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The conditions for the excitation of parametric and ordinary resonance in an effective field

He = [(Ho — w/y)? + H]*/? are investigated theoretically and experimentally for the case when

the spin system is subjected simultaneously to an amplitude-modulated magnetic field

H, + H: cos Qt, parallel to the z axis, and a radio-frequency field H,(t), rotating about the z axis

with a frequency w. An expression for the M, component of the macroscopic magnetization of the

spin system is derived from the Bloch equations. The existence of parametric and ordinary resonances

in an effective field is demonstrated for the case @ =y Hg/k, where k=1, 2,3, ....

results confirm the theoretical predictions.

INTRODUCTION

A's demonstrated by Aleksandrov et al.,'s 2! the modu-
lation of a constant magnetic field H, at a frequency €,
which is equal to or a multiple of the frequency repre-
senting transitions between the Zeeman sub-levels of
the spin system in this field, w;= yHo, and a simul-
taneous coherent optical excitation (with radiation rep-
resenting a mixture of 7 and o* polarizations) produces
a coherent superposition of states in an assembly of at-
oms. This effect, which can be deduced either from the
modulation of fluorescence!*! or from the absorption of
resonance radiation,' is known as parametric reso-
nance. In contrast to ordinary magnetic resonance, the
parametric resonance is characterized by the absence
of radio-frequency broadening of the resonance line,
because the radio-frequency field, parallel to the field
H,, does not cause real transitions between the mag-
netic sub-levels.

The conditions for the appearance of parametric and
ordinary resonances are considered in the present pa-
per for an effective field He = [(Ho — w/v)? + HZ]*/?
when a constant field H, Il z, rotating about the z axis
at a frequency w, a radio-frequency field H,(t) and a
second radio-frequency field H,(t) = H, cos Qt, oscil-
lating along a direction parallel to Hy, are all applied
simultaneously to the spin system. A similar situation
has been considered earlier by Redfield,”! who has in-
vestigated the saturation and spin temperature in a ro-
tating system of coordinates but who did not complete
his analysis.

In a system of coordinates x'y’z’, coupled to the di-
rection of the effective field He and rotating about the
z axis at a frequency w, the field Hy(t) may be expanded
into two components, one of which is parallel to Hg.
Redfield®! has ignored the influence of the longitudinal
component and has ascribed resonance in the effective
field solely to the component of H, perpendicular to
He. Such a treatment is justified only in the case
|w — wol << yH,, but for arbitrary relationships between
these quantities it is necessary to allow also for the in-
fluence of the component of H, parallel to Hy since this
component induces parametric resonance in the effec-
tive field. We shall show below that the contribution of

The experimental

the parametric resonance to the observed signal may,
under certain conditions, be dominant.

THEORY

It is convenient to consider these phenomena using
Bloch’s equations' for the components of the macro-
scopic magnetization of the spin system. It is known %
®J that these equations can be used to describe, with
satisfactory accuracy, magnetic resonance under opti-
cal orientation conditions. As a result of a double
transformation of the system of coordinates (transfor-
mation to a system rotating about Hy Iz at a frequency
w and subsequent rotation of the system by an angle 6
about the y’ axis so that the new z’ axis coincides with
the direction of Hg), Bloch’s equations are obtained in
the following form:

me = = i[we + wog cos B cos Q] m. == iwoe sin 6 cos Qf m,.
ms  Mysin©

T T ¢

woe sin O cos Qt my,  Mycos©

(me—m )=+ =2 (1)

where M, is the equilibrium macroscopic magnetiza-
tion in the absence of the radio-frequency field H,(t)
and the modulating field H,(t); m,’ and m, = my’

+ imy’ are the components of the macroscopic magne-
tization in the new system of coordinates

H
a=—2, w; = yH;, tane:—‘"—i—,

e = H!
@ Ve H, Ao

Aov = ® — wo,
and the longitudinal and transverse relaxation times
are assumed to be equal: T, =T, =T.

