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A general procedure is proposed for calculating the relativistic corrections to the levels of many­
electron atoms in any order of perturbation theory. The part of the interaction due to the exchange of 
high-energy photons is taken into account by means of an effective potential. A mixed gauge is em­
ployed for the electromagnetic potentials. Concrete expressions for the level shift in the order a 3 Ry 
are presented. 

1. INTRODUCTION 

A very important success of contemporary quantum 
electrodynamics has been the calculation of the correc­
tions to the levels of hydrogen-like atoms due to the 
interaction with the radiation field. The generalization 
of these results to many-electron atoms is a very com­
plicated problem and has not, to our knowledge, been 
carried out in a systematic fashion. Arakil 11 and 
Sucherl21 have calculated the corrections for two­
electron atoms, but their methods are specific to the 
case of two electrons and cannot be generalized imme­
diately to problems with a larger number of electrons. 
The difficulties in the calculation of the radiative cor­
rections for many-electron atoms arise, on one hand, 
from the known troubles of quantum electrodynamics 
connected with the infrared divergencies and, on the 
other hand, from the complications specific to the 
many-electron problem which are connected with dis­
connected graphs and which do not allow one to write 
down simple equations of the Bethe -Salpeter type. 

In the present paper we overcome these difficulties 
in, as it seems to us, the most simple and natural fash­
ion. Not having an equation of the Bethe-Salpeter type 
at our disposal, we try to write down a Schrodinger 
type equation for our problem, with interaction poten­
tials between the electrons among each other and the 
nucleus. In order to avoid the infrared divergencies, 
we divide the electromagnetic field into a soft and a 
hard part, as is often done. The interaction due to the 
hard component is taken into account by means of po­
tentials. The interaction of the electrons with the soft 
component of the field is included explicitly in the 
Schrodinger equation. The resulting scheme of calcu­
lation is internally consistent and is in principle appli­
cable in all orders of perturbation 'theory. However, the 
calculation of the corrections is practicable only in the 
lowest orders a 2 Ry and a 3 Ry. In the present paper 
we calculate the corrections in these orders, including 
also terms of the order (m/M) a 2 Ry, where m is the 
mass of the electron, and M is the mass of the nucleus. 

The total level shift of a many-electron atom is di­
vided into two parts, one of which is the Bethe loga­
rithm, while the second can be written as an average 
value over nonrelativistic wave functions of some effec­
tive interaction U: 

(1) 

where ~E<J3> is the Bethe term, 
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Here we have used the following notation. The particles 
are numbered by the indices 0 to l, where 0 corresponds 
to the nucleus (coordinate r 0 = 0), and i = 1, ... , l cor­
respond to the electrons (coordinates ri); rik = ri- rk; 
Pi (i = 0, ..• , l) are the momenta of the particles; m is 
the mass of the electron, M is the mass of the nucleus, 
Z is the charge of the nucleus; 1-Li are the magnetic 
moments of the particles (with account of the anomalous 
magnetic moments); ai are the Pauli matrices. For the 
electrons 1-LJ = (va/2m)(1 + a/1T)ai. Further, r-3 (a) 
= 8(r- a)r- , where 8 is the unit step function, and a 
is set equal to zero after calculation of the average 

*[r;p;] =r; X p;. 
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value. C is the Euler constant. We have everywhere 
used units such that li = c = 1. 

2. GENERAL SCHEME OF CALCULATION 

Let us consider the interaction of l Dirac particles 
(electrons) with the electromagnetic field. Our starting 
point is the !-particle Green's function 

G = i1(0jl'{t('(x/);p(x,), ... , t[•(x/)\P(x,)} jO), 

which, in the momentum space, has a pole in the total 
energy of the particles at the point corresponding to the 
desired energy level. We try to choose a nonrelativis­
tic Hamiltonian for the interaction of the l electrons 
which gives in each order of perturbation theory the 
corresponding contribution to the Green's function G 
and is thus convenient for the calculation of the energy 
level by standard nonrelativistic methods. 

