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It is shown that potential oscillations can build up in a homogeneous plasma with isotropic particle-
velocity distribution functions located in a stationary magnetic field if fast ions with £ ~ 6 (v — vo) are
also present besides the main plasma. Criteria for the development of such a plasma are obtained. The
theory is applied to a thermonuclear deuterium-tritium plasma in which fast He* ions with an isotropic
distribution function are produced in the fusion reaction. If the thermonuclear plasma temperature is

T = 35— 11 keV, then instability develops at ion cyclotron harmonics with n 2 5—6 and n < 7—14.

IN the course of operation of the future self-maintaining
magnetic thermonuclear reactor (MTR), the plasma will
contain fast ions, which are the products of the fusion
reactions, and which are grouped, with relatively small
scatter, about the velocity v, acquired during the time

of the reaction. Therefore in closed systems the ion
distribution function will be an isotropic but not mono-
tonic function of the velocity v. If such a plasma turns
out to be unstable, then such an instability will be also
intrinsically present in the MTR, just like the ‘“‘cone’’
instability"! due to the very nature of the method of
containing the plasma in magnetic-mirror traps. This
problem apparently begins to attract the attention of the
theoreticians. Oraevskii and Kolesnichenko consider the
problem of the stability of an inhomogeneous thermo-
nuclear plasma with frequencies far from the ion cyclo-
tron frequency®’. In addition, although it has been shown
long ago that a homogeneous nonrelativistic plasma with
isotropic distribution functions is stable, in the absence
of a magnetic field, against buildup of potential oscilla-
tions ™7, the question of the stability of such a plasma in
a magnetic field still remains open.

It will be shown in the article that under definite con-
ditions such a plasma is unstable against potential os-
cillations propagating almost strictly across the mag-
netic field. In the first section of the article we derive
the dispersion relation, and in the second we consider
the idealized case of a plasma with one type of ions,
while in the third we present some estimates of the sta-
bility of a thermonuclear plasma.

1. DERIVATION OF DISPERSION RELATION

We consider a plasma in which the velocity distribu-
tion functions f,, of the particles of type a are isotropic
in velocity space, i.e., f, = {,(v). A homogeneous mag-
netic field H directed along the z axis is present in the
plasma. For potential oscillations, E = — V¢, the follow-
ing dispersion relation is valid:
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The notation in (1) is standard. We change over to
spherical coordinates in velocity space:
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Substituting these expressions in (1) and taking into ac-
count the identity 2+ J3 = 1, we get
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We drop the index o and take the substitution
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and to satisfy the rule for going around the poles in the
integration with respect to v and 8, we assume, as usual,
that w = w + i€, Then
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We use the theorem for the addition of cylindrical func-
tions
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and that J,/.(z) = v2/7z sin z, we carry out the integra-
tion with respect to 6. As a result we get
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where

A= [(1:k||)2 + (Eﬂ]g sinEQI >Z]lh .

If we now integrate by parts with respect to v and take
into account the fact that vf(v) =0 whenv =0 and v = «,
then we obtain the final result
- 0
= —2iw S dv S dre—io7f(v) cos Av. (6)
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Since the integral with respect to d7 cannot be ex-
pressed in terms of known functions, let us consider a
few particular cases. If there is no magnetic field, then
€ — 0 and A — k7, and the dispersion relation takes the

form
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Expression (7) can be derived in standard fashion. It
is easy to deduce with its aid the stability of the plasma
without the magnetic field and with isotropic distribution
functions. Indeed, let us assume that the plasma is un-
stable, i.e., that w = w,. = iy, ¥ > 0. Then the integration
with respect to v is carried out in (7) along the real
semiaxis of v. Separating the imaginary part in (7), we
get
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Since f,(v) = 0, this equality is not satisfied, and the
aforementioned assumption ¥ > 0 is incorrect.

When kj; > k|, we have A = [k, |7 and the dispersion
relation assumes the form (7) with k replaced by k.
This means that a plasma with isotropic distribution
functions in a magnetic field is stable against buildup of
potential oscillations with k; > k.