The system of equations (1) is easily solved if
son'l sin 6 < 1. This condition is practically always
satisfied in experiments. Then, the component m. be-
comes

oo

Z Ju(Z) Ipin (Z) eint (Mo sin @
T —i(kQ + ) T

my(t)y= — — ikQtan 0 m,,> R

k, n=—o0 (2)
where J,(Z) is a Bessel function of the first kind and

Z = w, eQ~! cos 6. Substituting Eq. (2) into the equation
for my’ in Eq. (1) and averaging the latter with respect
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to time, we obtain a steady-state solution for m,+ which
has the following form in the effective field near the
k-th resonance

T2+ (kQ + oc)®

mz('k)= Mycos 0 .
T2+ (Qk)2tan?0 1,2 (Z) + (kQ + 00)? (3)

Since myg’ = Re {m,} and the component of the magneti-
zation My in the laboratory system of coordinates is
related to my’ and m, by the expression

M, = —my sin 0 + my cos 9, (4)

the final solution for My near the k-th resonance is ob-
tained in the form

T2 (kQ + w0)?

MP = Mycos20
0O T L (Qk)2tan®D 1,2 (Z) 1 (RQ - o0

-+ M, sin20 2 (A(Z) coant—*—b‘,’? sinn Qt), (5)

where

A0 — 2 rin (2) [1_
n T"Z-}—(kg‘f‘(ﬂe)z Tz
T2 4 (kQ + o)
T2+ (kQ)2tan’0 Tp2(Z) + (kQ + w.)?
w__ In(Z)Irn(Z)
B o G oL F2 o

—kQ T2+ (KQ + o)? ] (")
U2 4 (kQ)2an?0 12 (Z) + (BQ + we)2d

+ kQ(kQ + 00 } , (6)

It follows from Egs. (5)—(7) that the longitudinal
component of the total magnetization of the spin system
depends resonantly on the frequency  of the modulating
field H: if wg = const and Q = we/ k|, where k = —1,
—2, ... . It should be mentioned that resonances in the
effective field should take place at any value of the an-
gle 0, i.e., at any value of the detuning Aw = w — w, and
at any values of the amplitude of the radio-frequency
field H,. The term (Rk)® tan® 9 Ji in Eq. (7) describes
the broadening of the resonance line in the rotating
system of coordinates, due to the influence of the com-
ponent of H, perpendicular to Hg, which (as mentioned
earlier) induces a magnetic resonance of the ordinary
type. This broadening decreases considerably when
6 — 0, i.e., when the dominant effect is the interaction
of the spins with the component of H; parallel to Hg,
which induces a parametric resonance in the effective
field. When 6 — 7/2, only an ordinary resonance is in-
duced in the rotating system of coordinates because the
component of H, parallel to Hg tends to zero. In the
intermediate case (0 < 0 < 7/2), the resonance signal is
a mixture of the parametric and ordinary resonances,
observed simultaneously. The relative contributions of
the two resonances is determined by the value of the
angle 6. Under optical orientation conditions, the inten-
sity of the orienting radiation, parallel to Hj, in an as-
sembly of atoms depends on the state of the longitudinal
component of the momentum of the spin system;®’
therefore, resonance in the effective field is observed
either as a change in the constant component of the ra-
diation or as a change in the amplitude of the modula-
tion of light at frequencies nf2 close to € = we/[kl.

This theoretical discussion is based on Bloch’s equa-
tions in order to stress that the phenomena described
here do not represent some special case which is typi-
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FIG. 1. Magnetic resonance of Cs'®
atoms in an effective field at w./2 = 10 kc.
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cal only of optically oriented spin systems but that
these effects represent general properties of magnetic
resonance in an effective field and that they should oc-
cur at least in those systems which are described sat-
isfactorily by Bloch’s equations.

EXPERIMENTAL

In order to check the main conclusions of the theory,
we carried out an experiment using a system of opti-
cally oriented Cs'* atoms. The apparatus used was in
its main respects similar to that described earlier.'™
The amplitude of the radio-frequency field H,(t) and
the detuning w — w, were selected so that wg/27 = 10ke.
The magnetic field H,(t) was directed parallel to the
field H, and its frequency §2/27 could be varied
smoothly within the limits 2-15 kec.