Let us consider the set of all Feynman graphs for G 
in momentum space. We divide the electron Green's 
functions (S) and the photon Green's functions (D) enter­
ing in these graphs into a soft (s) and a hard (h) compo­
nent according to the following rules: 

1. Lines connected with closed electron loops (i.e., 
electron lines in a loop or photon lines ending in a loop 
at least at one end) are not so divided. 

2. The remaining electron lines are divided into a 
soft (electron) part Ss and a hard (positron) part Sh: 

. 1 m +(-)yofm'+ p'- PY (7) 
S ,;,) (p, E) = -===- ---'cc'==='===-'-----

2fm' + p' lim'+ p' ~(+)e- iO 

3. Photon lines beginning and ending at the same 
electron line are divided into a hard, Coulomb, and soft 
part: 

(8) 

~~ 1 
D, = -k0 8(/.-jkj)gaog~o, (9) 

a~ 1 ( kPkq ) 
D, = k' 8(1,-jkj\ gM+~ gapgBq· (10) 

Here gaf3 is the metric tensor (g00 = 1, g11 = g22 = g33 

= -1), p,q = 1, 2, 3. 
4. Photon lines beginning and ending on different 

electron lines are divided into the same parts accord­
ing to the formulas 

aB 1 ( lcPkq ) (11) 
D,, = k' 8(jkj-/.) \gpq+k2""" gapgBq, 

(12) 

(13) 

After this division, we can consider the graphs with 
soft and hard parts separately. We shall regard the 
Coulomb lines and lines connected with closed loops as 
hard lines. 

We call a connected graph irreducible if it is such 
that no nontrivial cut can be laid through it which inter­
sects once each of the l electron lines connected with 
the ends of the graph, and goes only across soft lines. 
A cut is called nontrivial if it does not run only across 
external lines. If such a cut can be laid through the 
graph, the graph is called reducible. After the cut is 
laid through a reducible graph, the latter falls into two 

parts connected by soft electron and photon lines. These 
parts may in turn be reducible or irreducible. The 
whole set of graphs is obtained by taking the irreduci­
ble graphs and joining them by soft lines. It is easy to 
see that all graphs which are irreducible in our sense 
do not contain infrared divergencies and are therefore 
smooth fu111ctions of the electron energies £ 1 in the 

neighborhood of the mass surface £z = -Jm2 + p2 • In 
first approximation we can therefore set £[ = -Jm2 + p 2 

for the external lines and k2 = 0 for the photons in the 
irreducible graphs. Then these graphs no longer de­
pend on the energy and take on the character of a poten­
tial. 

The soft electron line (7) can be written in the form 

~ ui (p) ui (p) 
S,(p,t:)= L..i . 

;~' ym' + p' - e 
(14) 

Each irreducible graph, considered as a 4 x 4 matrix in 
the spinor indices 9f the i-th particle, stands between 
the four-spinors u1(p) and can be reduced to a two­
component structure. 

After this, the whole set of graphs will correspond 
to a theory in which the nonrelativistic electrons inter­
act with a soft transverse photon field [the Green's 
functions of which correspond to formulas (10) and 
(13)] and with one another via a potential which in mo­
mentum space has a kernel equal to the sum of all ir­
reducible graphs on the mass shell. In the exact theory 
the irredueible graphs depend on the energy. This de­
pendence can be taken into account by writing the con­
tribution of such a graph in the form 

111=Mo+M', (15) 

where M0 is the contribution on the mass shell. The 
quantity M' contains a factor of the type £ -I p 2 + m 2 

or k2• When multiplied by the corresponding soft line, 
they remove the pole from the latter. Such a line may 
be regarded as hard, and thus a previously reducible 
graph becomes irreducible of higher order than the ir­
reducible graphs of which it is formed. With the new 
irreducible graph we can proceed as before in the same 
way. We divide it up according to (15). The second term 
gives rise to new irreducible graphs, etc. All these new 
irreducible graphs must be aqded to the potential. 

