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The one-particle Green’s function is calculated and the spectrum is derived for an electron in a mag-
netic field at zero temperature by taking the interaction with polarization phonons into account. At
magnetic field strengths corresponding to magnetophonon resonance, the spectrum consists of two
branches separated by an energy gap defined by the coupling constant. The damping of the higher-
energy branch of the spectrum is obtained and the cut-off point of the branch is determined. It is
found that the damping of the lower branch of the spectrum is caused by other scattering mechanisms
and by temperature corrections to the mechanism under consideration. The interband magnetooptical
absorption coefficient in the magnetophonon resonance region is calculated. It is shown that in this
region the absorption coefficient has two maxima, the distance between them being on the order of the
distance between electron-spectrum branches in the conduction band. The shape of the peak corre-
sponding to transfer of electrons from the valence band to the upper branch of the spectrum in the con-
duction band is obtained. The results of the theory agree with those of the experiments.

1. INTRODUCTION

A system of discrete electronic energy levels (Landau
bands) is produced in a semiconductor placed in a mag-
netic field, provided the energy uncertainty of the elec-
tronic state is smaller than the cyclotron energy. The
light absorption coefficient in such a system, connected
with the transfer of the electrons from the valence band
(v-band) to the conduction band (c-band) oscillates as a
function of the frequency of the light wave (see, for ex-
ample,'*?). If the states of the electron in the c-band
and of the hole in the v-band can be regarded as station-
ary, then the calculated absorption coefficient is singu-
lar at certain frequencies, this being connected with the
infinite values of the density of the electron states in the
magnetic field at the point k, = 0 (k;—projection of the
wave vector of the electron on the direction of the mag-
netic field H). The singularities of the absorption coeffi-
cient are eliminated by taking into account the interac-
tion of the electron with the various types of scatterers
present in the crystal (phonons, defects, etc.).

Recently Johnson and Larsen®! measured the inter-
band magnetooptical absorption in InSb at low tempera-
tures and observed that in a certain region of magnetic-
field values the magnetooptic peak corresponding to
transitions between the Landau bands with quantum
numbers n = 1 splits in two. This interesting effect was
attributed by them to the influence exerted on the elec-
tron spectrum in the c-band by the interaction with the
optical phonons. Two terms of the electron-phonon sys-
tem (the first—electron in a state with n = 1, the second—
electron in a state with n = 0 and one optical phonon)
intersect at a value of H at which Q¢ = wo (R¢—cyclotron
frequency in the c-band, we—limiting frequency of the
optical phonon), if the interaction between them is
neglected. Turning on the interaction of the electron
with the phonon realigns the spectrum, lifting the de-
generacy at the point Q. = wo, and leading in turn to a
splitting of the absorption peak'®’,

Thus, the interaction with the scatterers not only
broadens the absorption bands, but in some cases leads
to an appreciable realignment of the magnetooptical
spectrum, causing the appearance of new oscillations.

In this communication we present the results of the
theory of the interband magnetooptic absorption spec-
trum with consistent account taken of the inelastic in-
teraction between the electrons and the optical (polar-
ization) lattice vibrations (see also®’).

2. FORMULATION OF PROBLEM AND FUNDAMENTAL
RELATIONS

We consider a cubic crystal in a constant homogene-
ous magnetic field directed along one of the symmetry
axes. We assume that the c- and v-bands lie in the cen-
ter of the Brillouin zone and that a direct dipole transi-
tion between them is allowed. The cause of the change
of the electron spectrum will be assumed to be the in-
teraction of the electron with the longitudinal optical
phonons, and the interaction itself will be assumed to be
weak, meaning that the dimensionless coupling constant
oo is small compared with unity, as is the case in crys-
tals with a small fraction of ionic bond. In the general
case the form of the magnetooptical oscillations is de-
termined by the scattering of the electrons in the c¢-band
and of the holes in the v-band. However, the observed
doubling of the peak was connected with an interaction
between the electron and phonons precisely in the
c-band, since it took place near . = wo. Since the
electron and hole masses are usually quite different,
the condition for the doubling of the hole spectrum
Ry = wo) will not be satisfied when £, = wo. We can
therefore neglect the interaction between the holes and
the phonons. In addition, we confine ourselves to the
case of zero temperature, when there are no optical
phonons, and the interaction leads only to their emis-
sion.

