Me @oe? Te vré
T = e m e = T, vt (3.16)

We note that the formulas obtained in the present
section are valid also in the case when account is taken
of the change in the wave dispersion due to the nonlin-
ear interactions, provided only w_ << k_vpj.

4, CHANGE OF DISPERSION OF LANGMUIR WAVES
WHEN w._ < K2vhe/ve

Besides changing the spectral transfer, the collisions
can greatly alter the spectra of the Langmuir waves if
the phase velocities are sufficiently large. The correc-
dwy of the Langmuir-wave frequency is

Sox, = Re § 2 (ky, ko) | B, 2 ks, (4.1)

Since

o- < k_Pvr? [ ve, (4. 2)

where w_ is the frequency difference of the Langmuir
waves with allowance for (4.1), we get

1.71v¢2 (kiks)?| Ex, |2 dk,
banoTok_2vr 2 (1 + eT:/Te) kthy?

F——— (4.3)
Here € = % when (3.6) is satisfied and € = 1 when the
inequality inverse to (3.6) is satisfied. The order of
kal is

S ~ w0
O o k_2vp32 noT.”
When account is taken of dwg, an appreciable change
can take place in the frequency difference w_ of the
turbulent pulsations, from which the large term wg
drops out:

o + 60 do, & P 4 g W
O— = Ok x, — Ok, — 00k, & e~ -
! ! : : Wge k_2v7e2 noT.

It follows therefore that the change of the dispersion
due to the nonlinearity is significant when
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W [ noTe > kb_vhre | 0%eve. (4.4)
On the other hand, by virtue of (4.2)
W | noTe << ks _vire [ 0oeve®. (4.5)

It is obvious that in an unbounded plasma one can always
find small k such that (4.4) is satisfied. In a bounded
plasma kpyjn~ 1/a, and by virtue of W/n,Te < 1 we
have

Ve K ab00eVé,

which, generally speaking, can also be satisfied.
We note that the results obtained in Sec. 3 are valid
when

W [ noTe << K _thre | 0%evel. (4.6)

This inequality is in contradiction with (3.13), indicating
that the breaking up of the turbulence scale, described
by (3.10), can occur only against the background of the
more intense process wherein they are absorbed as a
result of the collisions. Let us take further account

of the change of the wave dispersion in (3.10). By vir-
tue of the fact that dwy is inversely proportional to k,
the sign of w_ coincides with the sign of k;, —k,. This
shows that (3.10) describes a spectral triangle which
likewise leads to a breaking up of the turbulence scales.

When (4.5) is satisfied we get
W \2
v~ moe2< e ) Wond (4.7)

This increment is larger than ve if

w k2vre? kvre
> ——
noTe Ve Woe

’

which, together with (4.5) yields vg < k_vpe and con-
tradicts (3.4). This again indicates that the breaking up
of the turbulence scale occurs against the background of
the more intense process of their dissipation.

We note that (4.6) does not contradict the condition
of the applicability of (3.8), but if the dispersion is de-
termined by the nonlinear interaction, i.e., if (4.4) and
(4.5) are satisfied, then to estimate the intensity of the
spectral transfer it is necessary to replace w. in (3.8)
by w_:

~( W \2 , Vet (1 T,~>—‘T,v
v nng) O A vpghv: +i_ T,’ (4.8)
which is larger than v¢ when
W kg me\"( Te \ T\
o7 > o (m) (77) (1) (4-9)

In this case the spectral redistribution is such that the
turbulence scales increase. However, comparing the
conditions (4.9) and (4.5) we see that the interaction
(4.8) is possible only against the background of intense
damping. Similarly, under the same assumptions as for
(4.8), we obtain an estimate for the nonlinear increment

(3.15):
Wy vt Ti\™
Y~ ( 1ol ) 0oe P ( 1 +_E> ’ (4. 10)
which exceeds vg if
(4.11)

w k. 3vp.3 yms\'"y T:\'h T:\2
W UTez (_;) (_‘) (1+_‘).
neTe WoeVe? \ Mg T, . Te
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Comparing the conditions (3.16), (4.5), and (3.14) we find

that the estimate (4.11) is valid if the following inequali-

ties are satisfied
k_fvret w

me k_2vr2 T; m, i

(4.12)

©oeVe® nle mi vev; Te my Woe

which are contradictory. Thus, the interactions which
occur under conditions w_ < k%e/ve cannot lead, in
general, to a noticeable distortion of the energy distri-
bution over the spectrum.

