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The spectra of electromagnetic waves propagating perpendicular to a static magnetic field in the elec-
tron-hole plasma of a magnetic semiconductor or metal are investigated. It is assumed that the electrons
(or holes) obey a quadratic isotropic dispersion law and have an arbitrary isotropic velocity distribution.
The frequency behavior of the interacting cyclotron and spin waves is determined as a function of the
wave vector for arbitrary ratios between the wavelength and the electron (or hole) Larmor radius. Sim-
ple analytic expressions for the frequencies are derived for all values of the wave vector in a plasma
with low gas-kinetic pressure when the mean electron (or hole) velocity is considerably slower than the

Alfvén velocity.

SEVERAL branches of electromagnetic waves propa-
gating perpendicular to a static external magnetic field
can exist in the electron-hole plasma of a semicondue-
tor or metal, just as in the case of an ordinary electron-
ion plasma.'™’ The frequencies of these waves are close
to the cyclotron frequencies of electrons or holes (ions)
and to their respective subharmonics; we shall there-
fore call them cyclotron waves. The existence of cyclo-
tron waves follows from the finite Larmor radius of
charge carriers.

Long-wave cyclotron frequencies (corresponding to
wavelengths considerably exceeding the electron Lar-
mor radius) have recently been studied theoretically
and have been observed experimentally in the electron
plasma of alkali metals by Walsh and Platzman. % *
Kaner and Skobov have determined frequencies of short-
wave cyclotron waves (having wavelengths considerably
shorter than the electron Larmor radius).™

We know that, in addition to the cyclotron waves in
high-density plasmas, the propagation of an extraordi-
nary electromagnetic wave is possible; at low frequen-
cies, when there are equal numbers of electrons and
holes, this wave becomes a magnetosonic wave. The
cyclotron and extraordinary waves are not isolated
branches; when their frequencies overlap they interact
and the extraordinary wave becomes a cyclotron wave
(compare with the discussion in F?), °

In the cases of magnetic semiconductors and metals,
where spin waves can propagate, an investigation of
electromagnetic wave propagation must take into ac-
count both the dielectric constant and magnetic perme-
ability. The cyclotron and spin wave spectra are there-
fore considerably modified. The interaction between
ordinary cyclotron waves and spin waves in ferromag-
netic semiconductors and metals has been investigated
in 1,

We note that weakly damped cyclotron waves can ex-
ist only when the effective frequency v of collisions be-
tween carriers is considerably below the wave frequen-
cy w; when w=nws (n = 1, 2, ...) we have the condition
that v must be much smaller than the difference

|w —nwpl. The existence of cyclotron waves is also
subject to the requirement that the angle 6 between the

wave vector k and the magnetic field B shall be close
to /2, so that

0s0 & Yo|n/2 —0[2<< |0 — nos| [ Kvd.

In the present work we investigate the spectra of
electromagnetic waves propagating perpendicular to a
static magnetic field in a magnetic semiconductor or
metal. We determine the frequency behavior of the in-
teracting cyclotron and spin waves as a function of the
wave vector for all ratios between the wavelength and
the Larmor radius of carriers obeying a quadratic dis-
persion law and an arbitrary isotropic velocity distri-
bution law. We note that a discrepancy between the ac-
tual electron (or hole) dispersion and an isotropic quad-
ratic law leads to momentum-dependence of the cyclo-
tron frequency and to strong damping of the cyclotron
waves.

1. THE DISPERSION EQUATION

Let us consider the propagation of electromagnetic
waves in an electron-hole plasma perpendicular to a
magnetic field B. The dispersion equation relating the
frequency and wave vector of these waves is separated
into the two equations

1.1)
(1.2)

(ke ©)? = es(0, k)pi (o),
(kel 0)? = ps(o, k)e (o, k),
where
ui(o) = (miny’ — u2?) [, W= prcos? @ + ' sin*q,
er(w, k) = [e1(w, k) et (0, k) — e2(w, k)] /ei(w, k).

Here €4 and pj are components of the dielectric con-
stant and magnetic permeability tensors, respectively:

er igg 0 Pe o ipe 0 .
()= —i& & 0 |, (m)=|—m p’ 0 ). (1.3)
0 0 &g 0 0 Pa

The z axis is parallel to B, and ¢ is the azimuthal
angle in the space of the wave-vector k.