If w = w, +1i7, with a= [k, |Q,/2k;y < 1, then the
integral with respect to 7 in (6) can be represented as
the sum of two integrals:

0 —1/ay 0,
§ar..=§ du..+§ dr..
— —o0 —la/y

The first integral is proportional to—1/a and is ex-
ponentially small. In the second we can put, with the
same degree of accuracy,
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and replace the lower limit by —<. Using the identity
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Thus, under the condition |k |2 ,/2k ;¥ < 1, the disper-
sion equation takes the form
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In particular, for a cold plasma (f, = (ng/ATVES (Vv — Vo),
vo — 0), the dispersion relation, as usual, will be

with w = mwyq.

(10)
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for any n, then the dependence of the right-hand side of
the dispersion equation on w takes the form shown in
Fig. 1a (for one of the terms of the sum over the parti-
cle types). In this case the plasma is stable and has
oscillation modes with frequencies in the intervals
Mg <w< (n+1)Qy, In| =1, 2, 3... However, if this
integral is smaller than zero for n = m, then the depen-
dence of the right-side of (9) on w has the form shown
in Fig. 1b, and the plasma may turn out to be unstable.
Thus, the sufficient but not necessary condition for
the stability of the plasma against the oscillation modes
under consideration is
S fadvzn(20) == 0 for all n 5= 0. (11)
0
In particular, it is satisfied for an arbitrary distribution
function fy(v) which decreases monotonically with in-
creasing v.

2. PLASMA WITH ONE TYPE OF IONS

Let us consider the case when a plasma with cold
ions of mass M and density n; has a group of similar
fast ions with density n ; < n,; and a distribution func-
tion f,j = (n,j/47v5)8 (v — vo). Taking into account the fact

that k*Ty/mwije ® mTe/ME, K 1 (Eo is the energy of
the fast ions), the dispersion relation is written in the
form
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where zo = 2k_|_vo/wHi; Wyas Wei, and w,; are the corre-
sponding plasma frequencies and wpe and wyj are the
cyclotron frequencies.

Instability can set in when J,n < 0 and n = 2 with fre-
quencies w = nwyj (see Fig. 2). Putting w = wyj(n + x)
and recognizing that x < 1 and n,; < n,, we rewrite
(12) in the form
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FIG. 2. Dependence of the right-side of
(12) on the frequency w at w = nwyj.
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For instability to set in, it is necessary to satisfy the
condition
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where p is the maximum value of —J,,(Zo) and ay is the
value of k,v,/wg; at which this maximum is reached.
The condition (14) determines the range of densities of
the cold plasma, in which the n-th cyclotron harmonic is
unstable. Neglecting the corrections ~1/n?, we obtain
the magnitude of this range
n?—1
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Consequently, for the n-th cyclotron ion harmonic the
critical value is wfj/wh; = (n®~ 1) and decreases with
increasing [k |/k.

To determine the lower limit of the critical value of
(w;‘;i/wHi)mm, we use the condition for the applicability
of the dispersion equation (k;/k )* < 4y*/w}y;. The
maximum value of y is
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When n;;/ny; < aZm/8n’uM it is necessary to have
(ky/k )? < M/m and (w3 /wi)min > (n°— 1)/2. When
n,i/ne >> aZm/8un*M the critical value is (wZ/w§i)min
~ apVngim/n M. Thus, at n,j/ng = 10°°—107° the cold-
plasma density ranges in which the n-th cyclotron ion
harmonics can be excited overlap. We note that the
value of the increment is very large. Thus, for ngy

~ 10" cm™, n,3/ny; = 107°, and n = 10 we have y = 6

x 10" sec™.

The maximum value of the cold-plasma density at
which the instability can set in determined by the largest
number of the unstable harmonic n and by satisfaction of
the potential condition v} > (w/k)? = n’vé/aZ or else
w?i/w}i < ¢?/vi. For He® ions which are the products
of the d-t reaction we have w?j/wfj; < 500. It will be
shown below that the thermal scatter of the fast ions
leads to a suppression of the instability at cyclotron
harmonics with n* 2 2E./T, where E, is the energy of
the fast ion and T is the temperature of the cold ions.
At T = 17 keV we have 2Eo/T = 400.