We note that the spinors u1 in (14) do not depend on 
£. The separation (15) can therefore be carried out in 
two- as well as in four-component form. 

3. MASS AND CHARGE RENORMALIZATION 

Since the expressions (8) to (13) for the photon 
Green's function are explicitly non-covariant, the re­
normalization of our theory cannot be carried through 
as simply as in the Feynman theory. We begin with the 
renormalization of the mass of the electron. We shall 
assume that the graphs contain an additional interac­
tion with the vertex lim effecting this renormalization. 
If we write lim in the form of a sum of Feynman 
graphs, these graphs can also be divided into reducible 
and irreducible parts. The contribution from the re­
ducible graphs is included explicitly by adding to the 
Hamiltonialll for the interaction of the l electrons the 
necessary counter terms. They will be functions of the 
momentum of the corresponding particle and are deter-
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mined by the obvious condition that in the absence of the 
other electrons, the interaction with the soft transverse 
photons must not lead to an energy shift for the free 
electron. The contribution from the irreducible graphs 
to om will be taken into account, as usual, by subtract­
ing from the graph for the self-energy of the electron 
its value on the mass shell. 

Let us now turn to the renormalization of the charge. 
All lines connected with closed electron loops are re­
garded as hard lines and will not be divided into parts. 
We can therefore assume that the renormalization of 
the photon lines and of the graphs for the scattering of 
light by light has already been carried out from the 
very beginning. The vertices of the graphs then contain 
the quantity egZ 3 , i.e., the physical charge e 2• Hence, 
no additional renormalization is required. However, 
the graphs contain divergencies from the vertex parts 
and from the self-energy of the electron, which com­
pensate each other, as is well known. In order to 
guarantee this compensation, we separate in each elec­
tron line the irreducible self -energy part and make the 
convention to regard one of the soft electron lines ad­
jacent to it, for example the one to the right, as hard. 
This is natural, since after the mass renormalization 
the self-energy of the electron vanishes on the mass 
shell. Now the vertex parts will always appear in a sum 
with vertex parts of lower order and with self -energy 
parts adjacent to them on the left. The divergent terms 
of these expressions are relativistically invariant func­
tions, since they arise from the integration over the 
region of large momenta of the particles, where expres­
sion (8) is relativistically invariant. Therefore they 
compensate each other in virtue of the Ward identity. 
For the non-invariant part there may, in principle, be 
no such compensation. This would only mean that the 
mutual compensation of the renormalizations of the 
vertex part and of the wave function of the electron 
does not take place independently in the low- and high­
energy ,parts, and there occurs a partial intertwining 
of the two. 

For the zeroth component of the vertex part (con­
taining y0 ) this could lead to the appearance of spuri­
ous terms in the lower orders which do not vanish for 
zero momentum transfer and which disappear when the 
interaction with the soft photons is taken into account. 
However, we show now that such terms do not appear, 
i.e., the irreducible graphs for the zeroth component 
are completely renormalized. This is a consequence of 
an identity analogous to the usual Ward identity (and 
proved in the same way): 

{} 
-~ (p,s) = Ao(P, s; p, s). oe 

(16) 

Here ~(p, c) is the self-energy of the electron, and A0 

is the vertex function corresponding to the residue Yo· 
Using (16), it is easy to show that the total account of 
the irreducible graphs of A0 and of the corresponding 
graphs of ~ with the simple vertex y 0 adjacent to the 
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right leads to the usual renormalization of A0 , i.e., to 
the subtraction of its value for zero momentum of the 
phonon. For the space-like components of the vertex 
part this assertion will not, in general, be true, but this 
effect could show up only in corrections of order a 4 Ry. 