In a nonmagnetic medium (pjj = 0jj) where there is
no spatial dispersion of the dielectric constant tensor
€ij, Eq. (1.1) determines the frequency of the ordinary
wave, while the frequency of the extraordinary wave is
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determined from Eq. (1.2). The quantities £{ are rep-
resented by %!

w 2 o opalar’
—=N _ G d ==y T e S
o :‘ ngmm(m—nO)Ba)' o ‘;Jn=§o ®(® — nopa)
(1.4)
62—2 E na(l)paaz 8—1—2 % ﬂ)pazaa_
: 2 o(o—nopa)’ : = = o(0—nop)
where
v2 ntl.2(A) 0fo
oy = — § oy 225 2L
vy Ofo
a4 (k, n)= bt de—v—]nlz(x) ‘E’
v32 nln (M) Tn' (M) Ofo
L TR
0,
as(k,n) = — deif,. ™) —f%

wpa = 4Tngeq /mY and wpy = leq |B/mf ¢ are the

plasma and cyclotron frequencies of carriers having an
effective mass my, charge ey and equilibrium density
Ngy; Ny =ey/legl; f,(v) is the velocity distribution of
particles of kind «, normalized to unity; J, () and
Jp (M) are Bessel functions and their derivatives;
A = kv sin 4/wpy; v, and v are the particle velocity
components perpendicular and parallel to B.

For a Maxwellian particle velocity distribution we
have

= (e[ (2), af = [(R]E+ 26)Tn(E) — %L (B)]e,
ar = e[ —Ia () + [ (8)], a5 = en(?)

Here ¢ = (kvy/wBa)?, Vo = VT o/mpy is the thermal
velocity of the particles, and I(£) and I;(¢)are a mod-
fied Bessel function and its derivative.

For a degenerate Fermi distribution we would have

(1.6)

2
a=3 | (n/B)*/:2(Bsin®)sind do,
0

a/ =3 ,'Sé J"2(P sin ©) sin® & d,
0

/2 (1.7)
=3 | (n/B)7a (P sin®)7. (B sin9)sin?® o,
0

a

a3=3S

0

J22(Bsin ©) cos® O sin § d9,

where B = kvg/wpy, VF is the limiting Fermi velocity,
and ¢ is the polar angle in velocity space.

We shall now present the values of the coefficients
aj in the long-wave (kpy,o < 1) and short-wave
(kpy,q > 1) cases; prg = (v)/wBy is the Larmor radius
and (v) is the mean particle velocity. When kpyp,o <1
we have

“= (2"nzn')2 (2n2rit1w( ml:a >2n~z{(2n+1)<u2n—2>
oo Ty 4(n+1) ro];: vent z>}
- <2""lzn')2 i) { et oy
LR o B0 )
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n? 2nl!! k \2 B
G2= (2n-n!)2(2n+1)n(3;) {(Zn—l—i)(l,z 2)
n+1 ! ny2 K,
T a >+4n,(n--l—1) E——@z i (1.8)
(2n-|—3) 2nll @nd2)U7, kN
5= e [(2n+'1)!!_(2n+3)!!]<m3a)<U2>

For a Maxwellian distribution we obtain

ay=a = ay = ") (2"-nl), @ ="/ (2"-nl).

For a degenerate Fermi distribution aj is obtained
from (1.8) with (v*™) = 3v{"/(2m + 3).

In the short-wave case we have
ay = —2nay = 21?4, (0) (0 pa [ k)3, @ = as = (wpa/2k)X1/0>. (1.9)

For a Maxwellian distribution this becomes

a = —2nas = n2/ (Y2mE), af =as=1/y2a5.  (1.10)
For a degenerate Fermi distribution we obtain
@ = —2nay = 3n2[2p%, af = a3 = 3/4p. (1.11)
We shall consider ferromagnets and ferrites in
which only one spin-wave branch exists, so that
pi(e) = (0 — 0o) (0 + 0) / (02— 0n?), (1.12)

where w, > wmy, and wyy, is the frequency of longitudi-
nal magnetostatic oscillations. The frequencies w, and
wm are of the same order of magnitude as the cyclotron
frequency of a free electron (wg = eB,/mc).

In ferromagnets and ferrites p; = 1 and the extraor-
dinary waves do not interact with the spin waves. In
antiferromagnets the magnetic susceptibility tensor
Xij = (uij - 6ij)/41r is proportional to x,/(w” — wies),
where x, ~ 10 % is the static magnetic susceptibility,
and significant interactions of the ordinary and extra-
ordinary waves with spin waves occur only when
w = wreg. Near the resonance frequency wypes, ¢ and
us(w) are, as previously, derived from (1.12), where
Wgy, Wm, and w differ from wreg by an amount x,.