From condition (14) it follows that at a fixed value of
wgi/wiﬁ the instability develops in a narrow range
ikH f/kL and can therefore be stabilized by using shear
of the magnetic force lines. Simple estimates show that
to suppress the instability the required shear is
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where a is the transverse dimension of the system and
po the Larmor radius of the fast ion.

The foregoing results describe the case of the strong-
est instability and therefore the magnitude of the trans-
verse component of the wave vector was fixed. It was
determined by the requirement kv /wyi = ay, where ay
is half the argument of the function J,, at which J,, has
the first minimum. If we consider the dependence of
the character of the instability on k|, then a curious de-
tail appears: the instability at the n-th cyclotron har-
monic vanishes at J,,(z,) = 0, and can exist only when
J,n(zo) < 0. Thus, the regions of the phase velocities
where the plasma is stable alternate with regions where
instability can set in. It is obvious that when z, < a,,
where @, is the first zero of the function J,,, J,,(a,y,)
= 0, the instability cannot develop at all.

So far we have disregarded the finite temperature of
the ‘‘cold’’ ionic component and the velocity scatter of
the fast ions. If the ion temperature is Tj, then the dis-
persion relation takes the following form (we neglect the
electron contribution):

a
A>n—
Po

(17)

w M/ oxp {—k 2T/ Mogp#}, (k1 2T/ Moy?)
! '»7€’2<‘ Ti l\. 1+0’§ W —nNwyg; ,\
012 / “Jon (2k 0o/ 0ni) N
—1 —_— )
+ k2vg® \ o ;J o — RO ) (18)

The plasma will be stable at the n-th cyclotron harmonic
if the coefficient of 1/(w — nwyj) is positive. It follows
therefore that the criterion for the occurrence of the
instability is
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Assuming that Tj/E, < 1, we obtain for k| = wg;a,/v,
the following form of the instability criterion:
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It is obvious that the stability of the plasma depends
strongly on the temperature of the ‘‘cold’’ ions and, for
example, when Tj/E, increases to 107%, the instability
at any cyclotron harmonic can develop only if n; 2 Dgis
which is of no interest in the case of a thermonuclear
plasma.

The velocity scatter of the fast particles about the
value vo causes the quantity
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to decrease when the velocity scatter Av begins to ex-
ceed the distance between the zeroes of the function
Jon(2k v/wyj), i.e., when k| Av/wyj 2 1. This results
in one more instability criterion:

. Omi Y% 21

h (21)
This denotes in fact that we have used above the value
an < vo/Av. The latter inequality is the condition that

determines the highest unstable cyclotron harmonic.
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Since in a thermonuclear plasma vo/Av & (Eo/Ti)l/z,
then we get a, < 14 for E,/T; = 200, and the harmonics
up to n < 12 will be unstable. However, a more accurate
analysis shows that the condition (21) is much less strin- l

Values of n,;/n;; at which instability sets in for T; equal
to 11, 17, and 35 keV and forn =2 — 1.

gent and therefore the main stabilizing factor will be the i

3 4 5 6 1
finite temperature Tj of the ‘“cold’’ ions (see (20)). 1 ‘
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3. INSTABILITY OF A THERMONUCLEAR PLASMA i 0.8 P | Thdoe | SEiow | AP | bl

Let us consider a plasma consisting of an equal-
component mixture of deuterium and tritium with a tem-
perature on the order of several times 10 kV. The fusion
reaction

d+t—He +n

takes place in the plasma, and the energy of the He* ions
is approximately 3.5 MeV. The number of nuclear reac-
tions in 1 cm® per second is (1/4)ngiﬁ, where n is the
total number of ions in 1 cm® and 6V for a Maxwellian
distribution of the ions in the plasma is 1.5 x 107*¢,

4 x 107'%, and 107*° cm®/sec for Tj equal to 11, 17, and
35 keV respectively. Since the cyclotron frequencies of
the ions d and He’ are equal, the main criterion for the
development of instability will be a somewhat modified
condition (19), namely
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The table lists the values for temperatures Tj equal
to 11, 17, and 35 keV, above which the instability can set
in.

We see from the table that the instability develops
easiest at high cyclotron harmonics and it can be sup-
pressed by increasing the temperature of the thermo-
nuclear plasma.