5. DISPERSION AND SPECTRAL TRANSFER IN THE
PRESENCE OF INTENSE TURBULENCE
(w. » K2vhe/ve)

We note that this case is of greatest interest. If

5 2 2
i S Sy (5.1)
m; T; Ve
then
] 31| By, |2 (keks) 200ck_tvrd (1.85 + T:3/Te)
Vi = GrnoT oeshso_tve (244 + T:/T)* " (5.2)

The change in the pulsation spectrum is determined by
the equation”

3.84|Ey, |?(kika) %k_2vpe2dks,
danoT ok Pko?w_2 (244 + T/ Te)

It must be noted that the right sides of (5.2) and (5.3)
represent the imaginary and real parts of the disper-
sion equation for the corrections to the frequency of the
Langmuir oscillations due to nonlinear interactions. It
is seen from (5.1) that the imaginary part of this equa-
tion is small compared with the real part, and the solu-
tions of the equations obtained from (5.3),

3.84| By, |2 (kike) %k _2vr ks
GonoT ko2l (2 44+ To/T.) (doo, — door)?

(3(17k‘ = Woe S

(5.3)

6(0k, = Woe S (5.4)
are in-general complex and have imaginary parts, as
can be seen from the very form of (5.4) that are of the
same order as the real parts. In this case the non-
linear instability that leads to the spectral transfer is
due to the solutions of (5.4). In connection with the fact
that the solution of (5.4) is difficult, we confine our-
selves to a qualitative investigation of this solution,
which enables us to estimate the characteristic times
and to determine the direction of the redistribution
process.

Let us assume that the noise spectrum is concen-
trated in some wave -number region near kz~ Kkz. We
consider first the limiting case k; > kzo. Then (5.4),
assuming kal >> kaz yields

| Ex, |2 (kiks)2dks
4nngTeks2ko?(2.14 + T3/ Te)
For the unstable root we have

1.3600 ’
(244 + To/To)h" !

(80x)® = — 3Bhonkvr? | (5.5)

2 E Iz(kikz)zdkz 175
= Im = /s [ 1B, [ (ks _]
Yk dox, Te S ol ootk

(5.6)

7) An equation coinciding with (5.3) can be obtained as a dispersion
equation for the electric field of weak waves excited by intense turbul-
ence (the phases of the weak waves are arbitrary). This remark pertains
to all the dispersion relations considered here.
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As seen from (5.6), 5‘*’1{1 increases with increasing k,,
thus justifying the assumption that 5wk1 > 6wk2 when

k: > K. An estimate of the increment (5.6) when Tg
~Tj is of the form

v~ on (YW

Woe \ noT

We note that the real part of dwy is of the same or-
1

der as the imaginary part, and this, the spatial disper-
sion of the Langmuir oscillations is almost completely
connected with their nonlinear instability. We note also
that (5.2) yields an estimate of the nonlinear increment
due to the imaginary part in the dispersion relations
(which is analogous to the kinetic instability in the lin-
ear theory), ¥’ = k?vie/Ve. On the other hand, by vir-
tue of (5.1) and of w_ ~ ¥, and consequently of ¥’ < v,
i.e., within the framework of the initial premises (5.1),
the ‘‘kinetic’’ instability can be neglected. Condition
(5.1) is satisfied if

vrid kvn
Tord o noT> ksz 200e (5.7)

Ure’

It must be specially emphasized that the condition
for the smallness of the collisions is in this case not
limiting, since when Y < vg there also occurs a ‘“non-
linear dissipative instability.’’ Indeed, to take into ac-
count the absorption of the Langmuir waves due to the
collisions, it is sufficient to replace the left side of
(5.3) by Owkl + ivg and when éwkl > 6wk2 we obtain for

the increasing root

1.39k1U7‘e [O)oe S ‘Ek I kikg zdkz
(244 +T:/T.)" /mrzo[' k 2k2

" e

Yk, = Im dox, =

We then get in lieu of (5.7)
Kvrt W

. Ve Uri®
= s
noTe

(5.9)

< 5"
Ve®oe Wee Ute

Let us consider now ka < dwg,. We then get from
(5.4)

3.84| By, |2 (kiks) 2k_2v7,2dk,
drnoTki2ks? (2444 T3/ T.) (dox,)?

bar, = o § (5.10)
Estimating 0wk from (5.10) and substituting in (5.2),
we obtain a contradiction to the initial premises. Thus,
the spectral transfer in the entire investigated region is
such that the turbulence scales are broken up.

