SOVIET PHYSICS JETP

VOLUME 26, NUMBER 3

MARCH, 1968

SCATTERING OF ELECTROMAGNETIC WAVES BY DIPOLE MOLECULES

V. P. YAKOVLEV
Moscow Engineering-physics Institute
Submitted March 6, 1967

Zh. Eksp. Teor. Fiz. 53, 987—-993 (September, 1967)

Scattering of an electromagnetic wave by molecules possessing dipole moments is considered by classical
and quantum methods. Expressions are obtained for the total elastic and inelastic scattering cross sec-
tions. Frequency shifts are found which depend on the intensity of the incident wave.

THE spectrum of a system located in the field of a
strong electromagnetic wave undergoes an appreciable
change. This leads to various observed effects. The
intensities and frequencies of the absorption lines
change.™™®1 In the Raman spectrum'® the frequency
shifts relative to the frequency of the incident wave
and the corresponding scattering cross sections will
depend on the intensity of the incident wave.

In this paper we consider the motion of a molecule
possessing a dipole moment in a strong radiation field.
It is assumed that the electric field intensity E of the
wave is small compared with the atomic field and the
frequency w, is considerably larger than the eigenfre-
quencies of the rotation of the molecules, but small
compared with the vibrational frequencies. The change
in the dipole moment d is due to the precession of the
molecule (this change, as will be shown below, is
~d’E/J wo) and to the polarizability (this change is
~ kE, where the polarizability «~ 107®* cm®). There-
fore, for sufficiently low frequencies wo <dvJk ~0.3 eV
one can ignore the polarizability and consider the mole-
cule as a rigid rotator with a moment of inertia J and
a dipole moment d of constant magnitude, whose inter-
action with the wave is of the form

U = —dE, cos wqt. (1)

The dipole moment will execute rapid precessional
oscillations (of frequency w,), and the average kinetic
energy of these oscillations will play the role of a po-
tential energy for the slow rotation. If the field is suf-
ficiently large, so that this potential energy is not small
compared with the energy of free rotation, then the
spectrum will change appreciably.

Let us begin with the classical treatment. The equa-
tions of motion of a rigid rotator in the field (1) are of
the form

¢ = 0" = h———————cosmotcose 2)
where 0 is the angle between d and E,, ¢ is the azi-
muthal angle, M, is the conserved projection of the
momentum on E,, and the primes denote time deriva-
tives of the corresponding quantities.
We write 6(t) in the form

o(t)= eo(t)+ cos oot sin 0o (t), 3)
where 6,(t) changes with a frequency small compared
with wy. In addition we assume that the condition

dEo/Toit<€ 1 (4)

is satisfied. Substituting (3) in the second of Egs. (2),

and averaging over the rapid oscillations (of frequency
w,), we obtain for 6, an equation with an effective po-
tential energy™®!
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7 7am, 0 U T o7 sinte,

I ](,002

0y = —-

sin2 0y, (5)

which can be integrated in elementary fashion:

]

= ({2 e—vun | (6)

The constant € entering in (6) represents the energy
of the motion of the rotator in the field of the wave
averaged over the rapid oscillations. With the aid of an
adiabatic invariant it can be related to the energy of the
rotator for t = —oo if it is assumed that Eo(t =—)=0
The form of the effective potential energy depends on
the relationship between & = d*E] /4Jw? and 8 = M5 /2J.
If a < B, then Uggs has at the point /2 a minimum

Up = o+ P. (7)

If, on the other hand, a > 3, then Ueff has at the point
7/2 a maximum equal to U, and two symmetrically
placed minima

U, = 2Yap. (8)

For € > U, the ‘“slow’’ motion is given by the follow
ing equations:

b
aybr—a:

a2 {1 — g2
e pe AT
7,2-’(0 b2 — a2 a?

S O T W T P e

If, on the other hand, U,> € > U; (under the condition
a > B), then the motion is given by the relations

cosp= Y1 —a%cen(u, ki), ¢= I (am uy, ny,ky),

uy =

— b
cos 0 = Y1 — a2dn (us, k), o= —W—zn(am Uz, M, bz,
ayl—a
(10)
dE, b2 — g2 2 g2
Uy = ——— Yl — @1, k= V S
Y2 7o 1—a2’ a?

The following notation'®! has been used in (9) and (10):
cn(u, k), sn(u, k), and dn(u, k) are elliptic Jacobi func-
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tions, am u is the amplitude of u, and II(x, n, k) is an
elliptic integral of the third kind. The components of
the dipole moment are of the form

d. +id,

o de*9 5in 8+ 22208 otetio sin 6
= o To 03 Wote*t® sin By cos By,

Eo
d, 2= dcos By — 5~ €03 @t sin® Bo.