We recorded the amplitude of the intensity of a lon-
gitudinal beam of the circularly polarized D, compo-
nent of the resonance radiation modulated at a fre-
quency § [this amplitude was proportional to the first
harmonics of M%’ in Eq. (5)], and we also measured
the signal proportional to the zeroth harmonic of M.
In agreement with the theory, when we = const, we ob-
served a series of resonances in the effective field at
the following frequencies: Q = we = 27 X 10 ke,

Q = we/2 =21 X 5ke, = we/3 =27 X 3.33 ke, and
Q = we/4 =27 X 2.5 ke (Fig. 1).

According to Egs. (5) and (7), the dependence of the

amplitude of the signal, proportional to sin Qt, on the

angle 9 for the resonance k = —1 has the form
N _ g QTJo(Z)11(2)
By " = M,sin?0 TF (@) w012 (Z) (8)

When w; < £, we can use the approximate representa-
tion of the Bessel functions J, ~ 1 —Z?/4 and J, ~ Z/2,
where Z = w22 "' cos 6. Substituting into Eq. (8) the
values sin 6 = w;/we and cos § = Aw/we, We obtain
o @ roN\Y/ o1\ 02T\ 01\
B 2<2,:/Vi G+ ()] @
The dependence (9) for wg = const is represented in
Fig. 2 by continuous curves and the experimental values
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FIG. 2. Dependence of the resonance 10 r
signal on the angle 0 for w, = const. The o8l
abscissa gives the value of sin § = w, /we, 3
while the ordinate gives the relative am- ”ﬁ_'
plitude of the resonance signal 04
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FIG. 3. Dependence of the resonance
i signal on Z = w, /S/2 for 8 =45°; a) =
6 we resonance; b) §2 = w, /2 resonance.
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are denoted by points. The agreement between the theo-
retical curve and the experimental data is satisfactory.

The greatest interest lies in the experimental proof
of the existence of parametric resonance and of ordi-
nary resonance. To provide such a proof, we measured
the dependence of the resonance signals in an effective
field on the amplitude of the field H,(t) for various val-
ues of the angle 6. Figure 3 shows the theoretical de-
pendences, obtained from Eq. (7),

QTIo(Z)]1\(Z) -2
1H(QT)2I2(z)° !

2071 (2)1y(2) °

B (1) el N\L)la\s)
rox “T1enu2(z)

for 6 = 45° and resonances k= —1 and k = —2, to-
gether with the experimental points. Figure 4 includes,
in addition to the experimental results, the theoretical
dependences of the resonance signal

(kQTtg0)20:2(Z)  ©
1+ (kQT tg 0)21p2(Z) T

S®) o

for 9 = 0.5° and resonances k = —1, —2, —3, obtained
from Eq. (5) making allowance for the low-frequency
modulation and for the slow passage through the reso-
nance line used in our experiments. In spite of the good
agreement between the theoretical curves and the ex-
perimental results, one should still note the basic dif-
ference between these dependences.

&, rel. units
ao+
!
FIG. 4. Dependence of the reson-
20 ance signal on Z = w, 2! cos 8 for §~
F 0.5°. 1) & = w, resonance;2) Q =
vk we /2 resonance; 3) £ = w, /3 reson-
ance.
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In the former case (Fig. 3), saturation of the first
resonance takes place already at values of Z < 0.01,
whereas in the latter case (Fig. 4), saturation is not
reached in any of the investigated resonances even at
the maximum available amplitudes of the field H,(t),
corresponding to Z > 1. This difference indicates that,
in the latter case, we are dealing mainly with paramet-
ric resonance in an effective field, i.e., with a reso-
nance due to the component of H,(t), parallel to the
field H,, whereas in the former case, we have basically
the conditions for an ordinary resonance and the com-
ponent of H,(t) perpendicular to the field He induces
real transitions in a system of magnetic sub-levels
governed by the effective field. Such transitions broad-
en the resonance lines considerably and saturate them
rapidly.

These results confirm that, as mentioned in the in-
troduction, it is necessary to allow for the influence of
the longitudinal component of H, in experiments of this
type; the results allow us also to attribute side reso-
nance lines™® at Aw > yH,; to a parametric resonance
in an effective field.
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