2. THE ORDINARY WAVE

We shall first study the dispersion equation (1.1),
from which the frequencies of ordinary cyclotron waves
and spin waves are derived. It is easy to determine the
frequency behavior of these waves as a function of the
wave vector, by solving (1.1) graphically. We represent
(1.1) in the form

filo, k) = f2(w, k),

where

k22 (@2 — wm?)
0% (0 — wo) (0 + o~)) '
With fi(w) increasing monotonically with the frequency
and vanishing at + « for w —nwy,T0, and with fa(w)
decreasing monotonically as w increases, while f, —+
for w — 0 and f;— + = for w — w, = 0, it is easily
shown that each interval wj < w < wj.1 contains one in-
tersection point of the fi(w) and fz(w) curves that cor-
responds to the solution w = w3 (k) (j =0, 1, ...).
Here

fi=e, f=

0 < 02 < 03<... (2.1)

comprise an increasing sequence of frequencies from
the set {nwBg, w, f. In the interval ws < wm < Ws+1
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the abscissa of the intersection point w = w*S* (k) of
the f; and f: curves can lie in either one of the two in-
tervals (wg, wy) and (wy, Wg+1)-

The behavior of the eigenfrequencies wl(k) as a func-
tion of the wave vector is shown schematically in Fig. 1.
Let wp < wr+1 <... be frequencies of the sequence
(2.1) that exceed w, = wr -1, and let wg > wg., > ... be
frequencies of (2.1) that are below wy,. The eigenfre-
quencies w¥’(k) (j =s or j=r) behave as functions of
the wave vector in qualitatively the same manner as for
nonmagnetic media: As k increases these frequencies
at first decrease from the value w'l’ = w; for k = 0;
after reaching a minimum point they again approach
w; as k — « (see Fig. 1in 7).

The eigenfrequencies o9’ (k) (s + 2 <j = r — 1) de-
crease monotonically, as k increases, from the value
wj for k = 0; wj.1 is approached as k — «. The fre-
quency w® "Y' (k) also decreases monotonically as k
increases if €3(wy,, k) > 0 for all k; in this case the
abscissa of the intersection point of f;(w) and fa(w) al-
ways lies in the interval (wm, ws+1). If for some value
k = k, we have £5(wp,, k) = 0, then w'®*"(k) decreases,
as k increases, from w = wg+1 for k = 0; a minimum
is reached at k = k., < Kk, followed by a monotonic ap-
proach to w = wy as k — ; in this case 'SV (k) is
represented by the dashed line in Fig. 1.

We shall now derive analytic expressions for the
eigenfrequencies. In a low-pressure plasma when (v)

K VA, Where vp, = By /Vdmmgn,, is the Alfvén ve-
locity, for not very small values of kpy,, we find that
wP(k) is close to nwgy Or to wpy:

(n=1,2,...),(2.2)

® = N pe[1 — 0puas(n) u (nopa) | (kvaa)?]

® = on[1+ e3(om) (Om— 00) (0n +0) [2(ke)?]. (2.3)

The correction terms in (2.2) and (2.3) are of the
order (v®)/vh 4. When kpy,4 < 1, Eq. (1.1) easily
yields

© = nwpa[1 — ©pelas (1) 1o (MO 5a) / (k22 + 0201 (Rosa))], (2.4)

2

pa and

or w=w, or w="x; 2, where wp =2 w
o

01 =, —1—{03,,2(&)0 — &) = {054 (0® — 0)?

2(k%c® + w,?) (2-5)
+ 4 (k2 + 0p2) (IR2om? + 0ptom) ]},
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W4 + MWBa

o o o
5 5 (04 — nwpa)

Qo =

(2.6)

40 palas (n) 04 (00 — 04) (04 + ©) :l'/“
(K¢ + wp?) (04 — ©-) ’

The frequencies w3’ (k) (j =r or j <s) are deter-
mined from (2.2) for k%? <« wf) and from (2.4) from
kppa < 1. These two expressions become converted
into each other in the region of k’¢*<« w? and kpia
<< 1, where both (2.2) and (2.4) are applicable.

When kpp, is not very small, w®*"(k) is deter-
mined from (2.3). If none of the frequencies nwg is

contained within the interval (wpy,, w,), then w'S*V(k)
(s + 1=r~1) for small kpy,, is determined from Eq.
(2.5) for w.. Equations (2.5) and (2.3) coincide for k%>
> wp and Kop,q << 1.

If the interval (wy,, w,) contains one or more of the
frequencies nwpy, then for very small kpy,, we find
that w9 (k)(s + 1< j=r—1) is determined from (2.2), for
kp[, — O the frequencies w¥’(k) (s +1 <j <r —2)
approach nwp, and are determined from (2.4) and
w¥ “P(k) is determined from (2.5) for w.. For kpp,,
<« 1 the frequencies w¥(k) (s +1 < j < r —1) are de-
termined from (2.5) for w, if w, is not too close to
nwpg g, and from (2.6) if w, ~ nwp,. With increasing
distance from the point where w. = nwg, the expres-
sions (2.6) for Qi, 2 ‘‘are matched’’ to (2.4) and (2.2).