6. DISCUSSION OF RESULTS

Summarizing our analysis, we note that the investi-
gated region was bounded by the conditions vy > k_vpe,
vi » k.vpi, and also w- < k_vpj, w_. << k_vpe. It is
precisely in the region w_ <« k_vpj where the nonlinear
interactions of a collisionless plasma are the strongest.
This is the reason for the interest in this region in the
presence of collisions. At the same time, the employed
condition w. << k_vpj is not fundamental and it is easy
to obtain also from the derived general formulas con-
crete expressions for the nonlinear interactions when
w- > k_vri.

Let us summarize the results briefly.

1. We have observed that the spectral transfer,
heretofore considered in a collisionless plasma, is a
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particular case of a more general nonlinear instability.
Such an instability can have both a kinetic and a hydro-
dynamic character. In the former case it is determined
by the imaginary part of the nonlinear dispersion equa-
tion, and in the latter case by its real part.

2. Just as in the linear theory, the increments of the
kinetic instabilities are as a rule smaller than the in-
crements of the hydrodynamic instabilities. In particu-
lar, as shown by the analysis, the nonlinear kinetic in-
stabilities under frequent-collision conditions are
therefore usually suppressed by the linear damping for
virtual waves.

3. The nonlinear hydrodynamic instability becomes
manifest in a broad region of the plasma parameters
and leads to a qualitatively new effect: a change takes
place in the direction of the spectral transfer. This
takes place in the phase velocity region

Uph [ vre > Np. (6.1)

In practically the entire investigated region, the spec-
tral transfer leads to a breaking up of the scales of the
turbulent pulsations.

4. A nonlinear hydrodynamic instability develops
also in the case when its increments are much smaller
than the collision frequencies. This leads to a new im-
portant conclusion, consisting in the fact that there is
no damping of the Langmuir waves due to collisions in
the region of applicability of (5.10), and nonlinear dis-
sipative instability takes place even in the case of very
frequent collisions.

5. The usual subdivision of nonlinear interactions
into decay interactions and induced-scattering proc-
esses becomes meaningless. At the same time, charac-
teristic resonance effects, corresponding to the vanish-
ing of the denominator of (3.5), can appear in the spec-
tral-transfer effects. If

1244

Im 3 (ky, kz) ~ Im 8(ee (k=) + e:(k-)). (6.2)

1 _ -
(k) Fei(k) o]
then such processes are connected with the vanishing
of the Green’s function of the virtual wave and, conse-
quently, are analogous to processes in which the Lang-
muir waves break up into low-frequency ones. The
corresponding term (6.2) consequently describes the
spectral transfer of the Langmuir waves due to their
decays into sonic waves that are located in the region
of the frequent collision wg < vg, ¥j and are deter-
mined by the dispersion equation

ee(k-) + ei(k-) = 0. (6.3)

We note that both the spectrum of the ‘“collision’’
sound of the plasma and the spectral transfer due to the
decay of the Langmuir waves into such a sound can be
readily obtained with the aid of the results (2.43) and
(3.5). In such a redistribution process w_ = kvg and in
order of magnitude w_ = k_vpj. The condition w_

< k_vrj which was used above is not of fundamental
character. It is also easy to write out formulas for the
change in the dispersion and the spectral transfer when
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w_ = kvg and w_> k_vpj. However, the condition
w_ < Kk_vpe is quite important, i.e., the entire calcula-
tion must be repeated anew by the method developed
above if it is violated; it is then necessary to solve
(2.11) without separating the term (2.10), which is no
longer small under these conditions. The violation of
the condition w_ << k_vmg is possible, naturally, only if
the nonlinear change of the dispersion of the Langmuir
waves is very large.

Finally, when Te > Tj, there exists a broad region
of values of the wave numbers of the turbulent pulsa-
tions, for which

Ve &K k_vre, Vi k_vri. (6.4)

In this case we can use the known expressions for S,
and S: of a collisionless plasma, and use the quantity
(2.43) for €j(k).

The obtained effect of the change in the direction of
the spectral transfer is of great significant from
the point of view of many problems, particularly in the
problem of effective turbulent plasma heating, the effi-
ciency of interaction between beams and a plasma, etc.
Besides these questions, which are connected with vari-
ous applications of the observed change in the spectral
distribution, attention must be called also to the fact
that an increase of the density of the redistribution at
small values of w,, for which collisions must be taken
into account, can change the overall estimates of the ef-
ficiency of the nonlinear interactions.
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