Let us calculate the intensity of the dipole radiation.
Differentiating in these equations only the second terms,
we obtain the following expressions for the total scat-
tering cross sections:

8n d* E (kz)
g=éc_‘]7{az+(1—a2)[1—K(k2) ]}1 (11)
when @ > and U,>¢ >U,, and
8r d* ) _E(k)
o= g (et e—a 1 K (k) I (12)

when € > U,. Here K and E are complete elliptic inte-
grals of the first and second kind.

The usual expression for the total cross section for
scattering by a rigid rotator (see, for example, ["?) is
obtained from (11) and (12) if one replaces in the latter
the curly brackets by %.

We present expressions for the cross sections which
correspond to radiation of a given frequency. For a >f
and U,>e >U, they are of the form (the scattered fre-
quencies are indicated in parentheses):

8n dt
D= 3; 7 —A2: (0= 0o+ ny),

(2) 821’, d‘Bz

On 364 ]2 2 ('(1) = Wo + Qo + ngl)x

(13)
(3) 8n d¢ B_zﬂ
On a3 (0 = w0 — Q2+ nQy),
where 4 =a2+(1—a2) [1—31‘72) ]
° K(k) 1*
_ N . nA™ _ _ K’ (k2)
A, =4, =—(1—a) Kz(kz)m,k—exp{ 1 K (k) n=1,
- — K@) b —_—
Bo= T o ([ M(am )= 222 2
K (k2) ayl—a K (kz)
m—)x }dn(z, ks) V1 + npsn?(x, ky) dz, (14)
_ n gEo 71—:72, Q, — Mz H(nz, k2)
K(ks) V27T Jaz  K(ks)

M(n, k) =1(x/2,n,k),

and K’'(k) is K(V1—Kk2).
Analogous expressions are also obtained for the case
€>Ugy

On =—3c‘* ?an (0 = wo + nRs),

8n d* Dg? 2n4+1
7(~5)='—~3ck T 5 <m=m0+94+ Q3 /),

8t d¢ D 41 (15)

JT —n n "
5:5)_——301‘ ]—2 5 <(D=0)0—QA+ 93):

where
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Co=a’+ (b>—a?) [1— K ()

2
Co=0C_pn=—(02—a2) Kz(lc,)i——ia’ exp{
J 2K(R1) b T (s, &
ayl—a? ny, ky)
Dn=— —_— H 'y ,k — ———
2K (5 SO cos{ a}/bz—az[ (am z, ny, ky) K () x]
1 —_—
- (n_;(]/:gn }cn(z, ki) Y1 + nysn2(z, ky) dz
(16)
- _dE__ b2 — a2, Q= M, E(rﬁﬂ
K(k) ¥2Jwo Jaz  K(ky)

In formulas (14) and (16) Q,, 2, 23, and Q4 are
frequencies of the ‘“slow’’ motion of the rotator which
depend on the intensity of the incident wave. Let us in-
vestigate these quantities in certain limiting cases. If
a < B and €~ U,

M, V PE? M,
T w0

and when € > U,, the energy dependence is the same as
in the absence of the field:

Q= Q= V2¢ /7.

Q3 =

If ¢ >pB and the energy € is close to the minimum
£ =~ Uy,

dE,
ﬁ J Wo

dE,
172 ]U.)(] '

M
o, ]/1—12—-"‘—’?, QO =
dE,

For ¢ — U, the frequency €, vanishes as
1Anu—sﬂnl and Q2 = M,/J.

Let us consider the scattering cross sections for
certain special cases. If the strong inequality

aSB ~ g = M2/2J, (17)

holds, where ¢, is the energy of the rotator in the ab-
sence of the wave, then the energy ¢ in the field of the
wave is

MdE,
= UL U,.
Voday ST (18)
In this case inelastic scattering occurs principally
n d* e U,
Ginel (@0 + Q2) = Giner (o — Q2) = 3¢ U, (1 +Ti>,
Ginel (@0 + Q2 — Q1) = Ginel (o — &+ Q1)
n d Ui\
32 U0< =/ (19)
—U dE U.
Qo (g _® ‘),, Qim0 [y el
Y2 Jwo\ 4a V2Jwo N 4a
The total cross section is
- 4re d e
CFRa T, (20)
whereas the elastic cross section is small
- 2n dt /s e \2 (20')
%l B THaTR U0> )
If the parameters o and B satisfy the condition
a ~ 6 < €0, (21)
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then the energy in the wave ¢ ~ g, > U,, and the cross
sections are of the form

Oueyup (00 = Q) ='1/u0, ot = /o0,

_ hn d N (22)
o= =2V R (=)
Finally, for a sufficiently weak field when
o< P e (23)
we have € ¢, ~ U,, and
2 d Uo\
o TR J2< I
nody Uo\
Oinel (@o == Q)= e \1"ij
4n dt U, (24)
4 0
o= E (1) —ZV

Actually cases (21) and (23) correspond to classical
perturbation theory.