We have thus found that Egs. (2.2)—(2.6) determine
the frequencies w'¥’(k) of ordinary waves in a low-
pressure plasma for the entire range of the wave vec-
tor k.

We shall now determine the frequencies of ordinary
cyclotron waves in a high-pressure plasma when (v)
> va . Since (v) > vp, Wwe can neglect the left-hand
side of (1.1) in zeroth approximation. We then find that
the spin-wave frequency equals w,, while the frequency
of the ordinary cyclotron waves is determined from the
equation €; = 0, i.e.,

2 % _opalas(n) _

@ ne——oo ® — ROBa

(2.7)

For small values (kpy,, << 1) of the wave vector Eq.
(2.7) yields

o = nos[l — 0plas(n) /0] (=12,..)),

(2.8)

where as is given by (1.8). Equation (2.8) is a special
case of (2.4), which with k — 0 can be applied to a
plasma where (v)/vp, can assume any arbitrary value.
Equation (2.8) was obtained in '® for n = 1 in the case
of a degenerate Fermi distribution.

When the coupling of cyclotron and spin waves is
taken into account we find that the frequencies of these
coupled spin and ordinary cyclotron waves in the case
(v) > vp o are determined from,

© = wo[1 + 22 (0 — 0n?) [ oo'es(wo) (00 + ©)], (2.9)
o = 0®(k) [1 + 22/ w3 622) n (@) ] (2.10)

where w‘ is the solution of (2.7).

In the region of very short waves subject to the con-
dition (kpy,4)° > (v)?/vi 4 > 1 we easily obtain from
(1.1) the result
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© = nopa[1 — 0pal0papy (Popa) 1/ v/ 2k3?] (n=1,2,...),

(2.11)

omon[14mtnllonto) 5 5 (entome ) (1) ],
(2.12)

Equation (2.11) was obtained in ' for a degenerate
Fermi distribution with p = 1.

To conclude this section we shall consider the inter-
action of spin and ordinary cyclotron waves in antifer-
romagnets, where u(w) differs from unity by the
small quantity ~x, in the entire frequency range except
within narrow regions near the poles w = wpog of the
magnetic susceptibility tensor components ui, pi, and
uz. By taking the magnetic susceptibility into account
we obtain the correction ~ x, to the cyclotron-wave
frequencies w'’(k) in a nonmagnetic medium:

o = oW (k) + [nL(e) —1] /1" (0) [o=o, (2.13)

where n(w) = kK%c%/ w%; (w, k), 7' = dn(w)/dw wP (k) is
the solution of (1.1) for p, =1, and n(w Iy -1,

The spin-wave frequency is easily obtained from
(1.1) when we consider that for w~ w,~ w,, we have
pilw) = (0 — wy)/(w — wy) to terms of the order ~ x,:

© = o{1 + 1 (o) (@0 — ®m) / [1 — 1 (wo) ]wo}. (2.14)

The correction to w, in (2.14) is of the order
(wo — wm)/ W ~Xo if w, is not near w4 (k).

The interaction of cyclotron and spin waves becomes
significant when wy~ w(J)(k) Equations (2.13) and
(2.14) may then be inapplicable, and the frequencies of
spin and cyclotron waves are obtained using

© = Ya(—wo 4 09) = 2] (0o 4(wo— @m) / M (00)]*.(2,15)

At the intersection point w, = w @ of noninteracting
waves the frequency correction is of the order
V(W — wm)wWe~ woX o>  As the difference w, — w'd’
increases (2.15) is transformed into (2.13) and (2.14)
when in the latter equations we assume w, 09 and
neglect terms of the order (w, — w(]’)/w0 compared
with unity.