4. CLASSIFICATION OF THE GRAPHS OF THE 
POTENTIAL 

In this section we consider all irreducible graphs for 
the potential of the interaction of the l + 1 particles 
(electrons plus nucleus) which lead to a level shift of an 
order not higher than a 3Ry or mM-1 D' 2 Ry. It should 
be recalled that the order of the shift for a given graph 
depends on the value of the cut -off momentum A, Clear­
ly, the final result does not depend on the choice of A. 

The most convenient choice is such that the inequalities 

ma<(l.<m. (17) 

are fulfilled. Taking into account that the momentum of 
the electron in the atom has the order D' m, we may 
conclude that if the potential behaves in momentum 
space like an for momenta of order a, then its contri­
bution to the level shift will be of order a 3 +n for n < 2 
and a 5 for n ::>:2. 

After these introductory remarks we proceed now to 
the enumeration of the irreducible graphs for the poten­
tial. 

We shall not write down the exchange graphs (ob­
tained by interchanging the indices of the final states) 
since they are taken into account later through the anti­
symmetrization of the total wave function. 

I. Single -particle potentials. These describe the in­
teraction of a particle with the soft transverse field. 
The graphs making a contribution in orders up to 0' 3 Ry 
or mM- 1 a 2 Ry are shown in Fig. 1. Here and in the 
following we use the following notation. An electron 
line is represented by a solid line, a transverse photon 
line by a wavy line, and a Coulomb line by a dotted line. 
The cross denotes a hard line and the stroke denotes a 
soft line. The external lines are always soft. 

In the graph 2 of Fig. 1, it is sufficient to include the 
terms independent of the momentum of the electron, and 
in the graph 1, 3 one may restrict oneself to the terms 
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which depend linearly on the momentum (anomalous 
magnetic moment). 

II. Two-particle potentials. These describe the in­
teraction of the particles with each other and with the 
soft transverse field. However, the graphs correspond­
ing to the simultaneous interaction of the particles with 
one another and with the external field are small and 
can be disregarded. The remaining graphs are shown in 
Fig. 2. To these one must add the graph for two-photon 
exchange which takes account of the dependence of the 
graph 2, 2 on the energy variables and which has a 
structure analogous to 2, 8 but with two soft internal 
electron lines. The graphs 2, 3 to 13 all give contribu­
tions of order a 3 Ry. In these graphs, the region of 
large momenta of the virtual photon plays the main 
role. They do not, therefore, depend on the momenta 
of the electrons and all reduce to potentials having a 
o -function like character in x space (an exception is 
the magnetic term arising from the graph of Fig. 2, 3). 

III. Three- and many -particle potentials. It is easy 
to see that these all lead to corrections of order a 4 Ry 
and higher. The graphs without integrations of the type 
3, 1 are small on account of the matrices between the 
hard and soft components of the electron Green's func­
tion. The graphs of the type 3, 2 are small since the 
Compton-type graph contained in them vanishes by the 
Thirring theorem when both Coulomb photons have zero 
momentum. Incidentally, for the same reason it is not 
necessary to take account of the graph of Fig. 4 in the 
two-particle potentials, although it formally leads also 
to corrections of the order a 3 Ry. 

In our approximation we must therefore only include 
the graphs of Figs. 1 and 2 for any number of particles. 
The concrete form of these potentials is derived in the 
next section. 

5. HAMILTONIAN OF THE INTERACTION OF 
l ELECTRONS WITH ACCOUNT OF 
RELATIVISTIC CORRECTIONS 

Let us now turn to the description of the separate 
terms of the general interaction of the particles with 
each other and with the soft transverse photon field A. 
We already have specifically in mind the case of l elec­
trons numbered from 1 to l in the field of a nucleus, to 
which we assign the index 0. The total Hamiltonian H 
is taken of the form 

where 

l 

H==liA+ ~Hz"+H1, 
i=O 

(18) 

H; 0 = "]/m;"+p/, m0 = M, m; = m (i = 1, ... , l), (19) 

2 

H,1 = ~ ~ d'k[k[8(1.-[k[)a1+(k)a1(k), (20) 
i=-1 

and af and ai are the creation and annihilation opera­
tors for the soft photons. The term HI contains the 
different terms corresponding to the graphs of the pre­
ceding section. 