The Hamiltonian of the interaction between the elec-
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tron and the phonons in a magnetic field in the c-band is
written in the form

= N [Calaw(q

q oa!

ybq +h.C.]astaq. (1)
Here a‘&(aal)—operator of creation (annihilation) of an
electron in a state a(a’), bg (bq) operator for creation
(annihilation) of phonons w1th wave vector q, a—state of
the conduction electron in the c-zone: o = (ng, Kya»

k; ), ng—number of the Landau band, k;,—projection
of the wave vector on the direction of the magnetic field
H, I,,’(q) is the matrix element of the operator

exp(iq - r), calculated using the wave functions of the
electron in the magnetic field,

4riagle® ]‘/* 1 h

- I = (2)
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ao—dimensionless coupling constant of the Froehlich
interaction Hamiltonian

e (1_1)_
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(~e)—electron charge, m,—effective mass of the elec-
tron in the c-band, € and e€x—static and high-frequency
dielectric constants, and V—normalization volume.

The light absorption coefficient K(w) (w—frequency
of light), neglecting the scattering of the holes, is car-
ried out with the aid of the Kubo formula® in the form

n e2|P|Z

cno llm 2V

(3

eiw

K(o)= 5 i ¢ Z—~ (aea () aca(0))

(4)

where P is the interband matrix element of the momen-
tum and corresponds to a transition in the center of the
Brillouin zone, ¢ the velocity of light in vacuum, n, the
refractive index, mo the mass of the free electron,

Wey = Weg — Wy, Where wey and wyy are the frequen-
cies of the electron in the c¢c- and v-bands. We shall as-
sume henceforth a very simple band structure, the bands
are nondegenerate, parabolic, and their extrema are
located at the center of the Brillouin zone. Then

1 hk? ell
Wcu=Qc<ﬂﬂ+’§")+ 2mc’ c—mccv
/ 1 hk2 ell
mv¢=—mg—99\na+5—)——2mu o 8 =mvc; (5)

is the width of the forbidden band, my the effective
mass of the hole, acq(t) the operator in the Heisenberg
representation, and the symbol (...) denotes averaging
over the ground state of the system.

In the model under consideration, the ground state
should be taken to mean a completely filled valence band
and an empty conduction band. We shall therefore cal-
culate all the quantites in the zeroth approximation in
the electron density in the c-band. In this case

(aca(t)acu+(0)> = iGr(a, t),

where Gp(a, t) is the retarded single-particle Green’s
function of the electron in the c-band in a magnetic field
in the (a, t) representation, and
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In the zero-density approximation, Gy coincides with the
corresponding causal Green’s function; its Fourier com-

K(o)=

® — Woa).

(6)
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ponent G.(a, €) in terms of the variables r and t can be
expressed in terms of the mass operator = (a, €):

Gr(a,e) = [ — 0ea — 2 (a, &) + is] ! (M

(s—adiabatic parameter, s — 0).

3. ANALYSIS OF THE PERTURBATION-THEORY
SERIES FOR THE MASS OPERATOR

It is convenient to calculate the function Z («, €) by
using the Feynman diagram technique. The rules for
making up the diagrams are standard. In the first ap-
proximation in the coupling constant (diagram a of
Fig. 1) we have

Zi= D) D #|Cq|?| aa,(q) |*(e — 0o — wca, + is) L.

q o

(8)

We are interested in the spectrum of the electron-
phonon system for n = 1. Since the electron situated at
the level n = 1 can only emit a phonon, the resonant
terms of the sum over ngy, in (8) will be only those
corresponding to a transition betweenn =1 andn =20
The remaining terms of the series are nonresonant, de-
pend little on €, and can be eliminated by renormaliza-
tion of w,. They will be disregarded from now on. Then
(8) takes the form

Gl [ Wo ue—v
= (ﬁ;) §d"5 GFanFr—G—aire
where
_e—32/2 _ Qc—w
oo 7T e
kllH ch \'
= lg={— .
y2' " < eH>