— W)z —

3. EXTRAORDINARY WAVES IN A ONE-
COMPONENT PLASMA

We shall now investigate the dispersion equation
(1.2), and shall consider first a nonmagnetic medium
(ms = 1) and a plasma consisting of electrons as the
only kind of charge carrier. To determine how the so-
lutions of (1.2) behave qualitatively we investigate this
equation graphically in the case when the plasma fre-
quency wp considerably exceeds the cyclotron frequen-
cy wp of the electrons. We set f;(w) = k%c?/w?; and
f2 = £, (w, k), and becomes infinite for w =nwpg and wy,
where wp represents the zeros of €,(w), i.e., the solu-
tions of

fo)= D) opfai(n)/ (0 — nfost) = 0. (3.1)
n==A
Considering that £(0) <0 and f(w) — ¥~ for w— nwp
F 0 and 9f(w)/o w <0, i.e., f(w) is a decreasing func-
tion, it is easily proved that (3.1) has the solutions
w = wi, ws, ..., where nwp < wp < @ + wpg.

and STEPANOV

The function f, = k%¢?/w® decreases monotonically
as w increases; f;(w) — « for w—0 and fa(w) — 0
for w —nwg ¥0 and w — wp T 0.

The interval {mwg, (m + Jwg} (m =1, 2, ...) con-
tains two intersection points of the fi(w) and f 2(w)
curves, which correspond to the solutions 0R+1 (k) and
wg‘f“(k) m=1,2,..; ob, > o, ; the interval
(0, wp) contains only the ‘single solution wi (k).

As k increases in the small-k region the frequen-
cies w{”(k) (n =1, 2, ...) decrease monotonically from
nwp at k =0; after a minimum is reached nwp is
again approached The frequencies w{” (k) (n =2, 3,...)
decrease monotonically as k increases, from w =nwp
at k=0 to (n — 1)wg as k — «. The behavior of the
frequencies w\y (k) as a function of the wave vector
in the present case of arbitrary isotropic electron ve-
locity distributions is qualitatively the same as in the
case of a Maxwellian velocity distribution (see Fig. 5
n ). We derive explicit expressions for the frequen-
cies w”(k) in a low-pressure plasma. The expres-
sions for w“’(k) (n=1,2,...)are derived from (1.2),
retammg only resonance terms ~1/(w— an) in g,,
81, and €, for ka > K= <V >/VA(I

m,(.o— nos 0g? aay’ — a?

(3.2)

nws k2c? ay

In the short-wave region (kpp, > 1) we shall have
a;,a, < a}l ~ as, and (3.2) coincides with (2.2) and (2.13)
for the frequency of the ordinary cyclotron wave.
Equation (3.2) cannot be used for wn) n=23,..)
when we have kpy, << 1 in the region kpp, S K. In thlS
case we must retain terms ~1/(w + wp) in €, €1, and
€, in addition to the resonance terms. We thus obtain

)

On —ROB _ wp?(aa’ — a?) (n4 1)
nog  [kE(n+ 1)+ 2noyda
(n=2,3,...), where
aay — ay k \2n+2 2n!! n+2 .
a ~<<T,,> (2ﬂn!)2(2n+1)!![ (n+1)(2n+3) Nl
S S e 3.3
2n+1 (vn-2) ] 3-3)

Equations (3.2) and (3.3) determine the ordinary cyclo-
tron-wave frequencies w{”(k) (n = 1,2,...) in a low-
pressure plasma.

We obtain the frequencies wj? (k) (n = 2,3,...) for
kpr, < 1 when a;~ aj~ a, and we have retamed ing,,
z{, and £, the resonance terms and terms
~1/(w + wB):

0r'— nes

_ as(n — 1)[(n + 1) k22 4 2nopY (n=23,...), (3.4)
nos n2(k2c? 4+ wp?) ’
where a; ~ (kpy,)?™ “2. It is obvious that for identical

values of kpj, the frequencies represented by (3.3) are

considerably closer to nwpg than the frequencies repre-
sented by (3.4). The difference w{? —nwp is enhanced

as the wave vector is increased. In the region kc®

> wp (but kpy, << 1), Eq. (3.4) has the simpler form

(3.5)

(02 — nop)/nos = — a;(n? — 1) /n2.

This last equation represents longitudinal (electro-
static) waves with the frequency w(rf’ ; it is the solution
of the dispersion equation €;(w, k) = 0 for longitudinal

waves. Equation (3.5) can no longer be used when kpi,
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~1; to determine w(k) = w]_, we must then solve
(3.1) numerically. For kpjy, > 1 the equation €, = 0 has

the solution

o = (n—1)osll + 2nfo(0) 05 (0/k*c%)] (n=2,3,...), (3.6)

and approaches (n — 1)wg for k — =,

Equations (3.2)—(3.4) were derived in ™! for plas-
mas having a Maxwellian electron velocity distribution.
In the cases of high-pressure plasmas (kK 2 1), Equa-
tions (3.2) and (3.4) can also be used when kpy, — 0 and
(2.13) and (3.6) can be used when kpp, — .