As already noted above, the largest number of the
unstable cyclotron harmonic is determined by the veloc-
ity scatter of the fast He* ions, namely, by the condition
kAv/wgj < 1. Rough estimates show that Av ~ V2T;/M
and that allowance for the velocity scatter leads to the
appearance of a factor = exp{—(kAv/wHi)z} in that term
that takes into account the contribution of the fast ions
in the dispersion equation.

One of the stabilizing factors will be the broadening
of the distribution function of the fast particles in veloc-
ity space on account of the Coulomb collisions. The
principle role in this mechanism will be played by the
dynamic friction of the ions against the electrons. The
behavior of the distribution function f ; of the fast He
ions is described by the following equation:
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where @(v) is proportional to the distribution of the He*
ions after the fusion reaction. We can assume with
sufficient degree of accuracy that ¢(v)
= bexp{-(vo — v)?/(Av)®}, where Av = V2T;/M.

The solution of (23) is

T
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For the chosen form of ¢(v) we get
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where @ is the probability integral. It is seen from this
expression that as a result of the Coulomb collisions the
scatter of the fast ions with respect to velocity increa-
ses with time, and that at the instant t the half-width of
the scatter is approximately equal to

Av(t) = Av + Yove(1 — e7te).

If the value of 2Av(t) does not exceed v, — v,, where v,
and v, are determined by the equations J,,(2k v, ,/wg;)
= @, @3, while @, and o, are the first and second zeroes
of the function, then the corrections that must be intro-
duced into the dispersion equation as a result of the
velocity scatter of the fast ions can be neglected.

From this we can roughly estimate the time t during
which the instability can develop. It is equal to to =
= 0.3—0.15 a™* for n = 2—7. Within that time there will
accumulate in 1 cm® as the result of the fusion reaction,

ny; = 1/inotonte = 0,7 — 0.3 - 104ng;00T " (ke V)
fast He® ions. If Tj = Tg = T, then
nyi

= (1.5—0.7)- 102 for T = 35keV,

Nyi
:‘_‘=(2—1)‘ 10-% for T =17 keV,
01

Ny

=(3.7—1.8)- 10~ for 7= 11 keV.

Noq
Comparison with the table shows that in the temperature
range T = 11—35 keV instability can develop at the n-th
cyclotron harmonics with n> 5—6.
Finally, for the development of the nonlinear mode,
it is necessary to satisfy the condition yto > 1, i.e.,

2 m A
(1—03). 100 =N w H g Tty
an 2 no;

and when Tg = 17 keV and n = 6 we should have H > 2.5
x 107** n,j, where n; is per cm® and H is in Oersteds.

We note that the condition for the development of in-
stability at the n-th harmonic, w?;/wij; < (n® — 1), deter-
mines the value of the cold-ion density, above which no
instability can develop. For n®? = 200 and H = 10° Oe, the
plasma is unstable if nj; < 6 x 10*°.

When the instability goes over into the nonlinear
mode there can occur either a sharp increase of the
escape of the particles from the plasma, or an increase
of the rate of exchange of energy between the fast ions
and the thermonuclear plasma. Rough estimates show
that the plasma diffusion coefficient will be #107—10"°
Dp, where Dg = T/Mwyj is the Boehm diffusion coeffi-
cient.

CONCLUSIONS

We have demonstrated, first of all, that instability
can develop on potential oscillations in a homogeneous
plasma with isotropic particle distribution functions in
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velocity space, provided a constant magnetic field is
present in the plasma. This fact is of interest in itself,
even if for no other reason than that such a plasma is
stable without a magnetic field.

Such an instability may be observed experimentally
in the future self-maintaining closed thermonuclear sys-
tems. Although when the temperature of the thermo-
nuclear plasma is increased this instability becomes
rapidly stabilized and can develop only during the initial
operating stage of the reactor, it can lead either to an
increase of the diffusion coefficient or to a change in the
cooling time of the fusion reaction products. Since this
instability is inherent in stationary thermonuclear reac-
tors, it is apparently of interest to consider the turbulent
mode, to take into account the inhomogeneity of the
plasma, etc.

In conclusion, I am grateful to L. I. Rudakov for valu-
able remarks and for a discussion of the problem.
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