Let us go over to the quantum mechanical calcula-
tion. In the Schrddinger equation for the wave function
of a rigid dipole in the field of an electromagnetic wave

A2 v
{ 57 Me— dEq cos ant }\y =l

we carry out a change of variable

dE
0=0,+ ® cos oot sin Bg.
Jog?

(25)
Assuming condition (4) satisfied, we seek ¥ in the form

v = {sme(1+

5 C0S 0ol cos 6o )}

dE .
X exp{ i —h—:)osin wot coS Go( 1+ Emcos ol cos Bo) } eimen (1, By) (26)

In the equation for the ‘“slow’’ function u we aver-
age over fast oscillations (of frequency w,). u can then

be represented in the form
u = exp{—iect/A}w(Oo), 27

where w satisfies an equation with the effective poten-
tial energy

2w 2]5+ 1 m=Y 1( dE,

deoz vﬁ —4— sin? eo ?

2

Fron ) sin? By }w = 0. (28)
We consider the solutions of this equation (this is

Hill’s equation) for low-lying states in the case when

m ~ 1, and

w=dE,/J2hwo>>1. (29)

This condition is equivalent to (17). It is convenient to
express w in the following form:

w = (sin o) I™I*"%z(6o),

(30)

and to solve the equation for z in the regions 6,<« 1
and 7 — 6, < 1 where z is expressed in terms of La-
guerre polynomials. We then have

[ 2”i+lm|n|
zmn+ -
(Im] +n)!

n=20,1,2,.., m=0,+1,+2,...

(1)

These two solutions have a definite symmetry with re-

] : {g—‘/zue.,zL"[m (ugoz).) -+ e—'/‘zu(n-en)“]_',nlml [P«(“ — 90)2]}Y
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spect to the point 7/2. The energy eigenvalues are in
the same approximation

dE,
] '}/2 ﬁ(:)o
Making use of these solutions, we calculate the prob-
ability of the emission of a quantum (in first-order per-

turbation theory in the radiation field); this leads to the
following expressions for the scattering cross sections:

zn+|m|+1)+——|m| (Im|+1). (32)

&m,n ~—

2n d+ . 2
o) = ;a‘ 7 S d0p Sin? OgWmn Wmn ! , (33)
ho = hﬁ)o + Emn — Emn’
dh X . 2
o2 = ;A = | S dBpsin 65 c08 8o Wmtt, n'Wm,n D (34)

o = ﬁﬁ)o “+ &mn — Emxt, n

In particular, the elastic cross section for scattering
by the ground state (m =m’ =n =n' = 0) is

o)) 167 i( Fiexg \2

Ol = a2 \dE, )’ (35)

which coincides with the classical result (20’) if the

quantum value of the energy (32) is substituted in it.
For inelastic scattering (m=m’=0, n=0

—n’ = 1) we obtain the same expression, and for the

transition (n =n’ =0, m = 0 — m’ = +1) the cross sec-

tion is large

@) 2}/23'[ d" ﬁﬁ)o
Tinel N TR dE,

(36)

The corresponding frequency is w ~ w, — dEoﬁJ Woe
An analogous expression is obtained for the transition
which corresponds to the emitted frequency w ~ w,

+ dEovV2 Jw,.

The results obtained are applicable to the scattering
of a sufficiently intense electromagnetic wave with a
frequency of the order of 107°>—10""' eV by a rarefied
gas whose molecules have a dipole moment. Such mol-
ecules are, for example (the dipole moment in atomic
units is indicated in parentheses): HF (1.91), HCI (1.08),
KF (7.3), KC1 (10.6), and KI (6.8). In spite of the fact
that the cross sections for scattering by a rigid rotator
are small (~d*/J?), in the indicated frequency region
they do nevertheless exceed by one or two orders of
magnitude the cross sections for scattering due to the
polarizability of the molecules. As has been shown in
this paper, the shifting of lines in the Raman scattering
depends essentially on the intensity of the incident wave
if the interaction of the dipole with the wave is not small
compared with the energy of the free rotation of the
molecule (a 2 €,).

We have considered the spectrum of Eq. (28) when
condition (29) is satisfied. In the opposite limiting case
(u < 1) one can calculate the corrections to the energy
levels of a free rotator in the usual way. These correc-
tions will give rise to a Stark effect in a rapidly varying
field.®! For example,

1 dEg? 1 @Ep
Ae(l:o’"‘:m:—ﬁf‘;’ s(1,0)= 10‘T5

and in general

@ER (14 1)+m2—1

Aol m) = I+ 8) 2= 1)
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We note that the obtained results concerning the ro-
tational spectrum of a molecule in the field of a wave
allow one in principle to consider the problem of the
frequencies and intensities of absorption lines.

In conclusion the author expresses his indebtedness
to V. M. Galitskil for his constant interest in the work.
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