4. EXTRAORDINARY WAVES IN A TWO-
COMPONENT PLASMA

We now proceed to investigate the dispersion equa-
tion (1.2) in the case of a plasma that consists of two
kinds of carriers having charges e, and e, (with e;e>
<0), masses m; and m; (with m; > m;), and the equi-
librium densities n; and n,. Neglecting spatial disper-
sion of the dielectric constant, we obtain

g1 =¢e/ = —0pit/ (0 — 0p?) — 0p?/ (0* — 0p?), (4.1)
g2 = —M10p120s1 [ © (0F — ©p12) — N2wp2*0r2/ ® (% — wp2?)
(where we shall assume |€, | > 1 and shall neglect
the displacement current). The solution of the disper-
sion equation (kc/w)? = €| (w) now becomes

(02052 — ©pt@p1) 2+ k22 (0120 52® + ©p* ©p12) T/’ (4.2)

(k)= [ (0p® + 0p2?) (0ps + wp2® + k2c?) -

With increase of the wave vector the extraordinary-
wave frequency grows monotonically and approaches the
(‘“hybrid’’) plasma resonance frequency

0 (o) = [(0pPop? + 0p208?) / (0p? + 0p2?) ]

(4.3)

With decrease of the wave vector in a noncompensated
plasma, w(k) approaches w(0), which is defined by

(4.4)

We note that wp, < w(~) < wg,, and that w(0) can be
either smaller or greater than the cyclotron frequency
W, -

For small k in a compensated plasma the ordinary
wave becomes a magnetosonic wave:

0(0) = |opiops — 0popi| / (0p + ©p?).

o = kva, (4.5)
where

—¢ (0p0p?® + 0pfop®) s | e1] Bo?

V2
va = Wpi? - @po? _[4nn2(|e,|mz+|ezlm,) ] +(4.6)

Besides the extraordinary wave with the frequency
(4.2), for small k the dispersion equation (1.2) pos-
sesses two solutions that approach nwg, (=2, 3, ...)
for k — 0 and one solution that approaches wg,for
k— 0.

If kp1,o is not very small and only the resonance
terms are retained in (1.4) we obtain

(0 — nwpa) / © = —opa(wua’ —a?) [ak2c <0 (n=1,2,...). (4.7)

With n = 1 this equation is also valid for k — 0.

With increase of the wave vector, the frequency
given by (4.7) for small kpy o decreases from nwp,,
to a minimum for kpy,, R 1; this represents a maxi-
mum deviation of

| (0 — noBe) [ 0] ~ %e <€ 1,

which is followed by a reapproach to nwg,. When
kpLw > 1 we have a simplified form of (4.7):

4.7')

where a; is given by (1.9). Since a} = as, for short
waves the extraordinary cyclotron wave obeys the same
dispersion law as the ordinary cyclotron wave with the
frequency (2.2).

In addition to (4.7), Eq. (1.2) possesses solutions that
correspond (for not very small kpy,,) to longitudinal
cyclotron waves. The dispersion equation for these
branches is N

e(k,0)=— Z Z LOpazal/(ﬂ(m — nopa)=0.

o n=—co

(0 — nwse) | © & —opdar’ [ (ke)?,

(4.8)
Considering that -
£1(0,k) = Z Z 203pazai/nz(l)8a2 >0,

8€1/0w >0, and €;(w, k) — F « for w —nwg, * 0, we
find that a zero of €,(w, k) corresponding to a longitudi-
nal cyclotron wave is found between two neighboring
poles. As the wave vector increases, the frequency of
the longitudinal cyclotron wave approaches nwpg,:

(r=1,2,..) (4.9)

(0 — nopa) /| © = wpa®ar [ n20pa®

[where a, is given by (1.9)].
For small kp the longitudinal-wave frequency
obtained from (4.8) is

(n=2,3,...), (4.10)

(0 — nwpa) / © = wpaPas [ n?wpaes

where €, is given by (4.1).

Thus, when kpy,, is not very small, between two
neighboring poles w = nwp, and lwpg of €1 (w, k) we
find two solutions of (1.2), corresponding to an extra-
ordinary cyclotron wave and a longitudinal cyclotron
wave, respectively.

The spectral pattern is greatly complicated for small
values of kpy,y, in which case we must take into ac-
count the interaction of the extraordinary wave having
the frequency w(k) given by (4.2), with the extraordi-
nary and longitudinal cyclotron waves. If w=~ wp, and
w is not near w(k), then (4.7) can be used, as previous-
ly, for the frequency of the extraordinary cyclotron
wave. If w~ nwpg, where n =2, 3, ..., then to deter-
mine the corrections to the frequencies nwp,, we must
take into account a term ~1/(w — wBa) besides the res-
onance terms 1/(w —nwpg,) in the tensor €ij- In this
last case we have

e}(m, k) = &1 — 0pa?a; | © (0 — nog.),
e (0, k) = &1 — wpoPay’ [ (0 — noga),
e2(0, k) = €2 — Nawpa2az | © (0 — NOBpa).