The sum of the graphs 1, 1 to 4 corresponds to the 
interaction with the electromagnetic field of a relativis­
tic particle with a magnetic moment including the anom-
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alous moment. This gives the following contribution to 
Hr: 

l 

H?) =~Hi'), (21) 
i=O 

(ll eZ; . Z;2e2 " 
H, =- --(A(r1)p1)- Z;(f.t,[V 1A(r;)])+--A"(r;). 

mi 9m 
(22) 

Here Z0 = Z, Zi = -1 (i = 1, ... , l ); Z IJ.o is the mag­
netic moment of the nucleus, and (i = 1, ... , l) 

e 1 a ) 
~tz = 2m \ 1 + 2n . a;. 

The graphs of Figs. 2, 1 and 2, 2 make a contribu­
tion to the :interaction equal to 

l 

H J"·'l = ~ H~~'l , 
i<::::k=O 

respectively, where 

(2) Z;Zka I H(2) 
Hin. =---r ik· 

rik 

(23) 

(24) 

The expressions for the potentials Hfk and Hi~ are, in 
the momentum space, 

Hz'~1 (p/, Pk', p;,pk) = [ (u+(p/Ju (p;}) (u+(pk') u (Pk))- l]l ~zZka_l' . 
p; -p; 

(25) 

H)~(p/,pk',pz,Pk)= [u+(p/)u-r(pk') 'a;ak 

_ (a;(p/-p;))(ak(p/-p;))) ( ) ( l] Z;Zka . B(i ,_ l-1.) 
I p/ - Pd 2 u p, u Pk I p/ - p; ! 2 p, p, ' .. 

(26) 
If we regard the momenta of the electrons (nucleus) in 
(26) as small, we find, of course, the usual expression 
for the Breit operator with the only difference that the 
factor () (I Pi -pi I -A.) appears, which leads to the ap­
pearance of oscillating functions in Hi~ . As we shall 
see below, this difference disappears in the calculation 
of the shift, and we are left with the exact Breit opera­
tor. However, when taking account of the next order of 
perturbation theory, it is impossible to regard all elec­
tron momenta as small, and one must use the expres­
sions (2 5) and (26). 

The graphs 2, 3 and 2, 4 give the known corrections 
to the interaction due to the vertex part. With the help 
of the usual method of division into a soft and a hard 
part, they give the contribution[3 J 

l 

H1"~ = ~ H)~. 
(27) 

i<k=O 

<•> 3 a' 8 ( m 5 ) 
H;k =- 6< >(rzk)-- \In-+-

m2 3 21. 6 

a' 1 +-4 2 {(a;[Vp;])-(ak[Vpk])} --, 
nm rik 

(28) 
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Ho; =Z6(31(r;)-~ In-+-- ---(a[Vp])- (29) (41 a 2 4 ( m 5 ) Za2 1 
m2 3 21c 6 4nm2 ' ' r; ' 

where we have assumed that V acts only on ri 1 or ri~· 
The graph of 2, 5 gives the usual corrections to the 

vacuum polarization:[31 

(30) 

i<k=O 

(31) 

The remaining graphs for two-photon exchange all 
lead to &-function-like potentials for the interaction of 
the electrons with one another, and yield together 

l 

H~61 = ~ H~~, 
·i<k=i 

6. CALCULATION OF THE RELATIVISTIC 
CORRECTIONS TO THE LEVELS 

(32) 

After the Schrodinger equation for the system of 
electrons has been written down, there is in principle 
no difficulty to calculate the corrections. The account 
of the multitude of potential terms [in addition to (2 5) 
and (26)] reduces in our approximation to averaging 
them over the state 1/Jn of interest to us. 