In calculating the integral in (9) we can neglect x* in the
factor (u + x)* with accuracy to terms of order ai’®,
after which the integral can be readily calculated and
(10)

s
oy = —imo;(%:> (v + A+ is) 'k,

In the next order of perturbation theory, two terms
appear, Z,; (diagram b of Fig. 1) and Z,; (diagram c of
Fig. 1). When calculated at the same accuracy as Z;,
their values are

Su = iwo(%ﬂz‘%)% (v A+ is) =, (11)

2
222%(1)0(%) ('y+7\,+is)“. (12)

4. SPECTRUM OF ELECTRON IN THE CONDUCTION
BAND WITH ALLOWANCE FOR THE ELECTRON-
PHONON INTERACTION

To determine the spectrum of the electron in the
c-band it is necessary to find the poles Gy(@, €), which
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FIG. 1. Diagrams for mass operator Z(a,¢) of first-order (a) and
second-order (b, ¢) perturbation theory.
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should be located in the lower half-plane of the complex
variable €. We shall seek the poles of G, by replacing
the mass operator Z (a, €) by the approximate value of
2. Then the expression (7) reduces to the form

_(’Y—:m?»T'/"}—‘v 7 =%(%:)’/,.

The poles of Gp(k, ) are determined by the zeroes of
the denominator in (13).

In the case kz = 0, which is of importance in our prob-
lem, we must solve the equation

y+in/¥y+r=0. (14)

Let us determine first the roots of (14) in certain limit-
ing cases. If A = 0 (resonant case Q¢ = wo), then the
roots of (14) will be

Gk v)={v— e+ (13)

Vi = nhe T, yy = —h. (15)
When A >0 and A > y or y — —A, respectively,
in n? 72
=——4—, =—A——.
YT T » (16)
On the other hand, if A <0 and [A| >> y, then
vo o —n|A| (17)

In the last limiting case, (14) has only one root,
whereas in each of the other limiting cases there are
two roots. This means that one branch of the spectrum
vanishes as A shifts towards negative values. The point
of vanishing of one branch of the spectrum, Ao, is de-
termined from the exact solution of (14) by reducing it to
a third-degree equation

Y+ M2+ 0?2 =0, (18)
the roots of which are

A . .

Y= —3- + Rilll ein/3 + Rz"‘ e—lﬂ/-'i’ (19)
A
Y2 = —‘('3— + Ry's 4 Ry ) ’
Y= — % + Ry'h e=in13 - Ry'h gini3;
_ A_ 3 nz 7» 3 n 21"

ro=(7)+370[(5) (P T (20)

where R.”® and RY/® must be taken to mean the branch of
the cubic root with the smallest phase. The root y: is
always real.

Substituting the roots of (18) into (14) we can verify
that in the region where

(A73)*+ (n/2)*> 0,

the roots of (14) will be 7y (upper branch of the spec-
trum) and ¥, (lower branch of the spectrum). On the
other hand, if

(a/3)*+ (n/2)2=0, (21)
then R; = R, and all the roots of (18) become real:
ve=—(n/2)% vyi=vy3s="2(n/2)". (22)

However, y: and y; of (22) satisfy not the equation (14),
but its complex conjugate. Thus, at a magnetic field
value such that

A=to= —3(n/2)"%, (23)

981

(g"‘ﬂ e 7/) R
FIG. 2. Schematic spectrum of electron 3.
with allowance for interaction with optical Al
phonons. 1, 2—initial states of electron-
phonon system without interaction;
3,4—upper and lower branches of spectrum.
The resonance point ¢ = w, and the point
of termination of the upper branch of the
spectrum Q¢ = wq /(1 — \y) are shown.

1 2% 3", 4 "denote respectively.

0 Wy W,
A,

the upper branch of the spectrum vanishes, and in
weaker magnetic fields there remains one branch v,.
The spectrum of the electron-phonon system as a func-
tion of the magnetic field is shown schematically in
Fig. 2.

The vanishing of the upper branch of the spectrum
71 at the point A, should be taken to mean the vanishing
of the connection between the states of the electron with
n =1 and n = 0. Indeed, when the magnetic field is de-
creased the cyclotron frequency £, becomes so much
smaller than wo that when k; = 0 the energy of the elec-
tron thrown by the light to the ‘‘bottom’’ of the level
n = 1 is insufficient for a transition to the bottom of the
level n = 0 with emission of an optical phonon.