(4.11)

Inserting (4.11) into (1.2), we obtain

© — NOB« @po aa — ay?

(rn=2,3,...),(4.12)

® = ke — 2w% (&4 — Mat2) ay
or

® —nOpa Opo®ay (281 — 2Makz — kZCZ/(DZ) (4 13)

o k2c%e; — w?(e4® — &2?)

This last equation is inapplicable to the case of k — ky,
where

kn2=(w/c)2(er—822/ €1) |m=smm .
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When k = ky, the cyclotron and extraordinary branches
obviously ‘“intersect’’ at w(k) = swp,, so that their in-
teraction must be taken into account at k = k;,.

For k =~ ky, we find, in place of (4.13) and (4.2), that
w = wx, where

+
2

Ox — NOpa 1[0)(10) _1:| 1{[®(k) _1]2_{_40}%; (4.14)

® 2 L nopa nopa
_ 0pa®as [k2c?/0? — 2(e; — Naez)] for n—23
3 3.4,
ow— [kzczei - (1)2(812 - 822)]
oo o= (4.152)
0= 2dmpi2 (e’ — @) for n= 1;
o —[0? (e — &?) /1]
do o=, (4.15D)

2(aay — a?) =

k‘ /1 J— 1_ 2)2
oni (20 Y T g O ) (4.16)
Equations (4.12) and (4.13) cannot be used for k — g,

where

b
gn?==2(w/ ¢)*(e1 — Nut2) |o=no -
In this case we find, in place of (4.12) and (4.13),
O X O,

where
0patay k2c2/w? — 2e1 + 2nqes

20 (81 - TIaSZ)z
. [mpﬂaﬁ(k?c?/mz — 2¢1 4+ 2Nat2)? n mpaz(am/ — a?) Tz. (4. 17)

402 (&1 — Mat2)? €4 — Mak2

0+ = NOpx +

Figure 2 shows the behavior scheme of the eigenfre-
quencies as functions of the wave vector when w(0)
> swp,; this last case is possible only in a charged
plasma where n; —n; > s[nz + (mz/m;)n,].

We shall denote the increasing sequence of the fre-
quencies nwgy by w:, wz, ... and shall assume that s
resonance frequencies wgp,, 2wg,, ..., Swg, are lo-
cated between zero and w(0); that the frequencies
(s + wB,, ..., lwp, are located between w(0) and w();
and that the frequencies (I + )wg,, ..., rwg, are lo-
cated between w(«) and wp, = wy,,. The two eigenfre-
quencies between wg and wg-; will be denoted by
wi (k) and WS (k) (with wg > WS > wE’). The equa-
tions determining w(j" ®(k) in the case of w(0) >wp,

are listed in the accompanying table.

W

(5%2) g,

(5*1) gy
w(t)
Swy,

2|

wgy
0

LOMINADZE, SAVCHENKO, and STEPANOV

) Region of wave- .
Eigenfrequency vector variation Equation
oY (k), o), (k) 0< k< oo 4.7)
oD (k) ) m=2,...,s 0<L k<L oo (412)
@ (k)| m>r 42 ko, <€1 (4,13)
o (k) k<954, (4.2)
kzqs,(l (414) for w_, n=s+1
k> go4 ko<1 (413)
of (k), k< qpmey (4.12)
m=s+4+2,...,1 k=g, (417) for &, n=m—1
Oy < bl (4.13), n=m —1
k=k, (4.14) for @, n=m—1
g <k <oy (4.2)
kxkpy, (4.14) for w_, n=m
k> kp, kpp <1 (413), n=m
o), (k) k< q (4.12)
k=q (447) for ®,, n=1
a<k<k (4.143), n=1
k=1l (4.14) for w,, n==1
k>k (4.2)
ol (k), E<qm (413), n=m
m=14+1,...,r1 k=qn (4.17) for @_,n=m
E>qm (412), n=m
o (k), k<@, (412), n=m—1
m=14-2,...,r4+1 k=g, (447) for @, n=m —1
k>qm g ko <1 i (413), n=m —1

If w(0) is smaller than wpg, [which occurs for
n; (1 —m,/m;) < 2n.] then w{*(k) (in Fig. 3) is obtained
from (4.2) for k <Kk;, from (4.14) and (4.15b) for k=~ k;,
and from (4.12) for k > k;.