We begin with the corrections on account of the ex­
change of soft photons. In our approximation it is suf­
ficient to restrict oneself to the lowest order of per­
turbation theory and to include the one -photon interme­
diate states in the first two terms of (22) and the two­
photon states in the third term of (22). Then one or two 
electrons take part in the interaction. It is natural that 
the considerations are similar to those encountered in 
the problem of the level shift for a single or two elec­
trons. We shall therefore be very brief and refer to 
[1, 31 for details. 

The contribution from single -photon states has the 
general structure 

/'J.,E ___ 1_~ d3k"' Vnn'Vn•n e(lc-Jkj), 
n- (2:rt) 3 2ko;; En-En•-ko (34) 

where 

i=i 

V; = {- : p;e- i([~t;k] e)} eikr,, 
(3 5) 

and e is the polarization vector of,the photon. As usual, 
we write 

-----= _ _i_ + En- En' 
En-En·-ko ko (En-En•-ko)ko 

(36) 

and correspondingly, separate the shift into ai11 En and 
A\2 >En. Each of these terms can in turn be divided up 
into a sum of one-electron and two-electron parts, 
arising from the terms Vi Vi and Vi Vk (i * k): 

!'J.,<n En= ~ !1?1 E~il! + ~ !'J.\'1 E~kl . (37) 
i=Fk 

All terms A\1> E~ii> disappear on account of the re­
normalization of the mass (as in the one -electron prob­
lem). The terms of the type aP>Eh12) give 

!'J.\'IE~"l+ !'J.;'>E,~''I= (n,<:>)nn, (38) 

where :Hg> is the same expression as (26), except that 
it contains the factor e(A.- lp~ -p1 j). Summed with 
(26), it gives exactly the usual Breit operator. 

Let us now turn to .:lEn- In the integral over k we 
separate out the "supersoft region" 0 ~ I k I ~ K, where 

2 • mQI < K < mQI, K « A.. In the supersoft regwn we can 
neglect the magnetic term in Vi and replace eikx by 
unity. Then the contribution from the supersoft region 
gives terms which contain the known Bethe logarithm: 

(31 2 a I E - E ' I 
I'J., En=p; nm' ~ (En-En')JPnn•JZin n n , 

~ X 

where P is the total momentum of all electrons: 
l 

P= ~p;. 
i=i 

It is convenient to separate out the dependence on K. 

Using the identity 

~ (En- En•) JAnn•J 2 = - 1/z[A [HAJlnn, 
n' 

we find 

(3) 2 a ~ I En- En• I !11 En=-- L.J (En -En•) JPnn•J 2ln - ---
3 nm2 n' ma' 

4 a 2 ( ma2 ( 
1 

' --:2 ln.--)z ~bl'l(r;)} . 
3 m . X ; ' i=O nn 

(39) 

(40) 

(41) 

In the calculation of the contribution from the soft 
region I k I > K we can neglect the difference En -En' 
in the denominator and use (40) in carrying out the sum 
over n in the integral over k. Let us consider the one­
and two -electron terms separately. 

After the renormalization of the mass the following 
contribution remains from the one -electron terms: 

U•l 4 n2 ( I I \ X 
-"• E,=- 3-·--;;- z2.;o<'>(r;)- ~ 6131(rik); ln-. (42) 

nm"" i~~;l i4=k=l ,. nn A 

The typical two-electron terms (from the pair of elec­
trons 1 and 2) give 

1'1 (12) a2 ( 8 x ' 
1'.1 En =-~, 1 - nc51'1(r 1~)ln-+f(r12 )) 

nm- \ 3 A ; nn (43) 

where 

. . . 2 ( cos xr sin xr cos J.r , sin A,r '-
rh·)=-·:- -----------. 1. 
· ' ·3 .. (xr)' (xr)3 (J.r)" ' ('}.r)·' ' 

(44) 

The function f(r) is close to -2r-3/3 in the physically 
interesting region Kr « 1, A.r » 1. However, it contains 
a &-function-like singularity. It follows from the calcu­
lations of Araki[ 11 that f(r) can effectively be written in 
the form 
. 2 . 8n ( 32 8:rt ma\ 
J(r) =- -r---(a)--:- (ln(maa)+ C)6131(r)+ -:rt +-In-:-) ol31(r). 