The distance AQ1) between the branches of the spec-
trum at the point A, (23) is equal to

A(M) = 3(n/2)*Q.. (24)
When Ao = 0 it is equal to
A(0) = 3/m™Q. (25)

and is a minimum.

We note also that the lowest branch of the spectrum
does not have an imaginary increment, i.e., it corre-
sponds to the stationary state, as should be the case at
T = 0 when there are no optical phonons.

Let us estimate the error in the determination of the
poles of Gy, including the quantity Z,; in Z (@, €). In lieu
of (14) we obtain the more complicated expression

m in?
WEA  V2(00/Q) (v +M)*%

v+ (26)

Denoting the correction to the roots y; of Eq. (14) by
Ay; and solving (26) approximately, assuming the term
~7? to be small, we get Ay; =1 when A = 0, and conse-
quently the error in the determination of the spectrum
is proportional to aé/s. Thus, the approximations made
above in the mass operator are justified if the coupling
constant is sufficiently small.

5. CALCULATION OF THE LIGHT ABSORPTION CO-
EFFICIENT AND DISCUSSION OF RESULTS

Substituting in the formula for K(w) the function
Gr(a, w — wygy) from (13), we obtain

K(0) = KoRe [iF ()], (27)

n Y2e|P|m,
cno (2m)2R2wgmeily *

where
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= me + m, in
= - Bt ===
F(T) idk{r R e

I'= [(l) — 0y — 3/2(90 + Qv)] /Qc

yooe9

The value of F(I') can be easily calculated in the
limiting case when m¢/my < 1. (This takes place in
many III-V compounds; for example in InSb we have
mg/my = 0.05.) In this case

F(I) = —in(T 4+ in/ VT +1)~" (29)

Putting again A = 0 and separating the real and imagin-
ary parts in (29), we get
0, r<—n»,
K (o) = K, | VRO T, —<T<0, (30)
e 3\
o [{(r—F) ] o, (31)
rz_n’l.r+-,1‘/l

(QLEIREL )’ (32)
2 ny—T

. R(M)=
PO

It is seen from the foregoing formulas that the ab-
sorption coefficient has two maxima, at the points
I, =-1%3 and T, = 12/*/2 (the second maximum is
shifted, somewhat towards larger I', owing to the mono-
tonic function f»(I"). The distance A, between maxima is

(33)

which coincides with the splitting of the electron spec-
trum at A = 0 (see (25)). If we take into account the cor-
rection to the mass operator Z, necessitated by Z,,,
then the function K(w) changes at A = 0 by the factor

A(@)=-

Ay = :‘/'AT]%Q:',

L+ n2/ 2| (n — [T]%)
1493/ 0D+ w2)

(for formula (30)),
(for formula (31)).

It follows therefore that in the region (-7 = I"' =7) and
near (—n2) it is impossible to limit oneself to the first
approximation Z, in the calculation of the mass opera-
tor, but it is necessary to take into account the entire
perturbation-theory series Y In the remaining regions
of variation of I', and particularly in the region of the
maximum of the second peak, these corrections are
small like /%,

Let us trace now the behavior of the absorption co-
efficient when A approaches Ao, corresponding to the
point of vanishing of the upper branch of the spectrum.
For arbitrary A we get from (27) and (29)

Koy~ {145 =gt rn] 4 2o ror) " (s

DWhen m¢/my = 0, direct use of (29) leads to a value K = 0 at the
point I' = —\. In particular, when A = 0 we have K = 0 at the point
I' =0, as is seen also from (30) and (31). However, if account is taken of
the finite value of the ratio m¢/my, then (27) and (28) yield at the point
I' = —\ a nonzero value of K. In the case of resonance (A = 0) we have

O e S @

v/

On the other hand, the value of K near the maximum at I" = (1/2)1?/3 is

me

moy

g 1 25
K(T=—n — =0) ~ Ko—n-"h

\ 7N \/ ~ Ko—-n~h (b)
When m¢/my = 0.05, as is the case in InSb, the ratio of (b) to (a) is
equal to ~ 3.3, i.e., the maximum is quite clearly pronounced. The case
of an arbitrary ratio m¢/my will be considered in detail by the authors in
a separate paper.
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This formula is valid for T + A > 0 (we leave out the
complicated monotonic function similar to f,(T") in (31)).
If A —2x,, then R; = R;, and the maximum of the oscilla-
tion shifts towards larger I" and becomes sharper.
However, in addition, the region of values of I' where
formula (34) is valid also shifts to the right by a larger
amount than the shift of the maximum of the oscillation,
and therefore the peak vanishes when A = 2o.