We obtain w$? (k) from (4.12) for w(«) >2wg, and
w(0) < wp; and when k <Kk;; from (4.14) and (4.15b)
for w, when k ~k;; from (4.2) when k; < k < k;; from
(4.14) for w_ with n = 2 when k= kz; and from (4.13)
with n = 2 when k>k: and kpy, «< 1. This wave be-
comes longitudinal when kc?® > w?|&; + ne,|.

When wp,;< w(0) < w(») < 2wg,,we obtain w5 (k)
from (4.12) for k <k;, from (4.14) and (4.15b) for w,
with k ~ k;, from (4.2) for k > k; and kpy, < 1. This
wave becomes longitudinal when k’c® >» w? |€, + ne,l.

The behavior of wi) (k) (m=2) and w2 (k) (m= 3)
when w(0) < wg, is the same as when w(0) > wp, and
is derived from the same equations.

We shall now consider the interaction of spin waves
with the extraordinary wave and cyclotron waves in an
antiferromagnetic semiconductor or metal. Since the
dispersion equation (1.2) becomes (1.1) following the
substitutions €, — €3 and ws — u), and ps(w) has the
same form as (1.12), the frequencies of the interacting
extraordinary wave and cyclotron waves will be obtained
from (2.13)—(2.17), in which we must insert n(w)
= (k’c*/w? € (w, k) and replace p(w) with ps(w).

The behavior exhibited by the frequencies of the in-
teracting waves near the intersection of the noninter -
acting branches is shown qualitatively in Fig. 4 for a
plasma consisting of two kinds of carriers, when

w(k)

(n+))wg W— —_—_——
Wn

nwg, .Z__ — _k

FIG. 4
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(n—1)op < om < min o (k) << max NS (k) < nop; < (o).

5. CONCLUSION

We shall now discuss briefly the feasibility of inves-
tigating cyclotron waves experimentally in alkali met-
als, where electrons obey a quadratic isotropic disper-
sion law. Since in these metals m* ~ 1077 g,

n, ~10%/cm?®, and vy ~10° cm/sec, we find that we

here have a high-pressure plasma (vg > vA) in magnetic
fields H, < 10° gauss. In this case when kpp, < 1 the
ordinary cyclotron wave frequencies are given by (2.8):

(n=123,..), (5.1)

but in the case of the extraordinary cyclotron wave the
frequency is given by Eq. (3.2) for the fundamental res-
onance:

(o — nws) [ 0p = —an(kpr)®"

(0 — 0B) 05 = —PBws? [vat(kor)? (n=1) (5.2)
and by (3.3) for integral multiple harmonics:
(0 — nws) [ 05 = —Pn(kpr)™2 (n=23,...); (5.3)

the frequencies of the plasma cyclotron wave are given
by (3.4):

n=23,...). (5.4)

The coefficients o, B, and ¥, here decrease very
rapidly like (n!)™! as n increases.

The experiments reported in "' were performed on
a pure sodium slab of thickness L = 107°—107% c¢m, in
a field H, ~10°-10* gauss at low temperature T = 1.3°K
with v/w ~0.1 and w ~10"%sec. The resonance at
w~ wp was observed when the electric field E of the
wave was parallel to the magnetic field, while the reso-
nance at w~2wpg was observed with E perpendicular
to the magnetic field; in the latter case resonance at
wp was not observed. Standing waves were excited in
the sodium plate, with a wave vector
k=21(l-Y)/L(l=1,2,..).

The experimental dependence of the ordinary cyclo-
tron wave frequency w = wpg on the wave vector is well
represented by (5.1).[21 1t follows from (5.2) that the
resonance of the extraordinary wave at wpg could not
be observed in the experiments of Walsh and Platzman,
where (vp/va)? ~10* and py, ~ 107 ¢cm while the min-

(0 — nosp) [ 0 = —yn (kpr)2"2

imum wave vector was kpin ~ 27/L ~ 600 cm. At wp
waves subject to these conditions could be observed
only in thick slabs (L 2 1 cm).

The resonance at 2wpg that was observed by Walsh
and Platzman must be attributed to the excitement of a
plasma cyclotron wave having the frequency given by
(5.4). [We note that the corrections ~ (kpg,)® to the fre-
quency of this wave are of the same order as for an or-
dinary wave with w~ wg.]

The higher harmonics (n = 2 for the ordinary and
extraordinary cyclotron waves and n =3 for the plasma
wave) have frequencies very close to nwpg. The obser-
vation of these harmonics under the conditions of !
was evidently impeded because the condition |w — nwg|
>y was violated.

The authors are grateful to A. I. Akhiezer for his
interest in this work.
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