3 3 g 3 h 

(45) 

Here r-3 (a) = r-3 for r >a and r-3 (a) = 0 for r <a, 
where a- 0; C is the Euler constant. 

Let us now calculate the two -photon contribution, 
which can be written in the form 
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(46) 

where 0 ::oo; lkl, lql ::oo; A, and 

(47) 

Using (36), we again obtain two terms, ~<PEn and 
~~2>En· None of the terms ~~2> En give a contribution in 
this case. Indeed, here the supersoft region does not 
contribute because of the smallness of the phase vol­
ume. I~ the soft region one can use formula (3 5). Since 
the w<v do not depend on the momenta of the electrons, 
all the one-electron terms disappear after the renor­
malization of the mass, and the two-electron terms are 
zero by themselves. 

Thus we are left with 

<n 2 ~ 1 a•k d'q 1 
~.,En=---.>. J -- (TVW+)nn--. 

- (2rt) 0 ·"'-' 2k0 2qo ko + Qo (48) 
O"'~ lkl.:ql ~~.. 

where the one-electron terms can again be disregarded 
-they disappear after renormalization. The two-elec­
tron terms yield together 

(49) 

where 

(50) 

and the integration is, of course, taken over the region 
0 ::oo; I k I , I q I ::oo; A. In the calculation of the average value 
of F(r) one must take account of the a-function-like 
singularities, as in the case of f(r) (cf. [lJ ). Effectively, 

F(r)= r"(a) + 4n1P(r) f !_(In 2 -1) +In_!:_ +ln(maa)+ c] a-+0. 
L 3 ma 

(51) 
It remains to include the contribution from the sec­

ond order of perturbation theory in the potentials fi<t 
and Ht>· In the order a 3 Ry, the contribution clearly 
comes only from the high-energy intermediate state in 
which the momenta of the pair of electrons are large. 
The corresponding correction to the energy is equal to 

I 

!J.E = ~ !J.E '"' 
i<h=1 

• a r d3k (2) (3) 
L\f>ih =-J---==- (.S<3>(r;k) (Hih +H;h ) 2)nn, 

11 m-im'+k' 

(52) 

(53) 

where iil~ (k) and Hi~ (k) are the expressions (25) and 
(26) for Pi = Pk = 0 and p{ = -pk_ = k. A simple calcu­
lation yields 

!J.E;k= a:[.s<•>(r;k)(3-~n+(~-2)(a;1Jk))J . (54) 
m 2 3 3 · . nn 

Summing all contributions, we arrive at formulas 
(1) to (5) of the Introduction. 

7. CONCLUSION 

The method proposed in the present paper is useful 
for the calculation of the level shifts in atoms with an 
arbitrary number of electrons. We have determined the 
corrections of order a?Ry and mM- 1 clRy; the inclu­
sion of the corrections in the subsequent orders in­
creases the amount of numerical work, but does not 
lead to any essential difficulties. It is seen from the 
result that in the order investigated, the many -particle 
effects are all contained in the nonrelativistic wave 
functions a.nd in the Bethe logarithm. The remaining 
terms are of the pair type. 

In the case of two electrons our result can be com­
pared with the work of Araki[ 1 J and SucherYl In the 
short communication of Sucher[2 J no general formula 
for the level shift is given but only a particular result 
for a special form of the wave function. This makes a 
detailed comparison impossible but allows one to con­
clude that the coefficients of the contact terms of the 
interaction between the electrons do not agree between 
these two authors. The corresponding coefficients in 
our work differ both from the ones given by Araki and 
by Sucher. The difference to Araki is evidently con­
nected with the circumstance that this author started 
from a different unperturbed equation containing Dirac 
operators instead of Schrodinger operators. 
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