The theory outlined above describes the main features
of the effect observed by Johnson and Larsen'®’, namely
the doubling of the peak at a magnetic field such that
Q¢ = wo, and the vanishing of the additional peak with
decreasing magnetic field. The point of vanishing of the
upper branch of the spectrum (23) is satisfactorily des-
cribed by the formulas given above for the electron
spectrum. If we use the values of the parameters of the
theory

hoo = 0,023 eV, ao= 0,02, m. == 0,014 m,,

which are characteristic of InSb, then the value of H
calculated from the condition (21) is ~ 2.9 X 10* Qe,
whereas in"?’ the second maximum vanishes at

H = 2.8 X 10* Oe. The remaining quantities also agree
with the data of Johnson and Larsen: the distance be-
tween peaks of the absorption coefficient at resonance
(R = wo) is HA = 1.6 X 107 eV, and the width of the os-
cillation in the region of larger values of the optical
frequencies is 6 = 0.8 X 107 eV. The values of the
corresponding quantities in the experiment oft?! are
1.8x 10 eV and 107 eV.

The form of the oscillations at the lower light fre-
quencies is not determined by the aforementioned scat-
tering mechanism at zero temperature. Indeed, if it is
assumed that there are no optical phonons, then the
lower state is only stationary; when Q. < wo, this state
will be the level n = 1, and if Q¢ > wo, this will be the
level n = 0 and a phonon. For the same reason, when
the magnetic field is increased (R, > wo), the vanishing
of the peak located at smaller light frequencies is not
described by the theory, since this peak diverges. Its
form is determined by other scattering mechanisms,
for example by the interaction with impurities, and also
by the temperature corrections to the considered inter-
action mechanism.

Certain simplifying assumptions were made in the
calculation, but allowance for them will apparently not
introduce any appreciable changes in the results. The
scattering of the holes makes no contribution to the
braodening of the oscillations, since my > mg, and the
holes cannot emit optical phonons at all. Allowance for
the non-parabolicity cannot change strongly the result,
since it is sufficient, for the description of the effect,
to take into account only two Landau levels (n = 0 and
n = 1) and the form of the oscillation is determined by
the small k,. Allowance for the dispersion of the optical
phonons is likewise of no significance, since the main
effect is connected with multiple resonant transitions of
the phonon with zero momentum between the electronic
states with ky = 0.

In conclusion we note that the contribution made by the
aforementioned interaction mechanism to the form of the
peak containing no divergences is described here ex-
actly. It is therefore of interest to estimate the contri-
bution made to the maximum of this peak by the interac-
tion with acoustic phonons. For order-of-magnitude
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estimates we shall use the formula for the light absorp-
tion coefficient in the case of scattering of an electron
by acoustic phonons, a formula which is valid in the
quasiclassical case'®. The overall absorption coeffi-

cient is
K(0) ~ (1 — ye / 2Qen™), (35)
Yo E2T *h
Qu ~[ 1030(ﬁ0’0)2(9uac3lﬂ)3] ’ (36)

where E¢ is the constant of the deformation potential in

the c-band, p is the crystal density, u,. is the speed of

sound, and T is the temperature in energy units.
Substituting in (36) the values of the parameters for

InSb (E; = 4.5 eV, p = 5.8 g/cm®, uye = 3.5 x 10° cm/sec)

and also assuming a temperature of 30°K™! and

Iy = 107° cm, we get

Ve / Qen™ = 103,

i.e., the interaction with the acoustic phonons makes a
negligibly small contribution to the form of the peaks
at the given temperature. It follows from this also that
in sufficiently pure crystals the form of the diverging
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peak will be determined by the temperature corrections
to the considered broadening mechanism, and the same

corrections will determine the form of the second peak

at finite temperatures. A consideration of this question,
however, is beyond the scope of the present article.
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